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1.0  Introduction 


PAN  AIR  (an  abbreviation  for  "panel  aerodynamics")  is  a system  of  computer 
programs  designed  to  analyze  subsonic  or  supersonic  inviscid  flows  about 
arbitrary  configurations.  It  is  one  of  a sequence  of  computer  programs 
developed  over  the  past  two  decades  which  fall  in  the  category  of  "panel 
methods."  Generally  speaking,  a panel  method  is  a program  which  solves  a 
linear  partial  differential  equation  numerically  by  approximating  the 
configuration  surface  by  a set  of  panels  on  which  unknown  "singularity 
strengths"  are  defined,  imposing  boundary  conditions  at  a discrete  set  of 
points,  such  as  panel  centers,  and  thereby  generating  a system  of  linear 
equations  relating  the  unknown  singularity  strengths.  The  equations  are  then 
solved  to  obtain  the  singularity  strengths,  which,  once  known,  provide 
complete  information  about  the  flow. 

PAN  AIR  differs  from  earlier  panel  methods  in  that  it  is  a "higher  order" 
panel  method;  that  is,  the  singularity  strengths  are  not  constant  on  each 
panel.  This  is  necessitated  by  the  more  stringent  requirements  of  supersonic 
flow  problems.  Numerical  solution  of  the  differential  equation  for  supersonic 
flow,  the  wave  equation,  is  far  more  sensitive  to  the  numerical  idiosyncracies 
of  a panel  method  than  is  the  solution  of  Laplace's  equation,  which  governs 
subsonic  flow.  The  potential  for  numerical  error  is  greatly  reduced  by 
requiring  the  doublet  singularity  strength  to  be  continuous. 

It  is  this  "higher  order"  attribute  which,  in  turn,  allows  PAN  AIR  to  be 
used  to  analyze  flow  about  arbitrary  configurations.  The  A-230  program 
(Reference  1.1),  for  instance,  can  only  analyze  flow  about  thick  objects  such 
as  bodies  and  thick  wings,  while  the  Woodward  program  (Reference  1.2)  can  only 
deal  with  "linearized"  configurations,  in  which  a wing  is  represented  by  its 
mean  surface.  So,  PAN  AIR  can  handle  the  simple  configurations  considered  in 
preliminary  design,  and  at  the  same  time  serve  as  an  "analytical  wind  tunnel 
for  the  analysis  of  flow  about  detailed,  complex  configurations. 

The  basic  Version  3.0  PAN  AIR  capabilities  include: 

(a)  the  ability  to  handle,  within  the  limitations  of  linear  potential 
flow  theory,  completely  arbitrary  configurations,  using  either  exact 
or  linearized  boundary  conditions, 

(b)  the  ability  to  handle  asymmetric  configurations  as  well  as  those  with 
one  or  two  planes  of  symmetry, 

(c)  the  ability  to  handle  symmetric  configurations  in  either  symmetric  or 
asymmetric  flow, 

(d)  the  ability  to  superimpose  an  incremental  velocity  on  the  freestream, 
either  locally  or  globally,  in  order  to  simulate  effects  such  as  a 
rotational  motion,  differing  angles  of  attack  for  different  portions 
of  a configuration,  or  a propeller  slipstream, 

(e)  the  ability  to  calculate  pressures,  forces  and  moments  using  a 
variety  of  pressure  formulas  (such  as  isentropic,  linear,  etc.), 
including  the  forces  and  moments  due  to  momentum  flux  through  the 
surface, 
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(f)  the  ability  to  calculate  leading  edge  and  side  edge  thrust  forces  and 
moments  for  thin  configurations, 

(g)  the  ability  to  perform  non-iterative  design  of  a configuration,  a 
process  in  which  a desired  pressure  or  tangential  velocity 
distribution  is  specified.  The  program  then  determines  the 
"residual"  normal  flow  through  the  surface  required  to  obtain  the 
desired  pressure  distribution,  and 

(h)  the  ability  to  calculate  streamlines  and  to  evaluate  flow  properties 
at  user  specified  off  body  points. 

This  document  has  been  structured  to  provide  an  overview  of  the  theory  of 
potential  flow  in  general  and  PAN  AIR  in  particular,  with  detailed 
mathematical  formulations  reserved  for  the  appendices.  Section  2 contains  a 
brief  discussion  of  fluid  dynamics,  outlining  without  proofs  the  steps  from 
the  Navier-Stokes  equations  to  the  linear  differential  equation  solved  by  PAN 
AIR.  Section  3 discusses  the  general  theory  of  panel  methods  without 
discussing  PAN  AIR  in  particular.  Section  4 is  an  overview  of  PAN  AIR  as  it 
compares  to  older  panel  methods.  Section  5 is  devoted  specifically  to  PAN  AIR. 

A complete  discussion  of  the  theory  of  potential  flow  and  PAN  AIR  will  be 
given  in  the  appendices. 

This  document  is  not  intended  to  be  a textbook  on  fluid  dynamics,  and  thus 
detailed  derivations  which  are  available  in  standard  texts  will  not  be 
repeated  here;  rather,  the  appropriate  reference  will  be  given.  The  standard 
potential  theory  and  fluid  mechanics  references  we  will  use  are  the  works  of 
Kellogg  (1.3),  Liepmann  and  Roshko  (1.4)  and  Ward  (1.5).  Those  appendices 
dealing  with  items  of  theory  unique  to  PAN  AIR  will  be  more  thorough,  however, 
referring  to  outside  sources  only  for  standard  discussions  of  topics  such  as 
linear  algebra,  graph  theory  and  numerical  analysis.  There  will  be  a 
correspondence  between  appendices  and  portions  of  the  actual  computer  code, 
with  each  appendix  either  supplying  background  information  or  discussing  the 
theory  behind  a module  or  part  of  a module  of  PAN  AIR. 

A glossary  containing  the  definition  of  technical  terms  is  contained  in 
this  document.  When  a term  first  appears,  it  will  be  given  in  quotes,  and 
briefly  defined.  The  glossary  will  give  a more  detailed  definition  if 
necessary. 

The  authors  wish  to  thank  Kathleen  Christianson,  Michele  Sorensen,  and 
Valerie  Spura  for  their  efforts  in  typing  this  document  and  Forrester  Johnson 
for  his  assistance  in  its  preparation. 


2.0  Fundamental  Fluid  Dynamics 


In  this  section,  we  will  outline  the  process  by  which  one  arrives  at  a 
second  order  linear  partial  differential  equation,  called  the  Prandtl-Glauert 
equation,  which  describes  steady,  irrotational , inviscid  flow  in  a perfect 
fluid.  Our  starting  point  is  the  Navier-Stokes  equations,  which  describe  flow 
in  a fluid  under  very  general  circumstances.  The  assumption  that  viscosity 
can  be  neglected  permits  the  Navier-Stokes  equations  to  be  replaced  by  a 
simpler  system  of  equations  including  a "continuity  equation,"  a "momentum 
equation,"  two  "energy  equations,"  and  "Euler's  equation."  The  further 
assumptions  of  "irrotational ity"  and  "isentropic  flow"  lead  to  the  "unsteady 
potential  equation."  The  assumption  of  steady  flow  leads  to  the  "steady 
non-linear  potential  equation."  Finally,  the  "small  perturbation  assumption" 
leads  to  the  "Prandtl-Glauert  equation."  The  remainder  of  this  document  will 
deal  with  the  numerical  solution  of  the  latter  equation. 
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2.1  The  Navier-Stokes  Equations 


The  basic  equations  describing  the  flow  of  a viscous  compressible, 
heat-conducting  fluid  are  the  Navier-Stokes  equations.  These  are: 


(a)  The  equation  of  continuity, 
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where  V = aTjj  ls  the  9rad'|ent  operator  with  respect  to  the 

location  vector  x = (x^  x2,  x3),  and  where  we  have  used  the  conventional  index 
notation  as  an  alternate  to  x = (x,  y,  z).  In  addition,  t is  time,  p(x,t)  is 
the  density,  and  V(x,t)  is  the  total  velocity,  with  V = (V^,  V^.  V^). 

(b)  The  momentum  equation 
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where  t. . is  the  deviatoric  portion  of  the  "stress  tensor"  which  vanishes  for  a 
“ -►  *¥ 

frictionless  fluid,  f(x,t)  is  an  external  body  force  per  unit  mass  exerted  on 
the  fluid,  and  p(x,t)  is  the  pressure. 

(c)  The  energy  equation 
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where  e(x,t)  is  the  "internal  energy"  of  the  fluid,  k is  the  coefficient  of 
heat  conductivity  for  the  fluid,  and  T(x,t)  is  the  temperature. 

(d)  The  equation  of  state 


f(p.  P,  T)  = 0 (2.1.4) 

where  the  function  f depends  on  the  type  of  fluid.  For  a perfect  gas,  (2.1.4) 
can  be  written  as 


p = p RT 


(2.1.5) 


where  R is  a constant. 

The  equations  in  this  section  are  derived  in  Liepmann  and  Roshko  (1.4), 
section  13.13. 
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2.2  Euler's  Equation 


The  Navier-Stokes  equations  can  be  simplified  by  the  neglect  of  viscosity, 
which  is  equivalent  to  setting  the  deviatoric  stress  tensor  x^j  = 0. 

Combining  the  momentum  and  continuity  equations,  we  obtain 


dV 
“dt  = 


j = 1,2,3 


(2.2.1) 


where  the  usual  convective  derivative  operator  is  defined. 


Equation  (2.2.1)  is  called  Euler's  equation.  We  can  obtain  a full  system  of 
equations  including  (2.2.1)  as  follows  (see  Liepmann  and  Roshko  (1.4),  p.  loo, 
for  details). 

The  continuity  and  energy  equations  can  be  reduced  to  two  energy  equations: 


p Bt  = -V  • ?P  + pV  . f (2.2.2) 

and  the  rate  of  increase  of  heat  per  unit  mass  is  given  by 

! = |2-2-31 

In  addition,  it  follows  from  (2.1.5)  and  (2.2.3)  that  a perfect  gas  obeys 
the  equation 


ii  . r il  (2.2.4) 

3t  V 3t 

where  Cv  is  the  specific  heat  of  the  gas  at  constant  volume. 
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2.3  The  Unsteady  Potential  Equation 

The  equations  of  section  2.2  can  be  reduced  to  a single  equation  (see  ref.  2.1 
Landahl , section  1.2,  for  details)  if  four  further  assumptions  are  made. 

First  we  assume  "isentropic  flow"  so  that  no  heat  is  added  to  the  fluid,  and 
thus 


q = 0 

Second,  we  assume  irrotationality,  that  is, 
V x V = 0 


(2.3.1) 


(2.3.2) 


which  is  shown  in  Liepmann  and  Roshko  (p.  196)  to  be  equivalent  to  the 
existence  of  a "potential"  function  <l>  (x,t)  such  that 


V <t>  = V 


(2.3.3) 


Third,  we  assume  the  existence  of  a freestream  potential  <*>«  , whose 

gradient  is  the  uniform  velocity  V®  attained  at  points  sufficiently  distant 
from  the  disturbance  being  analyzed,  and  thus  write 


and 


0 = 4>  - <t>, 


V = ( u , v ,w)  = v 4>  = V<J>oo+  V0  = Voo+  v0 


(2.3.4) 


(2.3.5) 


The  quantities  <t>  and  v are  called  the  perturbation  potential  and  velocity, 
respectively.  For  convenience,  we  assume  the  freestream  V®  is  aligned  in  the 
x direction  and  has  magnitude  1. 


Fourth,  we  assume  that 
I v | <<  a » 


(2.3.6) 


everywhere,  wh ere  a®  is  the  freestream  speed  of  sound.  Equation  (2.3.6)  is 
generally  called  a small  perturbation  assumption,  but  the  reader  is  warned 
that  other  "small  perturbation"  assumptions  exist  in  the  literature  and  in 
this  document. 

Based  on  these  four  assumptions,  one  can  obtain  (denoting  differentiation 
by  subscripts)  the  unsteady  potential  equation  (writing  M®  for  | V®  | /a®  ): 

(l-M«2)0yY  ♦ 0VV  ♦ 077  - 2M®2  0xt  - M®2  0tt 


xx  vyy  zz 
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+ (2u  + u2)  0XX  + v2  0yy  + 2vw  0yz  + w2  0 


ZZ 


+ 2(1  + u)  (v  0xy  + w 0XZ)  ♦ 2(uut  + vvt  + wwt)] 


(2.3.7) 


where  y is  the  ratio  of  specific  heats 
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2.4  The  Steady  Non-Linear  Potential  Equation 

If  we  assume  the  flow  conditions  do  not  change  with  time,  we  can  eliminate 
the  time  derivative  terms  in  (2.3.7),  obtaining  (see  Landahl , (2.1)) 


(1  - Mj  ) 0 * 0 + 0 

*xx  vxx  vzz 


= M. 


\ (7-l)  (2u  + I v l 2)  V2  0 


+ (2u  + U2)  0XX  + V2  0yy  ♦ 2vw  0yz  + w2  0ZZ 
+ 2(1  + u)(v  0xy  + w^xz)j 


(2.4.1) 


where  y is  the  ratio  of  specific  heats. 

Equation  (2.4.1)  is  often  called  the  "small  perturbation  transonic 
equation"  because  it  holds  at  transonic  speeds  (that  is,  for  Mo,»l)  under  the 
assumption  (2.3.6).  Of  course,  the  assumptions  of  steady,  inviscid, 
irrotational , and  isentropic  flow  must  also  hold. 
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2.5  The  Prandtl -Glauert  Equation 

So  far,  each  reduction  of  the  Navier-Stokes  equations  to  a simpler  form 
has  been  based  on  precisely  defined  assumptions.  But  the  conditions  under 
which  (2.4.1)  reduces  to  a linear  differential  equation  are  not  so  precisely 
defined. 

If  Mo.  = 0,  (2.4.1)  reduces  to  Laplace's  equation, 

V2  0 = 0 (2.5.1) 

a linear  partial  differential  equation.  If  4 0,  (2.4.1)  reduces  to  a 
linear  differential  equation  provided  additional  assumptions  are  made. 


Suppose 

M.2  |v| 

<<  1 - M®2 

(2.5.2) 

and 

Mo,2  | v I 

« 1 

(2.5.3) 

which,  like  (2.3 

.6),  are  called  small 

perturbation  assumptions.  Under  those 

assumptions,  the  steady  non-linear  potential  equation  reduces  (see  Appendix  A) 
to  the  Prandtl -Glauert  equation: 

(1  - Mo.2)  j 6 +6  + 6 =0  (2.5.4) 

' vxx  vyy  pzz 

Equations  (2.5.2)  and  (2.5.3)  should  be  considered  carefully  by  any  user 
of  PAN  AIR,  since  they  best  indicate  when  PAN  AIR  will  provide  a reasonable 
analysis  of  the  flow  about  a configuration.  Equation  (2.5.2)  clearly  cannot 
be  satisfied  for  M®  »l,  and  thus  the  Prandtl -Glauert  equation  does  not 
describe  "transonic"  flow.  Equation  (2.5.3)  does  not  hold  for  Mo.  >>  1,  and 
so  (2.5.4)  does  not  describe  "hypersonic"  flow. 

But  there  is  no  precise  answer  to  the  question:  for  what  range  of  Mach 

numbers  does  (2.5.4)  describe  the  flow  For  a thick  configuration,  or  one  at 
a high  angle  of  attack,  the  perturbation  quantities  u,  v,  and  w tend  to  be 
large,  and  thus  (2.5.2)  and  (2.5.3)  only  hold  for  a narrow  range  of  Mach 
numbers.  For  a very  slender  configuration,  at  a small  angle  of  attack, 

(2.5.3)  and  (2.5.4)  hold  for  a much  wider  range  of  Mach  numbers.  But  deciding 
whether  (2.5.4)  is  a "reasonable"  approximation  for  a particular  configuration 
and  a particular  Mach  number  may  be  very  difficult,  and  depend  greatly  on 
one's  definition  of  "reasonable." 

The  remainder  of  this  document  will  deal  with  the  solution  of  the  Prandtl - 
Glauert  equation.  Using  Green's  theorem,  (2.5.4)  is  used  to  derive  an  integral 
representation  formula  where  the  integrals  extend  over  the  configuration 
surface.  Additional  assumptions  are  then  brought  to  bear  in  order  to  obtain 
an  integral  equation  on  the  configuration  surface.  The  integral  equation  is 
then  solved  by  a "discretization"  process:  the  configuration  surface  is 

divided  into  panels,  "boundary  conditions"  are  imposed  at  a discrete  set  of 
points,  and  a system  of  linear  equations  is  generated.  The  system  of  equations 
is  solved,  and  data  of  aerodynamic  interest  is  calculated  from  that  solution. 


2.5-1 


3.0  Panel  Method  Theory 

In  this  section,  we  outline  the  process  by  which  the  Prandtl-Glauert 
equation 


(1  - M»2)  tfxx  ♦ 0yy  + f>zz  = 0 (3.0.1) 

is  converted  to  an  integral  equation,  and  the  way  in  which  a general  panel 
method  solves  that  integral  equation. 

In  section  3.1  we  describe  the  Prandtl-Glauert  scale  transformation  by 
which  equation  (3.0.1)  is  converted  to  either  Laplace's  equation  (M»  < 1)  or 
the  wave  equation  (M.  > 1).  In  section  3.2  we  state  Greenes  third  identity 
which  provides  a representation  formula  for  0 in  the  subsonic  case  (M.  < 1). 
(The  corresponding  representation  formula  for  the  supersonic  case  is  given  in 
Ward,  ref.  (1.5)).  For  the  subsonic  case,  a simple  problem  is  then  formulated 
showing  how  the  integral  representation  formula  leads  to  art  integral 
equation.  Finally,  in  section  3.3  we  describe  the  discretization  process  by 
which  a panel  method  solves  the  resulting  integral  equation. 
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3.1  Coordinate  Scaling 

Equation  (3.0.1)  is  further  simplified  by  performing  a scaling  of  the 
coordinate  system.  If  we  define  the  flow  type  indicator  s by 

s = sign  (1  - M*  (3.1.1) 

and  the  compressibility  scale  factor  6 by 

8 = Vs  (1  - M®  2)  (3.1.2) 

then  the  scaled  coordinates  we  require  are  given  by 

x = x 


z = 8 z 


In  this  new,  scaled  coordinate  system,  (3.0.1)  can  be  written 


s 0--  + 0 — 
yxx  yy 
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(3.1.4) 


But  equation  (3.1.4)  is  just  the  same  as  (3.0.1)  with  M»  = 0 or  M®  = 'T2. 
Thus,  the  subsonic  case  reduces  to  the  M®  = 0 case  while  the  supersonic  case 
reduces  to  the  M®  = VT^case.  Equation  (3.1.4)  is  called  Laplace  s equation 
if  5 _ i t and  the  wave  equation  if  s = -1.  These  equations  occur  in  other 
branches  of  physics  (for  instance,  Laplace's  equation  occurs  in  electrosta- 
tics), and  thus  PAN  AIR  potentially  has  applications  in  fields  other  than 
fluid  mechanics. 


For  the  rest  of  section  3,  we  will  assume  M®  = 0 (note,  incidentally, 
that  this  does  not  mean  lv®l  =0;  rather,  Iv®  I = 1 and  the  freestream  speed 

of  sound  a®  is  infinite).  A similar  discussion,  for  the  case  M®  = V?"”  » 1S 
given  in  Ward  (1.5).  The  integral  representation  formula  (3.2.7)  which  results 
may  be  generalized  to  arbitrary  subsonic  and  supersonic  Mach  numbers,  as  dis- 
cussed by  Ward  in  sections  2.8  and  2.10. 
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3.2  Green's  Theorems 


There  are  a number  of  theorems,  all  of  them  slightly  different 
formulations  of  the  same  result,  known  as  Green's  theorem  or  theorems.  It  is 
one  of  these  results,  often  known  as  Green's  third  identity  (see  Kellogg,  p. 
219)  which  allows  us  to  obtain  an  integral  representation  formula  for  a 
function  0 satisfying  Laplace's  equation.  The  most  fundamental  version  of 
these  theorems  is  also  known  as  the  "divergence  theorem,"  or  Gauss'  Theorem, 

which  states  that  if  F ( x ) is  a "well-behaved"  function  (that  is,  continuously 
differentiable)  on  a "nice"  region  V in  space  with  boundary  S (see  figure 
3.1),  then 

/If  V . F dV  = JJ  n . F dS  (3.2.1) 

V S 

where  n(x)  is  an  outward-pointing  unit  normal  to  the  surface.  This  theorem  is 
discussed  on  p.  39  of  Kellogg. 


Green's  third  identity  follows  from  (3.2.1).  We  need  some  notation  to 
state  this  result,  however.  Let  U be  a twice  continuously  differentiable 

function  in  a region  V of  space.  Let  P be  a point  in  V,  S the  boundary  of  V, 

. -►  + . 

Q an  arbitrary  point  of  integration  on  S,  and  R = I P - Q I . Then 
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This  result  is  derived  in  Chapter  VIII  of  Kellogg,  where  opposite  signs  appear 
because  Kellogg's  normal  points  inward.  Also, 


2 

V = V • V 


(3.2.2a) 


A number  of  results  follow  by  substituting  into  (3.2.2)  a function  0 
satisfying  Laplace's  equation 

2 

V 0=0  (3.2.3) 
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First,  letting  P approach  S we  find  that  0 is  finite  as  we  approach  S.  Thus,  0 
is  an  integrable  function  over  S.  Next,  let  V be  a region  consisting  of  all 
of  space  except  for  a surface  S,  which  is  thus  the  boundary  of  V.  We 
illustrate  two  such  cases.  In  figure  3.2,  S is  a closed  surface,  and  thus  V 
is  divided  into  two  regions:  V^,  the  "interior"  of  S,  and  V£,  the  "exterior." 

In  figure  3.3,  S is  not  closed,  and  thus  V consists  of  a single  region.  Let 
us  define  the  "upper"  surface  of  S as  the  surface  bounding  that  portion  of  V 
into  which  n points,  where  n is  the  outward-pointing  normal  for  a closed 
surface,  and  may  be  chosen  arbitrarily  otherwise.  Let  us  write  0^  and  0^  to 

denote  the  limiting  values  of  0 at  a point  on  S,  approaching  from  above  and 
below.  Then  (see  p.  221  of  Kellogg) 
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Equation  (3.2.4)  is  the  fundamental  integral  representation  formula  which 
a panel  method  uses  to  obtain  a solution  to  the  potential  flow  problem.  When 
combined  with  appropriate  "boundary  conditions"  (see  below),  the  formula 
(3.2.4)  can  be  manipulated  to  yield  an  integral  equation  (of  Fredholm  type)  on 
the  singularity  surface  S.  A panel  method  then  obtains  an  approximate 
solution  of  this  integral  equation  by  means  of  the  numerical  method  of 
collocation.  Two  functions  defined  on  S are  generally  introduced  because  of 
their  importance  in  the  manipulation  of  (3.2.4).  The  first  is  the  "source 
strength,"  defined  by 

a(Q)  = n.[v0u(Q)  - V 0L (Q)]  (3.2.5) 


and  the  second  is  the  "doublet  strength,"  defined  by 
u(Q)  = 0^0)  - 0l(Q) 


(3.2.6) 


These  quantities  are  often  called  "singularity  strengths,"  because  they 
measure  the  singular  behavior  of  0 on  S.  Using  these  quantities,  (3.2.4) 
becomes 


0(P) 


(3.2.7) 


As  mentioned  above,  equation  (3.2.7)  must  be  supplemented  with  boundary 
conditions  in  order  to  obtain  the  integral  equation  that  is  solved  by  PAN 
AIR.  Generally,  these  boundary  conditions  are  equations  relating  0,  o,  u and 
their  derivatives  on  S.  The  specification  of  boundary  conditions  in 
conjunction  with  (3.2.7)  amounts  to  a formulation  of  a "boundary  value 
problem."  This  problem  in  turn  is  called  "well-posed"  if  it  has  a unique 
solution,  and  "ill-posed"  otherwise.  A typical  example  of  a set  of  boundary 
conditions  leading  to  boundary  value  problem  formulation  might  be  (see 
figure  3.2) 
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(3.2.8) 


combined  with 

V 0^  . n = b (3.2.9) 

/N 

= - Voo  . n,  say 

It  can  be  shown  (see  Appendix  B)  that  the  combination  of  (3.2.7)  with  the 
specification  of  the  boundary  conditions  (3.2.8)  and  (3.2.9)  on  the 
configuration  in  figure  3.2  is  a well -posed  boundary  value  problem.  We  will 
discuss  ill-posed  and  well -posed  boundary  value  problems  further  in  section  4 
and  Appendix  B of  this  document;  see  also  Appendix  A of  the  PAN  AIR  User's 
Manual . 

In  fact,  the  boundary  conditions  (3.2.8)  and  (3.2.9)  constitute  the 
"Mori no  formulation"  of  the  potential  flow  problem  (cf.  ref.  (4.6)). 

Referring  again  to  figure  (3.2),  we  see  that  the  boundary  condition  (3.2.8) 
implies  that  0 = 0 for  all  points  interior  to  Vj.  This  follows  from  the 

general  uniqueness  result  for  solutions  of  Laplace's  equation  with  Dirichlet 
boundary  conditions  (cf.  Kellogg).  Consequently  we  find  that 

V 0^  . n = 0 (3.2.10) 


Substituting  this  and  (3.2.9)  into  (3.2.5)  yields  for  a, 

a = - Voo  . n (3.2.11) 

Note  as  well  that  0^  is  equal  to  the  doublet  strength  y;  for,  combining 

(3.2.6)  and  (3.2.8)  we  get 

M = = ~ ® = (3.2.12) 

We  can  now  obtain  the  integral  equation  mentioned  above.  Evaluating  equation 

(3.2.7)  on  the  upper  surface  of  S,  we  obtain  after  using  (3.2.11)  and  (3.2.12) 


When  proper  care  is  taken  to  evaluate  the  integral  appearing  on  the  left 
hand  side  on  the  upper  surface  of  S,  this  equation  is  the  integral  equation 
for  u(Q ) that  is  solved  by  PAN  AIR,  given  the  Morino  formulation  of  the 
boundary  value  problem. 
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3.3  Discretization 

We  now  outline  the  discretization  process  by  which  a panel  method  solves 
the  integral  equation  obtained  by  combining  (3.2.7)  with  a properly  posed  set 
of  boundary  conditions.  In  point  of  fact  we  will  not  actually  describe  the 
inteqral  equation  formulation  of  the  potential  flow  problem.  Rather,  we  shall 
describe  in  an  operational  way  the  process  by  which  PAN  AIR  transforms  a 
specific  boundary  condition  imposed  at  a particular  point  into  a constrain 
relation  imposed  on  a set  of  singularity  parameters.  This  point  of  view  1S 
consistent  with  the  actual  operation  of  PAN  AIR,  in  which  the  problem 
formulation  is  implicitly  left  as  a task  to  the  user# 

The  general  idea  of  this  discretization  process  consists  of  two  parts. 
First,  finite  dimensional  approximate  representation  formulas  are  Jevelop 

for  the  singularity  functions  a(Q),u(Q)  which  ^Pre"s(^  35 

linear  combinations  of  known  basis  functions  s^tQ),  m^(Q)  with  unknown 


coefficients  x^,  i=l,  ...  , N.  The  set 


i i n 

W i.i 


is  called  the  set  of 


singularity  parameters.  In  the  second  part,  a set  of  < eqlJat1^LdrnnHI?HoII? 
the  unknown  coefficients  xi  is  obtained  by  imposing  the  boundary  conditions 

specified  by  the  program  user  at  selected  points,  called  "control  °r 

collocation  points.  By  imposing  a total  of  N conditions  of  this  sort  using  N 
control  point/boundary  condition  combinations,  we  obtain  a system  of  N ^ 

constraint  relations  involving  the  N unknown  singularity  parameters  {x.} 

Solving  this  system  of  equations  yields  values  for  x.,  completely  determining 

the  functions  a and  u by  virtue  of  the  finite  dimensional  representation 
formulae  (see  equations  (3.3.1 ) and  (3.3.2)  below)  Then  by  virtue  of  the 
inteqral  representation  formula  (3.2.7),  the  potential  function  0(P) 
determined  for  all  points  P,  solving  the  problem.  We  now  amplify  somewhat  the 
details  of  this  two  part  discretization  process. 

The  first  part  of  the  discretization  process  consists  of  the  development 
of  finite  dimensional  representations  for  a and  p.  One  begins  by  ^ 
approximating  the  singularity  surface  S by  a collection  of  panels.  Next  a 
collection  of  points  is  chosen  (for  example,  all  panel  centers),  The 
values  of  a and  u at  these  points  are  identified  as  the  unknown  singularity 
parameters,  x..  Approximate  distributions  o(Q)  and  u(Q)  are  then  developed  by 

assuming  that  the  values  xi  are  known  and  applying  a combination  of  linear 

least  squares  fitting  techniques  and  polynomial  interpolation  processes  to 

extend  the  discrete  values  of  {x.}N  to  all  points  on  the  surface  S.  One 

i = l 

obtains  by  this  method  the  representations  for  a and  u. 
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a(Q) 


(3.3.1) 


N 

= s xi  si(Q) 

i=i 

N 

u(Q)  = £ xi  VQ)  (3.3.2) 

i=l 

Here,  the  functions  s.j(Q)  and  m.j(Q),  called  the  source  and  doublet  basis 

functions,  describe  the  source  and  doublet  distributions  obtained  by  setting 
Xj  = 1 and  Xj  = 0 for  all  j i i.  Of  course  if  is  a doublet  parameter  the 

corresponding  source  basis  function  s^  is  identically  zero.  Similarly  if 

is  a source  parameter,  m.(Q)aO.  (The  simplest  sort  of  basis  functions, 

frequently  employed  in  "constant  strength"  panel  methods,  are  obtained  by  ex- 
tending the  value  x^  over  its  associated  panel.  A basis  function  for  such  a 

method  is  illustrated  by  figure  3.4). 

Having  described  the  finite  dimensional  representation  formulae  for  a(Q) 
and  u(Q),  (3. 3. 1-2),  we  now  show  how  a particular  boundary  condition  imposed 
at  a control  point  is  transformed  into  a linear  constraint  relation  imposed  on 

(x.)  . in  order  that  this  process  by  made  quite  clear,  we  consider  the  case 

i=l 

of  boundary  condition  (3.2.8)  imposed  at  P: 

*L(P)  = 0 (3.3.3) 


Upon  substituting  the  representations  (3. 3. 1-2)  into  the  integral  representa- 
tion formula  (3.2.7),  one  obtains  the  expression  for  0. (P)  (note  the  evaluation 
at  P-en,  a point  just  below  P) 


0L(P) 
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4ir 


JJ  1 si  (Q) 

S i=l 
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-ell 


^ II- 


V(l/R)  I x.m.(Q)  dS 
i=l 


(3.3.4) 


'P-en 


We  identify  the  coefficient  of  x-  in  this  equation  the  i-th  component  of  a 
row  vector  <PIC.  : 1 
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L*t>  ICL(P  )j 
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(s./R)  dSQ 


JI 


n.  V ( 1/R)  m.  dSq 


(3.3.5) 


Combining  (3.3.4)  with 


of  (xi } 


N . 
i = l 


(3.3.5), 


we  have  expressed  0^(P)  as  a linear  combination 


0L(P)  = L<t>ICL(P)j  x 


(3.3.6) 


Finally,  imposing  the  boundary  condition  (3.3.3)  leads  to  the  "AIC  constraint 
equation:" 

l4>ICl(P)jx  = 0 (3.3.7) 

Now  we  impose  boundary  conditions  (which  are  not  necessarily  the  same  form 
as  equation  (3.3.3))  at  all  the  control  points  in  the  configuration,  obtaining 
as  many  boundary  conditions  as  there  are  singularity  parameters.  Each 
boundary  condition  generates  one  linear  equation,  and  thus  we  have  a system  of 
N equations  in  the  N variables  x , ...  , x : 

i N 

[AIC]  x = b (3.3.8) 


where  b is  a vector  of  "constraints"  (the  entry  of  b corresponding  to  the 
boundary  condition  equation  (3.3.7)  is  zero).  Each  row  of  the  square  matrix 
[AIC]  is  a row  vector  of  a form  similar  to  l*I>IC^(P)j  for  some  control  point  P. 

Once  the  AIC  equation  (3.3.8)  has  been  formulated,  it  is  solved  for  the 
values  x.j  by  means  of  standard  linear  algebra  techniques.  With  these  values 

known,  c(Q)  and  u(Q)  are  known  by  virtue  of  equation  (3. 3. 1-2).  The  potential 
at  a point  can  be  computed  by  evaluating  equation  (3.2.7),  the  representation 
formula  for  0.  The  velocity  can  be  computed  by  evaluating  the  gradient  of 
equation  (3.2.7).  Once  the  velocity  is  known,  the  pressure  and  pressure 
coefficients  can  be  obtained  from  standard  formulas  (see  figure  (5.21)  below). 

In  section  5 below,  we  will  describe  the  PAN  AIR  discretization  process 
more  fully.  In  particular,  we  will  describe  the  process  of  transforming  a 
general  boundary  condition  into  an  AIC  constraint  relation  of  the  form 
(3.3.7).  For  even  more  detail,  the  reader  is  referred  to  appendix  K. 
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Figure  3.1  - Region  V of  space  with  boundary  S 


Figure  3.2  - A surface  S dividing  regions  V,  and  V2 


4.0  An  Overview  of  PAN  AIR 

4.1  Historical  Development  of  Panel  Methods 

In  this  section,  we  will  discuss  the  features  which  distinguish  PAN  AIR 
from  earlier,  less  complex,  panel  methods.  These  features  are  (a)  "continuous 
geometry,"  (b)  linear  source  and  quadratic  doublet  variation,  and  (c)  continuity 
of  doublet  strength.  We  will  explain  how  these  features  make  PAN  AIR  more 
accurate  and  reliable  than  previous  methods,  and  discuss  briefly  the  manner  in 
which  these  Items  are  implemented  in  PAN  AIR. 

Virtually  every  panel  method  approximates  the  configuration  geometry  with 
panels  whose  planform  is  a quadrilateral.  Thus,  If  the  panels  themselves  are 
planar,  only  a small  class  of  configurations  (such  as  cylinders  and  flat 
wings)  can  be  described  without  gaps  being  left  between  panels.  These  gaps 
tend  to  be  very  small,  except  for  highly  twisted  surfaces.  In  subsonic  flow, 
the  gaps  cause  little  numerical  error,  but  In  supersonic  flow  the  cumulative 
effect  of  the  gaps  is  serious,  not  because  of  "leakage"  of  flow  through  the 
gaps,  but  because  the  doublet  strength  jumps  abruptly  from  a non-zero  value  to 
zero  at  a panel  edge  which  does  not  exactly  meet  the  adjacent  edge.  In  PAN 
AIR,  gaps  are  closed  by  means  of  "piecewise  flat"  panels,  that  is,  panels 
which  are  comprised  of  several  planar  regions. 

Some  panel  methods  use  "curved"  panels,  generally  paraboloidal  In  shape. 
These  approximate  the  configuration  surface  far  more  accurately  In  regions  of 
high  curvature  such  as  the  leading  edge  of  a wing,  but  necessarily  have  gaps, 
even  though  small  ones.  Thus  they  are  excellent  for  the  analysis  of  subsonic 

flow,  but  not  for  supersonic  flow. 

As  we  stated  earlier,  PAN  AIR  employs  a linear  source  variation  and  a 
quadratic  doublet  variation.  That  is,  the  basis  function  b1  corresponding  to 

a source  parameter  is  locally  linear,  while  the  basis  function  corresponding 
to  a doublet  parameter  is  locally  quadratic.  This  contrasts  with  earlier, 
simpler  programs  in  which  the  doublet  and  source  variations  were  locally 
constant. 

The  reasons  behind  the  "higher  order"  singularity  distributions  In  PAN  AIR 
are  discussed  in  detail  in  Appendix  B.4.  Briefly,  they  are  as  follows. 

Consider  a control  point  on  a panel,  and  assume  the  source  and  doublet 
distributions  in  the  immediate  neighborhood  of  the  control  point  are 
polynomials.  Then  we  show  in  Appendix  B.4  that  a source  distribution  locally 
of  the  form 
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a(  i , n)  = 2 2 

N=1  1=0 

or  a doublet  distribution 

* 2N+1 

u(  i » n)  = x 2 
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(4.1.1) 


(4.1.2) 
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does  not  induce  any  perturbation  velocity  locally.  That  is,  even  terms  in  the 
polynomial  source  distribution  and  odd  terms  In  the  doublet  distribution  do 
not  generate  a local  perturbation  velocity.  So,  since  we  have  concluded  that 
constant  source  and  doublet  strengths  are  insufficient,  the  next  reasonable 
higher  order  approximation  to  use  is  linear  source  strength  and  quadratic 
doublet  strength. 

Another  reason  for  using  a higher  order  doublet  distribution  is  to  provide 
a continuous  doublet  distribution;  that  Is,  each  of  the  basis  functions  m.  is 
constructed  so  that  It  is  continuous  everywhere.  (Obviously,  a locally  1 
constant  function  cannot  be  continuous.)  A continuous  doublet  strength,  once 
again.  Is  much  more  important  in  supersonic  than  In  subsonic  flow.  This  is 
due  to  the  failure  of  disturbances  caused  by  doublet  discontinuities  to 
diminish  with  distance  in  supersonic  flow  as  they  do  In  subsonic  flow.  A 
detailed  description  of  the  behavior  of  these  disturbances  Is  given  in 
Appendix  J.ll. 

In  addition,  experimental  evidence  (references  (4,5^  (4.8)^  (4.9))  indicates 
that  exact  surface  analysis  is  not  feasible  in  supersonic  flow  without  doublet 
continuity.  The  requirement  of  doublet  continuity  results  In  the  spline 
complexity  discussed  in  section  5. 

In  figure  4.1,  we  compare  some  panel  methods  of  the  last  two  decades.  The 
list  Is  by  no  means  complete,  with  Inclusion  in  the  list  generally  reserved 
for  methods  containing  Innovations,  whether  or  not  the  method  enjoyed  any 
great  success. 

Of  the  other  panel  methods  described  in  figure  4.1,  the  one  which  most 
closely  resembles  PAN  AIR  is  that  of  Ehlers  et  al.  That  program  was  written 
to  demonstrate  the  technological  feasibility  of  a panel  code  which  was  capable 
of  analyzing  arbitrary  configurations  in  supersonic  flow.  The  development  of 
that  program  took  place  with  the  intention  of  eventually  constructing 
production  software  (that  is,  PAN  AIR)  based  on  the  same  principles,  and  thus 
that  program  is  generally  referred  to  as  the  PAN  AIR  "pilot  code." 
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4.2  Summary  of  PAN  AIR  Technology 

We  now  outline  the  method  by  which  PAN  AIR  computes  a row  of  the 
aerodynamic  Influence  coefficient  matrix.  There  are  four  basic  steps.  First, 
the  basis  functions  must  be  computed.  That  Is,  the  locally  linear  or  locally 
quadratic  variation  on  every  panel  must  be  precisely  defined  for  each  basis 
function  (see  section  4.2.1).  Next,  for  each  panel,  the  perturbation  that  the 
panel  Induces  on  the  potential  and  velocity  at  each  control  point,  in  terms  of 
the  singularity  parameters,  must  be  computed  (see  section  4.2.2  for  details). 
Next  (see  section  4.2.3)  these  perturbation  influences  must  be  summed  over  all 
panels,  to  give  a "potential  influence  coefficient"  row  vector  (l^IC(P)j  ) 
and  a "velocity  influence  coefficient"  matrix  [VIC(P)]  with  the  properties 
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That  is,  the  jth  columns  of  1_*IC(P)J  and  [VIC(P)]  give  the  dependence  of  the 
potential  and  velocity  at  P on  the  j-th  singularity  parameter.  The  subscript 
A Indicates  that  the  average  of  upper  and  lower  surface  potential  and  velocity 
are  to  be  computed.  Note  that  upper  and  lower  surface  potential  and  velocity 
are  different,  their  difference  being  defined  by  the  source  and  doublet 
strength  (cf.  (3.2 .5-6 ) ) . 


Finally,  a fairly  general  boundary  condition  of  the  form 

SA  »A  ' " * CA  "A  * fA  ' 7A  ' b <4-2-3) 

(where  t is  a user-defined  tangent  vector)  leads  to  a row  i_AIC(P)j  of  [AIC] 
as  follows: 

l AIC(P)j  = caL*IC{P)j  + (aA  n + tA)T  [VIC(P)]  (4.2.4) 


More  general  boundary  conditions  than  this  are  handled  by  PAN  AIR,  but  we 
defer  their  full  treatment  until  later  (see  sections  5. 4. 2. 5,  5.6  and  5.7 
bel ow) . 


4.2.1  Basis  Function  Computation 

The  computation  of  the  basis  functions  Is  one  of  the  more  complex  portions 
of  PAN  AIR.  To  be  precise,  we  do  not  directly  compute  basis  functions,  but 
rather,  for  each  region  on  which  the  source  and  doublet  strengths  are  defined 
by  a single  polynomial,  we  compute  matrices  which  describe  the  coefficients  of 
these  polynomial  distributions  as  linear  combinations  of  the  singularity 
parameters  In  the  neighborhood  of  the  panel.  A column  of  such  a matrix 
defines  the  coefficients  of  a basis  function  on  a subpanel. 
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These  matrices  are  called  "spline"  matrices,  and  are  computed  in  two  steps 
as  described  In  the  following  two  subsections. 

4. 2. 1.1  Subpanel  Splines 

The  first  step  is  the  computation  of  a "sub-panel  spline"  (SPSPL)  matrix. 
Each  panel  Is  divided  into  eight  triangular  regions  called  "subpanels",  as 
Indicated  In  figure  4.2.  The  source  subpanel  spline  matrices  are  3x5  matrices 

S 

SPSPL  giving  the  three  coefficients  oQ,  <^,  of  a linearly  varying  source 

strength  (a  linear  function  in  two  variables  has  three  coefficients)  in  terms 
of  five  "panel  source  parameters,"  a^,  that  is,  the  values  of 

source  strength  at  five  points  on  the  panel: 
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where  a is  defined  In  terms  of  local  coordinates  by 

a(  £ , n)  = o * <Jc  £ ♦ a n (4.2.5b) 
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Similarly,  the  (6x9)  doublet  subpanel  spline  matrices  give  the  six 
coefficients  of  a quadratically  varying  doublet  strength  on  the  region  In 
terms  of  nine  "panel  doublet  parameters:" 


**o 


nn. 


= [SPSPL  ] 


V 


where 


i(l,n)  = n0  + ^ « + V + 2 C + Cn  + 7 %n  n 
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4. 2. 1.2  Outer  Splines 

Next,  In  the  second  step,  the  five  panel  source  parameters  and  nine  panel 
doublet  parameters  are  described,  as  linear  combinations  of  singularity 

C 

parameters  in  the  neighborhood  of  the  panel,  by  “outer  spline"  matrices  B 

(5xkj)  and  (9xkD)  where  k^  and  kQ  are  the  number  of  source  and  doublet 

singularity  parameters  in  the  neighborhood  of  the  panel  for  which  the 
dependence  Is  non -zero: 
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The  values  k<j  and  kp  depend  on  the  location  of  a panel  In  a network  (networks 
are  discussed  in  section  5.1).  In  general,  kg  is  9 and  kp  Is  21.  In  all 
cases,  ks  + kQ  <_  31. 


4.2.2  Panel  Influence  Coefficients 

The  perturbations  that  a source  and  doublet  distribution  on  a panel  induce 
at  a control  point  are  described  by  "panel  influence  coefficient"  (PIC) 

matrices.  These  matrices  include  a 4x5  matrix  PICS  and  a 4x9  matrix  PIC  which 
give  the  potential  and  velocity  at  the  control  point.  Induced  by  the  panel,  in 
terms  of  the  five  panel  source  parameters  and  nine  panel  doublet  parameters. 
That  is. 
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where  ox  through  o4,  ag  and  n through  „g  are  the  panel  source  and  doublet 
parameters. 

The  method  by  which  the  PIC  matrices  are  calculated  depends  on  the 
distance  from  the  panel  to  the  control  point. 


4. 2. 2.1  Near  Field  PIC's 

If  the  distance  Is  small  compared  to  panel  size,  a "near  field"  method  is 
used,  and  the  PIC  matrices  are  computed  as  a sum  of  Integrals  over  the  eight 
subpanels.  For  Instance, 
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Here,  ($ , n)  are  the  local  coordinates  on  the  1-th  subpanel  a..,  and  SPSPL^ 

is  the  3x5  source  subpanel  spline  matrix;  denotes  an  area  Jacobian  for  the 

local  to  reference  coordinate  transformation.  Note  that,  for  a point 
Q = U , n),  using  (4.2.5a)  and  (4.2.5b), 
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and  thus  (4.2.11)  follows  from  (3.2.7)  and  (4.2.10).  The  integrals  In 
(4.2.11)  are  evaluated  analytically,  and  can  be  expressed  as  logarithms  and 
arctangents  of  quantities  which  are  determined  by  the  geometric  relation 
between  the  panel  and  the  control  point.  In  equation  (4.2.11)  the  entries  of 

[SPSPL^]  are  constants  and  may  be  removed  from  the  Integral.  The  application 

of  (3.2.7)  and  an  equation  similar  to  (4.2.12)  leads  to  a similar  equation  for 

the  row  of  PIC^  corresponding  to  the  potential.  The  rows  of  the  PIC  matrices 
corresponding  to  velocity  are  computed  by  using  a differentiated  version  of 
(3.2.7).  The  entire  subject  of  PIC  computation  is  discussed  In  more  detail  In 
section  5.6  and  Appendix  J. 


4. 2. 2.2  Far  Field  PIC's 


If  the  distance  from  the  panel  to  the  control  point  is  large  compared  to 
panel  size,  a "far  field"  approximation  Is  used  In  computing  the  Influence  of 
the  panel.  This  is  done  by  approximating  the  expression  (1/R)  by  a power 
series 
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where  RQ  and  aR  are  Illustrated  In  figure  4.3.  This  far  field  evaluation 

requires  considerably  less  computer  time  than  the  near  field  method  (see 
section  5.6  for  further  details).  To  further  save  computer  time,  an 
"Intermediate  field"  method  described  In  section  5.6  Is  used  when  the  near 
field  method  Is  not  necessary  and  the  far  field  method  Is  Inadequate. 


4.2.3  Potential  and  Velocity  Influence  Coefficient  Assembly 

The  Influence  of  each  panel  Is  accumulated  to  determine  the  Influence  of 
the  entire  configuration  on  the  control  point.  Combining  equations 
(4.2.8-10),  we  see  that  the  products 
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[PICS  . BS]  and  [PICD  . B°] 

give  us  the  potential  and  velocity  induced  by  a panel,  in  terms  of  the 
singularity  parameters  in  the  neighborhood  of  the  panel.  These  matrices  are 
then  "added"  together;  that  is,  entries  of  distinct  PIC  matrices  which 
correspond  to  the  same  singularity  parameter  are  accumulated,  so  that  the 
"sum"  of  expanded  PIC  matrices  (none  of  which  has  more  than  31  non-zero 
columns)  is  the  4xN  matrix 

f OIC(P)  1 


L VIC(P)  J 

Here,  N is  the  total  number  of  singularity  parameters. 

4.2.4  Aerodynamic  Influence  Coefficient  Matrix  Construction 

Once  the  matrices  l4>IC(P)j  and  [VIC(P)]  have  been  constructed,  the 
vector  uAIC{P)_,  is  easily  constructed  using  equation  (4.2.4).  The  entire 
process  is  performed  for  all  the  control  points  in  the  configuration,  and  the 
result  is  the  square  matrix  [AIC].  Additional  details  are  given  in  section 
5.7. 


From  here  on,  the  basic  structure  of  PAN  AIR  is  similar  to  that  of  other 
panel  methods.  The  system  of  linear  equations  is  solved,  "post-multiplica- 
tion" (multiplying  u4>ICj  and  [VIC]  by  the  vector  x)  is  performed,  and  the 

resulting  potential  and  velocity  values  are  used  to  compute  pressures. 
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5.0  Elaboration  on  the  Technology  in  PAN  AIR 

We  now  proceed  to  greater  depth  in  the  discussion  of  the  technological 
details  of  PAN  AIR.  In  section  5.1  we  describe  the  way  in  which  the  program 
user  describes  his  configuration  geometry  to  PAN  AIR  using  networks  of 
panels.  Section  5.2  gives  the  form  of  the  general  integral  representation 
formula  for  0 together  with  a summary  of  all  of  the  coordinate  transformations 
used  by  PAN  AIR,  while  section  5.3  discusses  doublet  matching  along  network 
abutments.  The  general  form  of  a PAN  AIR  boundary  condition  is  developed  in 
section  5.4  and  this  is  followed  by  the  treatment  of  spline  matrices  in  5.5 
and  panel  influence  coefficients  (PIC's)  in  5.6.  The  results  of  sections  5.4, 
5.5  and  5.6  are  then  combined  to  describe  the  formation  of  the  aerodynamic 
influence  coefficient  matrix  (AIC)  and  right  hand  side  vector  (b)  in  section 
5.7.  The  discussion  concludes  with  some  remarks  on  the  solution  of  the  AIC 
constraint  equation  (section  5.8)  followed  by  a summary  of  PAN  AIR's  post 
processing  features  (section  5.9). 
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5.1  Networks  and  Panels 


The  configuration  on  which  boundary  conditions  are  to  be  imposed  is 
described  by  a collection  of  networks  of  points.  Each  network  consists  of 
(say)  N columns  of  points  lying  on  the  configuration  surface,  where  each 
column  has  the  same  number  (M.say)  of  points.  By  a point,  we  mean  its  (x,y,z) 
coordinates,  with  each  point's  coordinates  given  in  the  same  arbitrary 
coordinate  system.  Thus,  each  network  consists  of  an  MxN  grid  of  points  in 
space  (see  figure  5*1).  This  grid  need  not  lie  in  a plane,  but  it  should  be 
sufficiently  regular  to  define  a surface  which  does  not  intersect  itself  and 
on  which  the  surface  normal  does  not  change  too  radically  from  panel  to 
neighboring  panel. 

Each  network  is  assigned  two  "singularity  types,"  describing  the  manner  in 
which  the  source  and  doublet  distributions  are  defined  on  the  portion  of  the 
surface  defined  by  the  network.  A network  source  type  may  be  »"  . M 
"analysis,"  or  "design,"  while  its  doublet  type  may  be  "null,  analysis, 
"design,"  or  "wake."  The  singularity  type  "null"  means  that  the  corresponding 
singularity  distribution  is  identically  zero  over  the  whole  network.  The 
singularity  type  "analysis"  is  used  when  the  corresponding  boundary  conditions 
are  the  standard  ones  of  zero  normal  flow,  while  the  singularity  type  design 
is  used  when  the  boundary  conditions  correspond  to  specifying  a desired 
pressure  distribution  on  the  surface.  The  doublet  type  of  wake  is  generally 
used  with  a source  type  of  null  to  model  a wake  surface.  A wake  is  a surtace 
across  which  a discontinuity  in  potential  exists,  while  normal  flow  Is 
continuous;  generally  a wake  is  attached  to  the  trailing  edge  of  a lifting 
surface.  The  positioning  of  wakes  can  be  a complicated  problem,  and  Is 
discussed  in  more  detail  in  the  PAN  AIR  User's  and  Case  Manual. 

Note  that,  unless  the  source  or  doublet  type  is  null,  all  networks  are 
composite  networks,  that  is,  both  the  network's  source  distribution  and  its 
doublet  distribution  are  non-zero.  This  is  in  contrast  to  most  earlier  panel 
methods,  which  required  source  networks  and  doublet  networks  to  be  entered 
separately.  Generally  speaking,  all  non-wake  networks  in  PAN  AIR  will  be 
composite  networks  which  directly  describe  the  impermeable  object  about^which 
one  is  analyzing  the  flow.  In  particular,  the  "internal  lifting  system 
doublet  networks  required  by  the  Boeing  A-230  program  (Ref,  1.1)  are  not 
required  in  PAN  AIR.  These  composite  networks  allow  two  boundary  conditions, 
such  as  the  standard  boundary  conditions  of  (5.4.28),  to  be  imposed  on  a 
surface. 


Each  network  of  M rows  and  N columns  of  points  defines  (M-l)  rows  and 
(N-l)  columns  of  panels,  where  a panel  Is  a quadrilateral  defined  by  four 
network  points  all  lying  in  two  adjacent  rows  and  two  adjacent  columns  of  a 
network.  Figure  5.1  illustrates  the  subdivision  of  a network  into  panels.  In 
the  example  of  Figure  5.1,  there  are  five  rows  and  columns  of  points  and  four 
rows  and  columns  of  panels. 


Now,  each  panel  is  defined  by  its  four  corner  points,  but  these  four 
points  need  not  lie  on  a plane.  Previous  programs  using  flat  panels  on 
arbitrary  surfaces  have  handled  this  problem  by  projecting  the  four  corner 
points  onto  an  "average  plane,"  thus  forming  a planar  quadrilateral  panel. 
The  formation  of  such  panels  leaves  gaps  between  panel  edges,  however,  since 
the  resulting  planar  panels  do  not  in  fact  go  through  their  corresponding 
corner  points. 
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This  discontinuity  in  geometry  is  avoided  by  constructing  piecewise  flat 
panels  which  do  in  fact  contain  all  four  corner  points  and,  in  fact,  all  four 
panel  edges  (a  panel  edge  is  a line  segment  connecting  adjacent  corner 
points).  The  decomposition  of  a panel  into  five  planar  regions  is  illustrated 
in  figure  5.2.  It  will  be  shown  in  Appendix  D that  the  four  edge  midpoints, 
which  define  the  vertices  of  the  interior  quadrilateral,  do  in  fact  lie  on  a 
plane.  In  section  5.5,  the  interior  quadrilateral  will  be  divided  into  four 
triangular  regions  for  the  purpose  of  defining  source  and  doublet 
distributions.  Thus  the  panel  will  be  divided  into  8 "subpanels"  there,  but 
at  least  four  of  them  will  lie  in  one  plane. 
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5.2  Coordinate  Transformations 


Recall  (see  (3.2.7))  that  for  M.  = 0,  we  wrote  the  fundamental  integral 
representation  formulas  as 

0(P)  =77  If  [ ‘ f + w v ^ dS  (5.2.1) 

S 

We  can  easily  generalize  this  equation  to  arbitrary  Mach  number.  For  details, 
see  Ward  (Ref.  1.5).  Let  P = (x,y,z),  and  the  point  of  integration 
Q = ( f , n.  n.  Recall 

5 = Sign  (1  - M2.)  (5.2.2) 

6 = V s<  1 - M*  > 

Now,  generalizing  the  definition  of  R for  M„  ^ 0,  let 

R = f(  ] - x)2  + s s2  (n  - y)2  + s 82  ( ( - z)2  (5*2*3) 

when  the  expression  under  the  square  root  is  non-negative.  Let  R be  zero 
otherwi se. 

For  subsonic  flow,  let  Dp,  the  "domain  of  dependence"  of  the  point  P,  be 

all  of  space,  while  for  supersonic  flow  let  it  be  the  set  of  points  Q such  that 
^ < x .and  the  expression  under  the  square  root  Is  non-negative.  Let  * = 2* 

if"s  = _1#  « = 4i,  if  s * +1.  Let  us  define  the  compressible  gradient  operator 
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where  the  dual  metric  matrix  [B],  referred  to  compressibility  coordinates,  is 
given 


[B] 


' SB2  0 0 ' 

0 1 0 

0 0 1 


Let  the  conormal  vector  n = v be  defined 


(5.2.5) 


n = v = [B]  n 
and  let  a be  given  by 

a = v (dy  - • n 


(5.2.6) 

(5.2.7) 


a generalization  of  our  previous  definition  of  source  strength  to  arbitrary 
Mach  number.  Then  we  can  rewrite  (5.2.1)  for  arbitrary  M«  as 
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(5.2.8) 


0(P>  - i //[-»*„  n . v dS 
snop 

Here,  "So Dp"  means  the  set  of  points  common  to  both  S and  Dp.  This  is  the 

general  form  of  the  integral  representation  for  0,  upon  which  all  of  PAN  AIR 
is  founded. 

Now,  in  order  to  obtain  "panel  influence  coefficient"  matrices,  we  must 
perform  integrations  of  the  form  of  (4.2.11).  This  task  is  somewhat  obscured 
by  the  multiplicity  of  coordinate  systems  with  which  we  deal.  We  will  now 
discuss  these  coordinate  systems  and  describe  the  transformations  among  them. 

The  coordinate  system  with  which  this  document  primarily  deals  is  the 
"compressibility  axis  coordinate  system."  This  is  the  system  in  which 
equation 


(1  ~ M®  ) ^xx  + ^yy  + ^zz  = ® 


(5.2.9) 


is  valid. 


For  Moo  4 0,  (5.2.9)  requires  a preferred  direction,  called  the 

"compressibility  direction,"  which  is  the  direction  of  V«>  . We  have  assumed 
so  far  that  this  is  the  x-direction. 


A program  user,  however,  may  not  want  to  describe  the  configuration 

geometry  in  the  compressibility  axis  coordinate  system.  PAN  AIR  permits  the 

user  to  specify  an  arbitrary  compressibility  direction  by  specifying  angles 

<v  and  sr  , angles  of  attack  and  sideslip,  which  describe  the  compressibility 
c t 

direction  with  respect  to  the  input  (or  reference)  coordinate  system. 

If  the  coordinates  of  a point  are  (x,y,z)  in  the  compressibility  axis 
system,  and  (xQ,  yQ,  zQ)  in  the  reference  axis  system,  then 
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where  l"1  is  the  coordinate  transformation  matrix 
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about 


We  show  how  P is  obtained  as  a product  of  a rotation  by  an  angle  ac 
the  y-axis  and  a rotation  by  an  angle  sc  about  the  modified  z-axis  in 

Appendix  E.3.  It  should  be  noted  that  the  above  sequence  of  coordinate 
rotations  is  equivalent  to  the  opposite  sequence  of  basis  vector  transfor- 
mations. That  is,  the  configuration  is  first  rotated  about  its  z-axis  by  an 
angle  s^,  then  about  its  y-axis  by  an  angle  a,.  This  transformation  is  dis- 
cussed further  in  the  User's  Document. 

Now,  the  unit  vector  in  the  compressibility  direction  is  given  in 
reference  coordinates  by 


-1 


««■  [pc] 


(5.2.12) 


Since  I"1  c is  an  orthogonal  matrix, 
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(5.2.13) 

The  relationship  of  c to  the  reference  coordinate  system  is  shown  in  figure 
5.3.  ° 

A third  coordinate  system  of  importance  in  PAN  AIR  is  the  "local" 
coordinate  system  (see  Glossary).  We  want  to  compute  the  surf *c®.  s 

required  for  PIC  calculation  as  integrals  in  two  variables,  and  thus  we 
construct  a local  coordinate  system  (x'.y'.z  ) for  each  subpanel,  in  which  the 

subpanel  lies  in  the  x'-y'  plane. 

The  transformation  from  reference  to  local  coordinates  is  not  orthogonal, 
however,  but  includes  a scaling  transformation  so  that  the  factor  6 does  not 
appear  in  the  expression  for  R.  This  simplifies  the  influence  coefficient 
integrals,  such  as  (5.6*9),  which  must  be  calculated. 

Recall  from  (5.2.3)  that  in  compressibility  coordinates,  for  a control 
point  P = (x,y,z)  and  field  point  (f  , n»  £ )»  we  have 

R2  , ( f - *)2  * s a2  (n  - y>2  * s s2  < « - a)2  (5.2.14) 

where  R is  the  denominator  of  the  Integrand  of  (5.2.8).  In  order  to  describe 
the  appearance  of  R in  local  coordinates,  we  need  to  introduce  the  panel 
inclination  indicator  r. 
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(5.2.15) 


r = sign  (n  . n) 


= (by  (5.2.6))  sign  (nT  [B]  n) 

= sign  { n,  n } 

where  we  define  { . , . } by  saying  that  for  any  two  vectors  X and  Y, 

(x.yI  = XT[B]  Y (5.2.16) 

The  meaning  of  r can  be  understood  if  we  work  in  compressibility 
coordinates. 

Then  by  (5.2.5)  and  (5.2.6), 

r = sign  (s  n ^ + n ^ + n ^)  (5.2.17) 

x y z 

If  s = 1 (that  is,  for  subsonic  flow),  we  see  that  the  expression  in 
(5.2.17)  is  positive,  and  so  r = 1.  If  s = -1  (supersonic  flow),  and  6=1 

(M»  = Vi”  ),  we  see  that 


r = -1 

if 

n > n + n 
x y z 

r = +1 

if 

2 2 2 
V < ny  + nz 

(5.2.18) 

Recall  from  section  4. 2. 1.1  that  the  PAN  AIR  panels  are  comprised  of  eight 
triangular  subpanels.  Each  of  these  flat  subpanel  surfaces  has  a unit  surface 

normal  n of  fixed  direction.  If  n is  such  that  r = -1  in  equation  (5.2.18), 

the  surface  normal  is  inclined  at  more  than  45°  to  the  freestream.  But  this 

45°  angle  is  also  that  of  the  "Mach  cone"  emanating  forward  from  a point  P on 
the  subpanel,  as  illustrated  in  figure  5.5,  and  defines  the  "domain  of 
dependence"  of  P.  In  other  words,  point  P is  affected  only  by  disturbances 
(such  as  those  produced  by  the  source  and  doublet  distributions)  that 
originate  within  this  forward  Mach  cone. 

Thus  we  see  that  if  r = -1,  no  point  on  the  subpanel  surface  lies  in  the 
domain  of  dependence  of  any  other  point  on  the  subpanel,  and  we  call  such  a 
surface  "superincl Ined."  If  r = +1,  the  more  upstream  points  on  the  subpanel 
do  lie  in  the  domain  of  dependence  of  the  more  downstream  points,  and  such  a 
surface  is  called  subinclined.  If  n.n  = 0,  the  more  upstream  points  lie 
exactly  on  the  boundary  of,  but  never  in  the  Interior  of,  the  domain  of 
dependence  of  more  downstream  points.  Such  a surface  is  called 
Mach- incl ined.  We  will  see  shortly  that  no  portion  of  the  panelled 
configuration  is  permitted  to  be  Mach-Inclined.  The  above  definitions. 
Illustrated  in  figures  5.4  and  5.5,  are  equally  valid  at  all  supersonic  Mach 
numbers . 


5.2-4 


Now,  for  ease  of  integration,  we  want  the  local  coordinate  system 
(x'.y'.z1)  defined  on  each  subpanel  to  have  the  property  that  if 
P = (x'.y'.z'),  Q = ( £ n\  {')  then 

R2  = r(  - x')2  + s( n ' - y’)2  ♦ rs  ( i'  - z')2  (5.2.19) 

In  this  manner,  we  reduce  the  denominator  of  (5.2.8)  to  one  of  three  standard 
forms: 


(a)  Subsonic  flow 

R = V(  7*  - x')2  ♦ („'  - y')2  + ( C - z')2  (5.2.20) 

(b)  Supersonic  flow,  subinclined  panels 

R . V<  {•  . x')2  - In'  - y')2  - ( - z')2  (5.2.21) 

(c)  Supersonic  flow,  superincl ined  panels 

R = V(  i ' - z')2  - ( £ ' - x')2  - (n‘  - y')2  (5.2.22) 

So,  if  we  can  find  a local  coordinate  system  in  which  (5.2.19)  holds,  we 
will  have  succeeded  in  removing  the  factors  of  6 from  the  integrand  of 
(5.2.8).  Further,  the  subpanel  always  lies  in  the  (£',  n')  plane. 


We  will  compute  the  reference  to  local  coordinate  transformation  A,  such 

that 


[A] 


« y'  ► 

z' 


(5.2.23) 


in  Appendix  E.3. 

We  now  describe  the  result  computed  there.  Let  vQ  be  a unit  vector 

perpendicular  to  c and  n , the  unit  normal  to  the  subpanel,  all  three  of 

these  vectors  being  expressed  in  reference  coordinates.  Let  u0  = v0  x n0* 
Let  the  metric  matrices  in  reference  coordinates  be  given  by 


[CQ]  = s e2  [I]  + (1  - sb2)  [cQ  c0T]  (5.2.24) 

[Bq]  = [I]  Msb2-  1)  [cQ  cj]  (5.2.25) 

Note  that  the  definition  (5.2.5)  of  [B]  in  the  compressibility  axis  coordinate 
system  is  consistent  with  (5.2.25)  since 
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[c  cT] 


(5.2.26) 


in  the  compressibility  axis  coordinate  system,  in  which  the  compressibility 
axis  coincides  with  the  x axis.  Recalling  the  definition  (5.2.16)  of  {. , .1  , 
the  3x3  matrix  A is  found  to  be  given  by 


V "0H1/2  [C°]  U°  8 [C°]V° 


n„» 
o o 


(5.2.27) 


Several  remarks  may  be  made  here.  First,  if  M»  = 0,  cQ  is  meaningless, 

but  is  given  a default  value  by  PAN  AIR  just  so  that  no  special  formula  is 
needed  to  replace  (5.2.27).  Since  all  occurrences  of  cQ  are  multiplied  by 

(1  - s b2)  = M2,  any  value  for  cQ  is  equally  valid  if  H.  = 0. 


Next,  (5.2.27)  blows  up  if  b = 0 or  (nQ,  nQ}  = 0.  Both  of  these  cases 

are  disallowed  in  PAN  AIR,  the  case  b = 0 corresponding  to  transonic  flow, 
=1,  the  case{n0,  nQ}  = 0 corresponding  to  a Mach-Inclined  panel. 
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5.3  Network  Edge  Matching 

The  splines  which  are  discussed  in  section  5.5  insure  that  the  doublet 
strength  on  the  configuration  is  continuous  within  a network,  but  do  nothing 
to  insure  continuity  across  network  edges.  The  contribution  of  continuous 
doublet  splines  to  the  goal  of  increased  program  reliability  would  be  wasted 
if  the  doublet  strength  were  discontinuous  at  network  boundaries. 

One  solution  to  the  problem  of  matching  doublet  strength  at  network  edges 
(hence  called  the  edge  matching  problem)  is  to  impose  the  boundary  condition 
of  zero  normal  flow  along  the  edge.  As  shown  in  Appendix  J.ll,  a 
discontinuity  in  doublet  strength  along  an  edge  induces  an  infinite  velocity 
there.  Thus,  the  requirement  that  the  flow  be  finite  causes  the  doublet 
strength  to  be  continuous  across  the  edge.  This  method  has  worked 
successfully  (in  the  earlier  versions  of  the  “pilot  code,"  for  instance)  in 
many  cases.  Unfortunately,  the  method  requires  that  the  geometric  fit  among 
networks  be  exact;  if  there  is  a gap,  say,  where  networks  meet,  the  boundary 
condition  of  zero  normal  flow  will  force  the  doublet  strength  along  the  edge 
to  zero. 

The  requirement  that  network  edges  match  exactly  in  a geometric  sense  is  a 
severe  burden  on  the  user  of  a panel  code.  Figure  5.6  illustrates  the  type  of 
panelling  frequently  used  by  aerodynamici sts  at  the  intersection  of  the 
leading  edge  of  a wing  and  the  body  of  an  airplane.  The  aerodynamici st  is 
usually  more  interested  in  detailed  wing  pressures  than  detailed  body 
pressures;  further,  the  high  curvature  of  the  wing  leading  edge  requires  dense 
panelling  for  accurate  definition.  But  accurate  definition  of  the  leading 
edge  of  the  wing  is  incompatible  with  coarse  definition  of  the  body,  unless  a 
gap  is  left  between  network  edges.  In  figure  5.6,  the  shaded  area  represents 
the  gap  between  the  body  and  the  wing. 

The  most  complex  portion  of  the  edge  matching  problem  is  the  determination 
of  those  pairs  (or  larger  collections)  of  network  edges  along  which  the 
doublet  strength  is  to  be  matched.  This  determination  is  performed  in  two 
ways:  (1)  For  each  network  edge,  the  program  searches  for  other  network  edges 

which  lie  within  a user-input  tolerance  distance  of  the  first  network  edge. 

(2)  For  edges  which  lie  far  from  each  other  (compared  to  the  tolerance),  but 
which  ideally  would  be  Identical,  such  as  those  of  figure  5.6,  there  is  an 
option  which  permits  the  user  to  directly  specify  that  doublet  matching  should 
occur  along  the  edges. 

PAN  AIR  Incorporates  two  features  to  insure  the  matching  of  doublet 
strength  across  network  edges.  The  first  feature  is  that  the  matching  of 
doublet  strength  is  done  directly  rather  than  indirectly.  That  Is,  in 
construction  of  the  AIC  matrix,  the  boundary  condition  uj  - = 0 'assumin9 

and  u2  are  the  doublet  strengths  at  two  opposing  points  where  networks 

meet)  is  imposed  exactly  (rather  than  approximately  by  the  requirement  of  zero 
normal  flow).  The  second  feature  is  that  "gap- filling"  panels  are  introduced 
whenever  there  are  gaps  between  network  edges  which  do  not  actually  represent 
gaps  in  the  physical  configuration.  A doublet  distribution  is  defined  on 
these  gap-filling  panels  in  such  a manner  that  continuity  of  doublet  strength 
is  produced  everywhere. 
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Imposing  doublet  matching  exactly,  rather  than  indirectly,  requires 
considerable  care.  The  doublet  matching  boundary  conditions  must  never  be 
redundant.  Redundancy  is  permissible  in  the  case  of  zero  normal  flow  boundary 
conditions  because  of  the  rather  inexact  manner  in  which  these  boundary 
conditions  perform  doublet  matching.  (Experimentation  has  shown  however  that 
the  partial  redundancy  of  zero  normal  flow  boundary  conditions  may  lead  to 
ill-conditioned  matrices.)  But  when  matching  of  doublet  strength  is  imposed 
exactly,  any  redundancy  leads  to  a singular  AIC  matrix. 

Preventing  redundancy  along  a curve  where  two  or  more  network  edges  meet 
(such  a curve  is  called  an  abutment)  is  fairly  straightforward.  The  only 
difficult  problem  occurs  at  "abutment  intersections,"  that  is,  points  where 
several  abutments  meet  (see  figure  5.7).  The  details  concerning  the 
imposition  of  edge  matching,  the  generation  of  gap-filling  panels  and  the 
handling  of  abutment  intersections  are  given  in  Appendix  F. 
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5.4  Control  Points  and  Boundary  Conditions 
5.4.1  Control  Point  Location 


Control  points  are  points  at  which  boundary  conditions  are  imposed.  Such 
points  are  either  (1)  in  the  vicinity  of  a panel  center  (the  point  whose 
coordinates  are  the  average  of  the  panel  corner  coordinates),  (2)  in  the 
vicinity  of  the  midpoint  of  a panel  edge  which  also  lies  on  a network  edge,  or 
(3)  in  the  vicinity  of  a panel  corner  which  lies  on  a network  edge.  These 
points  are  called  center,  edge,  and  corner  control  points  respectively. 

"Extra"  corner  control  points  are  located  at  panel  corners  which  belong  to 

"abutment  intersections."  Figure  5.7  illustrates  a situation  which 

cause  the  construction  of  an  extra  control  point.  There,  Np  N2»  ana  Ng  are 

three  separate  networks. 


In  figure  5.8  we  illustrate  the  control  point  locations  on  a network  with 
no  extra  control  points.  Note  that  control  points  are  always  receded  slightly 
from  a panel  edge.  This  is  done  because  the  velocity  induced  by  the  doublet 
distribution  on  a panel  causes  an  infinite  velocity  at  the  panel  edge.  Thus, 
for  numerical  reasons  the  control  point  is  withdrawn  approximately  1/10  or  the 
way  toward  the  center  of  the  panel.  The  precise  method  by  which  control 
points  are  receded  is  described  in  Appendix  G. 


5.4.2  Boundary  Conditions 

Boundary  conditions  are  imposed  only  at  control  points.  Recall  that  a 
boundary  condition  is  a linear  equation  in  0 and  its  derivatives.  Since  0 or 
its  gradient  may  be  discontinuous  on  the  configuration  surface,  upper  and 
lower  surface  potential  and  velocity  are  different,  and  so  the  boundary 
condition  equation  may  involve  "upper  surface"  and/or  "lower  ?ur1fa^e 
The  number  of  boundary  conditions  imposed  at  a control  point  is  between  zero 
and  two  (inclusive),  and  is  determined  by  the  basic  principle  that  the  number 
of  boundary  conditions  must  equal  the  number  of  singularity  parameters.  For 
analysis  networks,  there  are  two  boundary  conditions  imposed  at  every  panel 
center  control  point,  but,  since  only  doublet  parameters  (and  not  source 
parameters)  are  located  on  network  edges,  there  is  only  one  boundary  condition 
imposed  at  panel  edge  and  corner  control  points. 


5.4.2. 1 Impermeability  Boundary  Conditions 

For  most  cases,  the  boundary  condition  the  user  wishes  to  impose  is  that 
there  is  no  flow  through  the  configuration  surface.  At  Mach  zero,  this  is 
achieved  by  setting 


or  equivalently, 

* + * “►  * 
V0.n  = v.n  = -V.  . n 

Equation  (5.4.2)  does  not  generalize 
however.  In  Appendix  H,  we  see  that  the 
non-linear  potential  flow  (that  is,  flow 
equation  (2.4.1))  is 


(5.4.2) 

in  that  form  to  arbitrary  Mach  number 
appropriate  boundary  condition  for 
satisfying  the  non-linear  potential 
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where  p is  the  density  of  the  fluid. 


In  section  1.11  of  Ward  (1.5),  it  is  shown  that,  neglecting  terms  of  the 
same  order  as  those  neglected  in  reducing  equation  (2.4.1)  to  the 
Prandtl-Glauert  equation,  we  have 

p V = o»  W * p,,,  ( V 0 + V oo  ) (5.4.4) 


where  p.  is  the  density  at  infinity.  Note  that  V 0 rather  than  V0  occurs 
in  (5.4.4).  Thus  the  appropriate  boundary  condition  to  impose  is 


p»  ( v 0 + V«  ) . n = 0 
or  v 0 . n = -Y.  . n 


(5.4.5) 

(5.4.6) 


The  validity  of  (5.4.4)  can  be  justified  intuitively  by  recalling  that  the 
continuity  equation  (2.1.1),  neglecting  the  unsteady  flow  term,  is 

v.  (pV)iO  (5.4.7) 

while  the  Prandtl-Glauert  equation 

s "xx  * <yy  * 0ZZ  ’ 0 (5.4.8) 

can  be  rewritten  as 

V • (p-  V.  + p.  V 0)  = 0 (5.4.9) 


since  p»  is  a constant  and 
V . V.  =0 


So,  we  see  that  both  the  left  and  right  hand  sides  of  (5.4.4)  are  vector 
fields  whose  divergence  Is  zero,  that  is,  they  are  "conserved  quantities." 

Th<»  expression  (p/p„  ) V (also  denoted  W)  is  called^the  mass  flux,  ^ 

V0  + V«  is  called  the  total  linearized  mass  flux,  and  V 0 (also  denoted  w) 
is  called  the  linearized  perturbation  mass  flux.  We  will  not  consider  the 
non-linear  mass  flux  in  this  section,  and  thus  will  drop  the  modifier  + 

"linearized."  We  will  denote  the  perturbation  and  total  mass  flux  by  w and  W 

respectively,  and  call  w.n  and  W.n  the  perturbation  and  total  normal  mass 
flux.  Note  that  as  a consequence  of  the  definition  (5.2.25)  of  BQ  and  (5.2.4) 

of  v together  with  the  fact  the  perturbation  velocity  v is  given  by  v 0,  we 
have,  in  reference  coordinates, 

w = V 0 = Bq  v 0 = Bq  v (5.4.10) 

Now,  the  combination  of  (5.4.3)  and  (5.4.4)  indicates  that  to  specify 
Impermeability  of  a surface,  we  set  total  normal  mass  flux  equal  to  zero.  This 
can  be  done  directly  or  indirectly,  as  illustrated  by  the  following  examples. 


5. 4. 2. 2 Thin  Surfaces 


In  the  case  of  the  thin  wing  illustrated  in  figure  5.9,  we  clearly  require 
both  the  upper  and  lower  surfaces  to  be  impermeable,  and  thus  specify 

* -► 

Wy  • n = - V®  • n 

„ (5.4.11) 

♦ n = - Voo  . n 


But  recall  from  section  5.2  that 

o = v (0y  - tfL)  . n = v (0y  - 0L)  • CB0]  n 


(5.4.12) 


* (T  ("u  - VI T tV  " - 

K1  v(*u  - vl T " 

(5.4.13) 

= V (0y  - 0L)  . n = V^.n  - 

wL.n 

(5.4.14) 

Note  that  these  equations  reveal 

n . v = n . w 

(5.4.15) 

This  relation  will  be  used  later.  Combining  (5.4.11)  and  (5.4.14)  now  yields 


so  that  the  thin  wing  boundary  conditions  (5.4.11)  are  equivalent  to 

*>  * rt’  * 

w^j  . n = -V»  . n 


Note  that  we  show  a wake  trailing  behind  the  wing  in  figure  5.9.  A wake 
is  a surface  across  which  a potential  jump  occurs,  even  though  the  surface 
does  not  correspond  to  a solid,  physical  object.  Deciding  where  to  position 
the  wake  for  a particular  configuration  is  an  extremely  difficult  problem. 

For  many  problems,  however,  any  wake  position  roughly  parallel  to  the 
freestream  and  extending  downstream  from  the  object  being  analyzed  is 
adequate.  A detailed  study  of  wake  positioning  is  not  part  of  this  document. 

5. 4. 2. 3 Thick  Configurations 

For  a "thick"  wing,  that  is,  a wing  for  which  we  panel  both  the  upper  and 
lower  surfaces,  we  cannot  simply  impose  the  boundary  conditions  (5.4.17). 

This  is  because  imposition  of  zero  normal  flow  at  all  points  on  the  interior 
of  a closed  surface  is  an  111 -posed  boundary  value  problem  since  there  is  no 
unique  solution:  if  a particular  function  0 satisfies  the  Prandtl-Glauert 

equation  and  the  boundary  conditions,  then  adding  any  constant  to  0 in  the 
interior  of  the  closed  surface  yields  another  solution.  We  illustrate  the  two 
possible  solutions  in  figure  5.10. 
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So,  we  must  specify  zero  normal  flow  on  the  interior  of  a closed  surface 
in  some  other  manner.  There  are  many  possibilities,  some  of  which  are 
discussed  in  section  5 of  the  maintenance  document.  The  method  illustrated  in 
figure  5.11  has  been  experimentally  shown  to  be  reliable  in  a wide  variety  of 
circumstances.  There,  the  boundary  condition  ^ = 0 on  the  configuration 

surface  ensures  (assuming  a sufficient  density  of  control  points)  that  0 is 
identically  zero  in  the  entire  interior  region.  Such  a condition  is  called 
"perturbation  stagnation"  (it  is  not  really  stagnation,  since  the  total 
potential  is  not  constant),  since  v 0,  the  perturbation  velocity,  is  zero  in 
the  interior  region. 

Thus  we  impose  the  boundary  conditions 


o 

II 

"Q. 

-+ 

-* 

(5.4.18) 

wu  • n 

= -Voo  . n 

! 

= 0,  so  we  can  replace  v^.n  by 

(wjj  - wL).n  = a,  and  thus 

we  obtain 


*L 


. 0 


o = 


. n 


(5.4.19) 


The  boundary  conditions  (5.4.19)  for  a thick  wing,  or  (5.4.17)  for  a thin 
wing  are  preferable  to  their  equivalents  (5.4.18)  and  (5.4.11)  because  they 
directly  specify  the  source  strength.  This  allows  the  source  parameters  to  be 
removed  from  the  system  of  linear  equations,  thus  considerably  lowering  the 
cost  of  solving  the  equations. 

5. 4. 2. 4 Superincl ined  Surfaces 

A final  example  of  the  Imposition  of  boundary  conditions  is  shown  in 
figure  5.12.  The  surface  shown  perpendicular  to  the  freestream  Is  a 
superincllned  surface;  recall  from  section  5.2  that  a surface  is  superincl Ined 
whenever 


n . n < 0 (5.4.20) 

An  Important  result,  which  we  discuss  further  in  Appendix  B,  Is  that 
boundary  conditions  of  zero  normal  mass  flux  must  never  be  placed  on  the 
upstream  side  of  a superincl ined  surface,  or  else  the  boundary  value  problem 
is  ill-posed.  This  Is  not  really  too  surprising,  since  the  flow  about  any 
Impermeable  object  so  blunt  as  to  be  superincllned  certainly  violates  the 
"small  perturbation"  assumption. 

The  need  for  permeable  superincllned  surfaces  does  occur,  however,  nacelle 
faces  being  the  prime  example.  The  example  In  figure  5.12  shows  the  use  of 
boundary  conditions  on  the  lower  (that  is,  downstream)  surface  to  induce 
perturbation  stagnation  in  the  interior  of  the  configuration. 
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5. 4. 2. 5 The  General  Boundary  Condition 


The  previous  three  examples  do  not  exhaust  the  generality  of  boundary 
conditions  which  a PAN  AIR  user  may  impose.  But  we  must  warn  that,  while  an 
arbitrary  condition  on  0 and  its  derivatives  is  permitted,  the  boundary 
condition  may  not  yield  a well -posed  problem.  The  arbitrary  boundary 
condition  can  be  written 


aA  JA  ’ S * CA  'A  * \ ■ JA 
' aD  0 * CD  “ * V = b 


(5.4.21) 


where  the  subscripts  A and  D stand  for  "average"  and  "difference,  that  is. 


*A  = 7 + (iL) 

= = w 

Comparing  to  equation  (3.2.6),  we  see  that  the  definition  of  doublet  strength 
is  the  same  for  all  Mach  numbers.  The  constants  a and  c may  be  arbitrary, 

while  the  vectors  t are  tangent  to  the  surface  at  the  control  point  (as 

opposed  to  n,  which  is  normal  to  the  surface). 

To  see  that  (5.4.21)  permits  an  arbitrary  combination  of  upper  or  lower 
surface  conditions,  we  solve  (5.4.22-23)  for  0y  and  0^,  obtaining 


(5.4.22) 

(5.4.23) 


<\l  - *A  * 7 <0  ■ "a  * 7 » 

*1  ■ *A  - \ “ 

Similarly, 

w ^ . n s ( Wy  • n + w^  • n ) 

-►  a -►  a ^ 

a = wD  . n = Wy  . n - w^  . n 

and,  solving, 

-+■  -*■  * 1 

Wy  . n = w^  . n + j a 

A + A I 


(5.4.24) 


(5.4.25) 


(5.4.26) 
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Thus  the  boundary  condition  pair 

Wj  . n = - V»  . n 
can  be  written  as 

0 A - I u = 0 

* 1 ^ 

. n + a = -V®  . n 

Thus,  the  first  equation  in  (5.4.28)  is  equivalent  to  (5.4.21)  with 
CA  " 1 


(5.4.27) 


(5.4.28) 


b = 0 

while  the  second  equation  corresponds  to 
cA  = CD  = ° 


(5.4.29) 


aA  = 1 


+ h,  (5.4.30) 

*A  = S = 0 

b = -V-  . n 


For  the  remainder  of  this  document,  we  will  generally  use  the  boundary 
condition  formulation  (5.4.21)  since  it  Is  used  internally  in  PAN  AIR.  It 
should  be  noted,  however,  that  the  program  user  need  not  be  concerned  with 
this  formulation,  but  may  express  boundary  conditions  in  the  upper  and  lower 
form  if  he  wishes.  The  average  and  difference  formulation  is  used  in  PAN  AIR 
In  order  to  separate  out  the  singularity  strength  (or  difference)  contribution 
to  the  boundary  condition,  which  are  computed  from  the  splines.  The 
difference  potential  and  velocity  are  given  in  terms  of  the  singularity 
distributions  at  a point  by  the  formulae  (cf.  eqns.  (5.4.23)  and  (B. 3. 29-31)) 

0D  = u (5.4.31) 

vD  = [an  + (n  x V u)  x v]/(n,v)  (5.4.32) 
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The  average  potential  and  velocity  at  a point  on  the  surface  are  given  in 
terms  of  the  complete  singularity  distribution  functions  by  the  formulae  (cf. 
eqns.  (5.2.8)  and  (B.3.28);  we  use  the  formula  for  the  velocity  field  v(p) 

with  the  line  vortex  term  removed). 


oA(P) 


[-a/R  ♦ u n.  Vq(l/R)]dSq 


avg 


(5.4.33) 


vA(p)  = (1/k) 


ff 

s n d. 


[o  vq  (1/R)  * (n  x 


Vq  m)  X 


vq  U/R)]dSq 


avg 
(5.4.34) 


Note  that  the  subscript  "avg"  refers  to  the  process  of  evaluating  the  average 
value  of  the  given  integral  expression  above  and  below  the  singularity  surface 
S at  the  point  p.  In  appendices  J.6,  J.7  and  J.8  it  is  shown  that  this 
average  value  calculation  is  a matter  of  concern  only  for  the  subpanel  QcS 
that  contains  the  point  p.  For  this  case,  it  is  shown  in  appendix  J that  the 
average  value  calculation  is  accomplished  simply  by  using  an  average  value  of 
the  panel  integral  J to  evaluate  the  influence  coefficient  matrices  [S]  and 
[D]  (cf.  eqns.  (J.6. 152)  and  (J.6. 164)).  The  surface  average  value 
calculation  for  the  panel  integral  J is  fully  discussed  near  the  end  of 
appendix  J.8. 

There  is  one  type  of  user-specified  boundary  condition,  called  a closure 
boundary  condition,  which  is  not  of  the  form  (5.4.21).  This  is  used  in  design 
problems  to  specify  the  integral  of  the  normal  mass  flux  over  * surface.  A 
detailed  description  of  the  use  and  implementation  of  closure  boundary 
conditions,  discussed  briefly  in  section  (5.7.1),  will  be  treated  u y 
Appendices  H.2.5,  K.1.3  and  K.6.3. 
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5.5  Singularity  Splines 

In  this  section  we  will  discuss  without  details  the  construction  spline 
matrices  for  analysis  and  wake  networks.  The  technical  details  of  the  spline 
construction,  and  all  discussion  of  splines  for  design  networks,  will  be 
reserved  for  Appendix  I.  In  figure  5.13,  we  illustrate  the  locations  of 
source  parameters  on  a source  analysis  network,  and  the  locations  of  doub 
parameters  on  a doublet  analysis  or  wake  network. 

Source  parameters  on  analysis  networks  are  located  at  panel  * 

Doublet  parameters  on  analysis  networks  are  located  at  panel  centers  and  in 
addition  along  network  edges  as  illustrated.  The  value  of  a source  paramete 
is  always  the  value  of  source  strength  at  the  parameter  location,  and 

for  a doublet  parameter.  The  "extra"  doublet  parameters  occur  at 
those  points  at  which  an  "extra"  corner  control  point  was  stationed  because  of 
5dSS  mSShlSg  considerations  (see  figure  5.7)  Doublet  parameters  are 

required  on  network  edges  (while  source  parameters  *re.n^^Sus%0QUfd®t1c 
nuadratic  variation  of  the  approximation  to  the  doublet  strength.  A quadratic 
«uses ™p?d  changes  in  doublet  strength  which  make  extrapolation  of 
the  doublet  values  from  the  interior  of  the  network  to  the  Ill-advised. 

The  source  strength  approximation  is  only  linear,  however.  Fin  y, 

Jarameters  are  only  located  on  the  upstream  edge  of  a waJ®  J^eamwise 

doublet  strength  on  a wake  network  is  defined  to  be  constant  in  the  s^eamwise 
direction,  and  thus  doublet  parameters  are  only  required  on  one  edge  in  order 
to  define  the  doublet  strength  on  the  entire  network. 

5.5.1  The  Matrices  BS  and  B° 

The  outer  spline  matrices  define  the  source  strength  and  doublet  st^«"9th 
at  certain  points  on  the  panel  as  linear  combinations  of  source  and  doublet 

network  (cf.  sec.  5.5.3).  The  other  source  outer  spline  matrix  helps  detine 

discontinuous  source  distribution  used  in  AIC  matrix  construction,  where  it  s 

li  orttllThlt  tSe  total  source  strength  on  a "^“O^^J^Hon^  ^ sIc 
by  the  corresponding  integral  of  the  splined  source  distribution  (cf.  sec. 

5.5.4). 

To  be  precise,  consider  the  panel  and  network  in  figure  5.14.  A source 
outer  spline  ™tr  X bS  is  a 5 x 9 matrix  which  gives  the  value  of  source 
strength  at6Pi.P2»p3»P4»  and  Pg  1"  terms  of  the  source  parameters 
<xs  # ^ located  at  the  nine  panel  centers  marked  by  a circle.  T e 

matrix  B°  is  a 9 x 21  matrix  giving  the  values  of  doublet  strength  at  Pi...,Pg 
in  terms  of  the  doublet  parameters  { x,0,  1.1 2l)  located  at  the  21  panel 

«r:^i;e«at , 

T'VWe  ^points  fretted 
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u at  the  9 points  are  called  "panel  doublet  parameters. 
5.5.2  Definition  of  SPSPL 


The  subpanel  spline  matrices  (one  source  matrix  SPSPL^  and  one  doublet 
matrix  SPSPL0  for  each  of  the  eight  triangular  regions  composing  the  panel) 
each  define  the  coefficients  of  the  polynomial  distribution  of  singularity 
strength  on  the  triangular  region  as  a linear  combination  of  the  singularity 
strengths  at  the  panel  points  P^  mentioned  above.  Thus,  on  each  triangular 
region,  source  and  doublet  strengths  a(  ^ 1 , n')  and  nU',  n')  are  defined  in 
terms  of  local  coordinates  (£',  n‘)»  (Cf.  eqn.  (5.2.27)  for  the  definition  of 
the  local  coordinate  transformation  A.  Note  that  the  lo$al  coordinates  n' 
used  here  include  an  origin  shift  as  well;  i.e.  "f1  * A (x  - x ) where  x is  the 
triangle's  origin. ) 
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where  the  constants  o0,  a , <*„,  w0,...,unn  are  defined  by  the  subpanel 
spline  matrices: 


and 
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5.5.3  Construction  of  B Matrices  for  Continuous  Singularity  Distributions 


A B matrix  associated  with  a continuous  singularity  distribution  is 
constructed  one  row  at  a time.  Each  row  defines  the  singularity  strength  at  a 
panel  corner,  edge  midpoint,  or  panel  center  In  terms  of  surrounding 
singularity  parameters.  This  identical  row  vector  then  becomes  part  of  the  B 
matrix  of  each  panel  which  shares  the  particular  grid  point.  This  insures 
that  the  value  of  the  singularity  strength  Is  identical  as  one  approaches  the 
grid  point  from  the  interior  of  any  of  the  panels  sharing  it. 

The  source  strength  at  a panel  corner  Is  obtained  from  the  source 
singularity  parameters  located  at  the  centers  of  the  four  panels  sharing  that 
corner,  as  illustrated  in  figure  5.15.  The  dependence  of  on  x^,...x4  is 
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determined  by  a bilinear  fit  procedure  descr  bed  in  Appendix  1.1. 
Essentially,  this  procedure  determines  what  bilinear  function  (a  bilinea 
function  in  two  variables  («.„)  Is  a quadratic  function  which  reduces  to  a 
linear  function  for  constant  i or  n) 


= a 


b £ +Cn  + d4n 


(5.5.4) 


is  determined  by  the  four  values  x^,  and  then  sets  ai  to  be  the  "value 

the  function  takes  at  that  point.  By  "value",  we  mean  a row  vector 
( a^  ,82 »a^ *3^)  such  that 


al 


= l a 1 a2  a3  a4  j 


(5.5.5) 


S, 


s. 


regardless  of  the  values  of  the 

Now,  finding  the  row  vector  that  describes  the  source  strength  at  a panel 
center  is  very  simple,  since  a source  parameter  is  located  there.  To  obtain  a 

matrix  BS  for  a panel,  we  assemble  the  row  vectors  corresponding  to  the  5 grid 

points.  Each  row  vector  has  length  4,  but  by  adding  zeros  each  row  vector 
exDands  to  length  9.  Thus  each  row  vector  has  one  entry  from  each  of  the  9 
sourceSparameters  in  the  neighborhood  of  the  panel.  Hhlle  only  four 
Darameters  lie  in  the  neighborhood  of  a particular  corner  point,  (cf.  rig^e 
5 l parameters  lie  in  the  neighborhood  of  at  least  one  of  the  panel 

corners.  Collecting  the  five  row  vectors,  we  have  the  5 x 9 matrix  B 
was  first  introduced  by  equation  (4.2.8). 

Thus,  for  the  panel  In  figure  5.14,  BS  has  the  structure 
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0000*0000 
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where  the  columns  of  Bs  are  arranged  according  to  the  Integer  labels  given 
to  the  source  parameters  In  figure  5.14.  Here,  an  asterisk  denotes  some 
generally  non-zero  entry. 
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The  outer  doublet  spline  matrix  B°,  introduced  in  equation  (4.2.9),  is 
similarly  constructed  row  by  row.  To  obtain  the  row  vector  describing  u at  a 
panel  corner,  a least  squares  fit  is  used.  As  shown  in  figure  5.16,  U(P)  is 
obtained  by  finding  the  quadratic  function  u(£,n)  which  best  goes  through  the 

12  values  at  the  12  doublet  parameter  locations  in  the  neighborhood  of  P in 

a weighted  least  squares  sense  (a  quadratic  function  in  two  variables 
certainly  can  not  go  through  12  values  exactly).  The  computation  of  the 
weights  is  discussed  in  Appendix  1. 1.2. 4.  The  quadratic  function  thus 
obtained  (its  6 coefficients  are  each  row  vectors  of  length  12,  since  they 

depend  on  the  x?)  is  evaluated  at  P to  obtain  y(P).  This  weighted  least  squares 

procedure  will  be  described  in  detail  in  Appendix  1.5. 

To  obtain  a row  vector  defining  u at  a panel  edge  midpoint,  we  again  use  a 
weighted  least  squares  fit,  though  this  time  we  only  fit  to  8 neighboring 
singularity  parameters,  as  illustrated  in  figure  5.17.  If  the  grid  point  lies 
near  the  network  edge,  a special  treatment  (which  is  described  in  Appendix 
1 .1 ) is  used. 

5.5.4  Construction  of  the  Discontinuous  Source  Outer  Spline  Matrix 

The  discontinuous  source  outer  spline  matrix  (cf.  appendix  1.1.15),  is 
constructed  by  means  of  a two  stage  process.  First,  a linear  source  distribu- 
tion over  the  whole  panel  is  determined  in  terms  of  the  panel's  neighboring 

S 

source  parameters  x^  , i = 1,...,9  by  means  of  a weighted  least  squares 

procedure.  Second,  this  distribution  is  evaluated  at  the  five  points  P.,  Po, 
p3»  p4»  pg  t0  9lve  the  dependency  of  the  five  "panel  source  parameters"  upon 

c 

the  neighboring  source  parameters  xT. 

It  is  the  first  step  of  this  process  that  ensures  that  total  source  strength 
is  accurately  measured.  This  accuracy  is  achieved  by  the  combination  of  the 
linear  fit  and  the  fact  that  the  panel's  own  source  parameter  is  heavily  weighted 
in  the  least  squares  fitting  procedure. 

It  is  appropriate  to  observe  here  that  although  the  discontinuous  source  outer 
spline  is  not  explicitly  constrained  to  be  continuous,  it  is  in  fact  very  nearly 
continuous  wherever  the  configuration  is  sufficiently  finely  panelled  that  the 
angle  between  adjacent  panel  normals  is  less  than,  say,  10°. 

5.5.5  Construction  of  SPSPL 

Next,  let  us  consider  the  method  by  which  the  subpanel  spline  matrices  use  the 
panel  singularity  values  (o^  ...o^,  Og,  uj...ug)  to  define  singularity 

distributions  within  a panel.  In  referring  to  the  panel  illustrated  in  figure 
5.18,  we  will  write  for  a(P^)  and  u-j  for  a (P^ ) . 

Recall  that  a,,  ag,  a^,  and  ag  are  defined  in  terms  of  neighboring 
source  singularity  parameters  by  the  matrix  B^.  We  then  define 
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Or  = 


2 (ol  * °Z] 


°6  - \ (o2  * 


o3),  o?  = ^ I»3  * »4>-  and  «g  " 7 (o4  ‘ °l' 


We  have  now  defined  at  all  vertices  of  all  8 triangular  regions,  and  we 
now  define  a linear  distribution  o(£‘,  n‘)j»  i = 1,.*.,8  on  each  triangular 

region  by  specifying  it  to  be  the  unique  linear  distribution  to  attain  the 
appropriate  values  at  the  3 vertices  of  the  triangle. 

Note  that  this  construction  forces  a to  vary  linearly  along  the  edge  of  a 
triangular  region,  and  thus  the  value  of  o at  any  point  along  the  edge  is 
determined  by  the  values  of  o at  the  two  endpoints  of  the  edge.  Thus  a is 
continuous  within  the  panel.  Further,  since  a at  a panel  edge  midpoint  Mis 
the  average  of  the  values  at  the  adjacent  corners,  o varies  as  a single  linear 
function  on  an  entire  panel  edge.  Thus  a on  a panel  edge  is  determined  by  its 

values  at  the  two  endpoints,  and  so,  within  a network,  ° ’f  ^°"^Juou?ta^J^rk 
panel  edges,  as  long  as  the  continuous  source  spline  is  being  used.  At  network 

edges,  a is  not  continuous  across  the  network  edge. 

To  determine  the  doublet  distribution  on  each  of  the  8 regions,  we  note 
first  that  a quadratic  distribution  on  a triangular  region  is  uniquely  defined 
by  its  value  at  the  three  vertices  and  the  three  edge  midpoints  of  the 
triangle.  Thus  the  doublet  distribution  on  each  triangle  is  determined  once 
we  know  n at  P^,...,  Pg,  and  Mp...,  M^.  Now  u at  P^,...»  Pg  is  define  y 

B°  . We  define  u at  Mg,  and  Mn by  requiring  that  w be 

described  by  a single  quadratic  function  in  one  variable  on  the  line  segments 

PlP5P2*  P2P6P3*  P3P7P4’  P4P8P1’  P5P9P7’  and  P6P9P8*  Note  that  3 <uadratlC 
function  on  a line  is  uniquely  determined  by  its  values  at  3 distinct  points. 
Finally,  „ is  defined  at  Mg,  M1Q,  Mu.  M12  in  such  a manner  as  to  minimize  the 

discontinuities  in  doublet  gradient  at  Pg,  Pg,  P j,  Pg* 

By  defining  u at  Mi , i = 1,...,  16,  in  this  manner,  we  insure  that,  within 

a network,  the  doublet  strength  is  continuous  across  triangle  boundaries. 
(Doublet  strength  matching  at  network  edges  is  discussed  in  section  5.3. ) in 
addition,  the  doublet  gradient  is  continuous  at  Pg.  Also,  the  doublet 

strength  is  continuous  across  panel  edges  because  the  values  u aJ  JJJ* 
endpoints  and  midpoints  of  an  edge  define  the  value  on  the  whole  segment. 

Sumnarizing,  for  each  triangular  region  we  obtain  subpanel  spline  matrices 


SPSPLS  and  SPSPL0  such  that 
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Furthermore,  we  have  already  discussed  the  construction  of  outer  spline 
S D 

matrices  B and  B such  that 
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Combining  (5.5.7)  and  (5.5.8),  we  obtain  the  source  and  doublet 
distributions  on  a triangular  region,  in  terms  of  source  and  doublet 
parameters,  by 
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5.6  Influence  Coefficients 


In  order  to  impose  the  arbitrary  boundary  condition  given  by  equation 
(5.4.21),  viz., 

\ V"  * CA  Oa  * Va  * V * V ' VT“  3 b , 

( 5 • 6 • 1 ) 

at  a control  point,  it  is  necessary  to  evaluate  the  left  hand  side  expression 
as  a linear  combination  of  the  singularity  parameters  { } . To  evaluate  o 

and  u at  the  control  point,  we  use  the  subpanel  spline  and  outer  spline 
matrices.  For  example,  if  a control  point  P has  local  coordinates  u , n /> 
we  find,  using  equations  (5.5.1),  (5.5.7)  and  (5.5.8), 


o(P) 


U1  n'j  [SPSPLS]  [BS] 


(5.6.2) 


s 

and  thus  the  row  vector  describing  o(P)  in  terms  of  all  the  is  the 
expansion  of  the  1x9  matrix 

1 [SPSPLS]  [BS] 

L_  -J 

into  the  corresponding  lxN  matrix  (where  all  but  9 values  are  zero),  with  an 
entry  for  each  of  the  N singularity  parameters  in  the  entire  configuration. 
We  obtain  the  row  vector  describing  u ( P ) similarly. 


5.6.1  Computation  of  Potential  and  Velocity 


Next  we  wish  to  evaluate  >5,  and 


v.  at  a control  point,  as  a linear 

n 


combination  of  all  the  singularity  parameters  in  the  configuration.  The  row 
vectors  which  describe  these  quantities  at  a control  point  are  called  the 
potential  influence  coefficient  and  velocity  influence  coefficient  matrices, 
or  0IC  and  VIC  respectively.  The  matrices  0IC  and  VIC  should  not  be  confused 
with  the  panel  influence  coefficient  (PIC)  matrices,  introduced  in  section 
4.2.2,  which  define  the  perturbation  potential  and  velocity  induced  by  a panel 
on  a control  point.  The  0IC  matrix  is  evaluated  by  using  the  basic 
representation  formula,  equation  (5.2.8) 
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(where  S’  = SnDp  is  the  intersection  of  the  domain  of  dependence  of  P with  the 

surface  of  integration  S)  while  the  VIC  matrix  is  calculated  using  the  gradient 
of  equation  (5.2.8), 
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v(x,y,z)  = - I JJ  dS 

S' 

'p  J{  "‘o1  " • ^o1!1  ds 

S' 

where  P'  = (x,y,z),  Q = U,n,0  is  a point  on  S, 
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We  perform  the  integration  one  triangular  region  at  a time;  thus,  denoting 
a subpanel  by  a,  with  local  coordinates  (^',  n').  we  have 
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and  a corresponding  expression  for  v(x,y,z).  Here  we  substitute  for  the  exact 
(and  unknown)  values  of  a the  row  vector  in  (5.6.2)  and  a similar  row  vector 
for  p. 


In  practice,  the  sum  over  triangular  regions  is  taken  as  a sum  over  all 
panels,  and  the  integral  over  a panel  is  taken  as  a sum  of  integrals  over  the 
8 triangular  regions  in  the  panel.  The  integral  over  a single  panel  describes 
the  perturbation  potential  and  velocity  induced  at  the  control  point  (which 
does  not  necessarily  lie  near  the  panel)  by  the  panel.  Since  the  singularity 
distribution  on  the  panel  depends  on  the  5 panel  source  parameters  and  the  9 
panel  doublet  parameters,  the  perturbation  potential  and  velocity  Induced  by 
the  panel  can  be  defined  by  two  "panel  influence  coefficient"  (PIC)  matrices, 

one  a 4x5  source  matrix,  PIC$,  the  other  a 4x9  doublet  matrix  PIC^. 

That  is. 
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Substitution  of  (5.6.2)  into  (5.6.7)  shows  that 
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Similarly, 
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5.6.2  Reformulation  of  the  Doublet  Velocity  Integral 

In  Appendix  J,  we  describe  the  method  by  which  we  calculate  the  matrix 


PIC^.  The  integral  PIC^,  however,  is  evaluated  by  making  use  of  the  continuity 
of  w.  We  show  in  Appendix  B.3  that  the  velocity  due  to  the  doublet  can  be 

written  as 

v(P)  = £ Vp  JJ  n(Q)  n . VQ  ^ dS 

snDp 

= 7 JJ  x VQ  ^ x ( * ^ dS  + * Ju  *Q  * X ^ 

snDp  aSflDp 

(5.6.11) 


Here  aS  is  the  boundary  of  the  surface  S.  The  first  integral  is  called 
the  regular  part  of  the  doublet  velocity,  and  the  second  integral  is  called 
the  line  vortex  part.  Now,  in  general,  u = 0 on  the  boundary  of  JJ  isolated 
network  edge  because  the  doublet  matching  boundary  conditions  in  PAN  AIR  force 
this  to  be  the  case.  Further,  where  two  networks  meet  along  a common  line, 
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the  doublet  strengths  in  PAN  AIR  are  made  equal;  thus,  if  the  integration  is 
performed  one  network  at  a time,  the  integral  of  the  line  vortex  term  over  the 
edge  of  the  first  network  cancels  with  the  corresponding  Integral  over  the 
edge  of  the  second  network  (see  figure  5.19).  The  integrals  similarly  cancel 
when  three  or  more  networks  meet  because  of  the  doublet  matching  boundary 
conditions  which  are  imposed  (see  Appendices  B.3,  F and  K). 

Similarly,  when  we  divide  S up  into  subpanels  (triangular  regions),  the 
line  vortex  integrals  cancel  on  the  subpanel  boundaries  because  the  doublet 
strength  is  continuous.  Thus  every  contribution  to  the  second  integral  in 
(5.6.11)  is  cancelled  by  an  equal  and  opposite  contribution,  provided  y is 
everywhere  continuous.  So,  if  y is  continuous,  we  see  that  the  doublet 
velocity  may  be  defined  by  an  integral  in  the  quantity  nxVy,  which  is 
generally  known  as  the  surface  vorticity.  For  a discussion  of  surface 
vorticity,  see  section  2.8  of  Ward. 

The  assumption  that  y is  continuous  everywhere  is  In  fact  violated  in  only 
one  Instance  in  PAN  AIR,  namely,  on  the  trailing  edge  of  a wake.  The  doublet 
strength  there  is  non-zero,  but  this  edge  is  so  far  from  the  control  points  at 
which  boundary  conditions  are  imposed  that  neglect  of  the  line  vortex  term  for 
this  edge  results  in  a negligible  error. 

There  are  two  reasons  for  evaluating  the  regular  part  of  (5.6.11)  rather 
than  the  complete  integral.  First,  if  the  boundary  of  a subpanel  (triangular) 
region  of  integration  contains  points  Q = U',n'»£')  for  which  R = 0,  the  line 
vortex  term  may  be  infinite  (especially  in  supersonic  flow),  where  this 
infinite  quantity  is  cancelled  out  by  an  identical  infinite  integral  in  the 
opposite  direction.  This  is  unacceptable  in  a numerical  method;  even  If 
infinite  quantities  are  avoided,  the  cancellation  of  large  numbers  of  opposite 
sign  tends  to  be  inexact,  and  the  final  answer  may  lose  many  digits  of 
accuracy.  In  evaluating  the  regular  part  of  the  integral,  however,  large 
numbers  are  generated,  with  a few  exceptions,  only  when  the  final  answers  are 
large.  The  singular  behavior  of  these  integrals  will  be  discussed  further  in 
Appendix  J.ll. 

5.6.3  The  Far  Field  Expansion 

The  second  reason  for  evaluating  only  the  regular  integral  is  efficiency. 
When  R is  small  compared  to  panel  size,  the  integral  in  (5.6.11)  must  be 
evaluated  exactly  in  terms  of  transcendental  functions  (logarithms  and  arc 
tangents)  whose  arguments  are  complicated  expressions  depending  on  the 
geometric  relationship  of  the  control  point  and  the  panel.  To  evaluate  the 
first  form  of  equation  (5.6.11),  that  is,  the  complete  integral,  requires  the 
computation  of  a greater  number  of  these  expressions  than  is  required  by  the 
regular  part  of  (5.6.11),  and  thus  takes  longer.  Further,  if  R Is  large 
compared  to  panel  size,  the  Integrand  can  be  replaced  by  a power  series  in 

aQ  = Q - Q0  - («’  - «i,  n'  - nj,  - l'0  ) (5.6.12) 

where  Qq  = Ug.n't;')  Is  the  panel  center.  This  power  series  has  coefficients 
which  only  depend  on  Q0  and  the  control  point  P,  while  the  terms  of  the  power 
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series  only  depend  on  the  panel.  Then  (see  Appendix  J.9  for  details)  t e 
coefficients  can  be  taken  out  from  under  the  integral,  while  the  integral 
itself  now  depends  only  on  the  panel  and  thus  need  only  be  evaluated  once  in 
the  course  of  the  problem,  rather  than  once  for  every  pair  of  panel  and  _ 
control  point.  The  approximation  of  the  integrand  by  a power  series  in  aQ  is 
called  a far  field  expansion. 


Now,  applying  a gradient  operator  to  1/R  yields  with  a factor  of  R , and 
applying  a gradient  operator  to  those  terms  yields  terms  with  the  factor  R . 
Thus  the  left  hand  expansion  in  (5.6.11)  contains  terms  with  R , while  the 
regular  part  only  contains  terms  with  R"3.  Now,  for  a fixed  value  of  R, 
r-3  is  more  accurately  expressible  as  a power  series  in  aQ  of  fixed  length 

than  R"5  (see  below  for  a justification),  and  so  a far  field  expansion  can  be 

used  for  smaller  values  of  R if  only  the  regular  part  of  .(5  v 

evaluated.  This  is  important  since  the  far  field  ] s Practice 

less  time-consuming  than  the  exact  evaluation  of  the  integral.  In  Practice, 

PAN  AIR  will  use  the  far  field  expansion  if  R is  large  compared  to  the  pane 
diameter  for  all  points  Q on  the  panel.  For  details,  see  appendix  J.z. 

To  justify  these  remarks  about  accuracy,  consider  a quantity  e<<l.  By  the 
binomial  theorem 


(1  + e) • 1 + n 


+ r(r-l)  2 + 


= 1 + 


I 

i = l 


r( r-1) . . . ( r- i ) 

— nrnr: 


i + 1 
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That  is,  taking  r = - \ and  then  r = - 


(i  * er3/2 » i 
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* 7 £ T e 

135  3 . 

- “4F  e 

(i  * .r5/2 . i 

5 . 35  2 

315  2 + 

- 7 e T e 

• “4F  E 
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So  if  we  want  to  approximate  (l  + e)  ^2  by  a power  series  with  3 terms 
(that  is,  a quadratic  expression),  the  first  neglected  term  has  a coefficient 
of  315/48,  which  is  more  than  twice  the  size  of  the  first  neglecte 

coefficient  if  we  approximate  (l+ef3/2.  Thus,  for  a particular  value  of  e 

our  quadratic  approximation  to  (l+e)‘3/2  is  better  than  our  quadratic 

-5/2 

approximation  to  (l+e) 
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5.7  The  Aerodynamic  Influence  Coefficient  Matrix 

Once  the  lxN  matrix  0 I C and  the  3xN  matrix  VIC  (N  the  total  number  of 
singularity  parameters  in  the  configuration)  have  been  computed  for  a control 
point,  it  is  quite  straightforward  to  impose  the  boundary  condition  (5.6.1). 
The  left  hand  side  of  (5.6.1)  then  gives  a row  of  the  [AIC]  matrix  (see 
equations  (4.2.4)  and  (3.3.8)) 


a.  { n } T 3 [VIC(P) ]3xN 
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In  arriving  at  this  result,  equation  (5.6.2)  wasjised  for  o (a  similar 
equation  for  n),  and  we  have  used  the  fact  that  n.v=n.w  (see  equation 
(5.4.15)).  The  control  point  P has  local  coordinates  U',  n )»  A is  the 

transformation  from  reference  to  local  coordinates  and  BS  and  B are  the  outer 
spline  matrices,  the  overbar  signifying  that  they  have  been  expanded  to  N 
columns,  with  one  column  of  zeros  for  every  singularity  parameter  on  which  the 
panel  source  or  doublet  distribution  does  not  depend.  We  will  show  in 

Appendix  K that  the  last  term  of  (5.7.1)  is  equivalent  to  tQ.  Vu  ; the 

remaining  terms  have  been  discussed  previously.  Thus,  a row  of  the  AIC  matrix 
(corresponding  to  a boundary  condition)  can  be  generated  in  a completely 
straightforward  manner.  Several  considerations  make  the  process  somewhat  less 
straightforward,  however.  These  are:  imposition  of  boundary  conditions  which 

are  not  of  the  form  (5.6.1),  utilization  of  the  existence  of  one  or  two  planes 
of  configuration  symmetry  in  order  to  reduce  the  size  of  the  problem,  and 
elimination  of  singularity  parameters  whose  values  are  directly  specified  by  a 
boundary  condition  ("known"  singularity  parameters)  from  the  system  of  equations. 

5.7.1  Non-Standard  Boundary  Conditions 

There  are  two  types  of  boundary  conditions  which  are  not  of  the  form 
(5  6 1).  The  first  type  is  a matching  boundary  condition  (see  section  5.3,  or 
Appendices  K.1.2,  K.6.2  for  full  details).  The  second  type  is  a closure 
boundary  condition,  described  in  full  detail  in  Appendices  K.1.3,  K.6.3.  To 
understand  how  a closure  condition  arises,  observe  that  a program  user  may 
specify  a desired  pressure  distribution  on  a design  network  by  imposing 
boundary  conditions  of  the  form 


¥U 


+ \ 


= b 


(5.7.2) 
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at  panel  center  control  points.  When  a tangential  component  of  the  flow  is 
thus  specified  over  a surface,  there  are  no  boundary  conditions  remaining  at 
panel  centers  to  also  require  that  the  normal  flow  to  the  surface  be  zero;  but 
the  boundary  conditions  at  a network  edge  may  not  yet  have  been  used.  At 
these  control  points  one  may  specify 

JJ  [a|J  w(J  . n + aL  wL  . n ] dS  = b (5.7.3) 

column  or 
row  of  panels 

For  a^  = 0 = b,  for  instance,  equation  (5.7.3)  requires  that  the  integral 

of  the  normal  flow  over  a column  (or  row)  of  panels  be  zero.  When  the  program 
user  then  updates  the  network  geometry  to  approximately  impose  impermeability 
of  the  surface,  the  position  of  the  trailing  edge  of  the  network  will  not  be 
changed. 

This  alternate  iteration  of  a potential  flow  solution  with  an  update  of 
the  surface  geometry  is  a method  of  solving  the  design  problem,  in  which  a 
user  wishes  to  obtain  an  impermeable  surface  with  a specified  pressure 
distribution.  The  closure  boundary  condition  is  used,  for  example,  In 
designing  a thick  wing,  in  order  to  ensure  that  the  trailing  edge  of  the  wing 
remain  closed.  The  design  problem  is  discussed  further  in  Appendix  C.  The 
implementation  of  eqn.  (5.7.3)  is  discussed  in  appendix  (K.1.3)  where  it  is 
shown  how  the  integral  is  approximated  as  a weighted  sum  over  panel  centers  in 
a column  or  row  of  panels. 

5.7.2  Symmetry 

While  we  defer  to  the  appendices  all  of  the  detailed  technical  details 
associated  with  the  treatment  of  symmetry,  we  will  describe  here  at  a fairly 
cursory  level  how  PAN  AIR  takes  advantage  of  configuration  symmetry  to  reduce 
the  cost  of  solving  the  potential  flow  problem.  (For  greater  detail  see 
especially  appendix  K and  also  appendices  F.5  and  H.) 

In  the  discussion  that  follows,  we  will  treat  in  detail  the  case  of  a 
configuration  having  one  plane  of  configuration  symmetry  as  illustrated  in 
figure  5.20.  That  part  of  the  configuration  surface  lying  to  the  right  of  the 

plane  of  symmetry  is  denoted  S , its  image  on  the  left  is  denoted  S"  and  the 
part  of  the  configuration  surface  lying  on  the  plane  of  symmetry  P.  is  denoted 

+ * 

The  combined  surface  S o Sp  which  is  the  geometry  input  by  the  user,  is 

called  the  principal  image  of  the  configuration.  To  simplify  the  discussion 
we  will  further  assume  the  following: 

(1)  The  compressibility  axis  Is  aligned  with  the  x-axIs  of  the  reference 
coordinate  system. 

(ii)  The  single  plane  of  symmetry  coincides  with  the  x-z  plane,{p  | y = o} 
As  a consequence  of  these  assumptions  the  normal  to  the  plane  of  symmetry  is 

aT  -►+  + 

given  by  nj  = (0,  1,  0).  Further,  for  any  point  p e S , the  corresponding 
point  p"  e S",  the  image  of  S+,  is  given  by 
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= [I  - 2n  L rij]  p 
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-1 
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Notice  that  we  have  implicitly  given  here  the  definition  of  R^,  the  reflection 
matrix  associated  with  the  plane  of  symmetry 

Having  defined  this  much  of  the  terminology  of  symmetry,  we  can  now  state 
the  basic  principal  that  motivates  our  treatment  of  symmetry,  in  PAN  aik, 
symmetry  is  handled  by  setting  up  separate  integral  equations  for  tne 
symmetric  and  antisymmetric  parts  of 0,  defined  by 


0+(p)  = ^(p)  = symmetric  part  of  0 


2S 


= 0(p)  + tf(RiP) 


$T(p)  = 0A(p)  = antisymmetric  part  of  0 


= 0(  p) 


0(R1P) 


(5.7.5a) 


(5.7.5b) 


The  integral  equations  that  we  obtain  for  0S  and  0A  involve  only  integrals 
over  the  principal  image  of  the  configuration,  S+o  Sy  Thus,  each  integral 

equation,  when  discretized,  leads  to  an  AIC  equation  that  is  [approximately) 
half  the  dimension  of  an  AIC  equation  for  the  whole  configuration.  Since  the 
cost  of  solving  a large,  dense  AIC  equation  increases  as  the  cube  of  its 
dimension,  we  find  - 

cost  of  solving  2 AIC  equations  of  size  N/2  = 2[K(N/2)  ] 


K[N3/4] 


cost  of  solving  1 AIC  equation  of  size  N 


KN' 


so  that  symmetry  permits  us  to  reduce  by  a factor  of  4 the  cost  of  AIC 
solution.  Further,  (and  this  is  actually  more  significant),  symmetry  also 
allows  us  to  reduce  by  a factor  of  two  the  cost  of  AIC  generation.  This  last 
fact  follows  from  the  observation  that  of  the  four  influence  coefficients 
defined  by: 


(p) 


*Q  (p,  sT)  ♦ (P.nw) 

potential  induced  at  j)  due  to  the  source  distribution  Sj 

and  the  doublet  distribution  nij  restricted  to  panel 

.+  _+ 

Q C S 
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(Rxp) 

_ 0 / “►  \ — + j ■►+  -►  + _ + k 

♦ I ( P ) Q = image  ofQ  = I q | q = R1  q , q e Q f 

♦ ?"  (RjP) 

only  the  first  two  need  to  be  computed  since 

♦f  (?)  = *5  (R,  P) 

• J (Rj  p)  = ( p) 

We  now  show  how  PAN  AIR  combines  the  boundary  conditions  at  control  points 
p+  e S+  and  p‘(=  R1  p+  e S~)  to  obtain  a boundary  condition  for  each  of  0S  and 
imposed  at  p . (See  below  for  the  discussion  of  control  points  p e S^.) 

First  we  note  that  corresponding  boundary  conditions  at  points  p and  Rj£ 

are  required  by  PAN  AIR  to  be  connected  to  one  another  as  follows.  (Compare 
these  forms  with  equation  (5.4.21)) 

p : aA  nT(p)  B(v(p))A  + cA(0(p))A  ♦ tJ(v(p))A 

+ aD  a(p)  + Cq  u(p)  ♦ tj  vu(p)  = b+ 

(5.7.6a) 

R^  : aA  nT(p)  R1  B(v(R1p))A  + cA(*KRjp))A  + tj  RjfvfRjp)^ 

♦ aQ  afRjp)  + Cq  u(Rjp)  ♦ tj  R1  VnfR^)  = b" 

(5.7.6b) 

Adding  and  subtracting  these  equations  while  taking  account  of  the  following 
definitions 


A+  > aC  ■>  ^ 4- 

V (p)  = V (p)  = V ( p ) + 

R1  vfRjp) 

(5.7.7a) 
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II 
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Rj  vfRjp) 

(5.7.7b) 

oS(p)  = a (p)  + a (RjP) 

(5.7.8a) 

a^(p)  s a (p)  - a (R^p) 

(5.7.8b) 
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(5.7.8c) 


uS(p)  = u (p)  + ** ( R1P ) 

aA(p)  = u (p)  + n (Rxp) 
we  obtain  after  some  manipulation 

aA  nT(p)  (^S(P))A  + cA(0S(?))A  ♦ tj 

+ aD  SS(p)  + cD  aS(p)  + tj  ^uS 

aft  nT(p)  (vA(p)  )A  + cA(BA(p))A  + t a 

♦ a.  G\p)  - cD  aA(p)  - tj  vA/ 

U (5.7.9b) 

Now  it  can  be  shown  that  the  fundamental  representation  formulas  (5. 6. 3-4)  for 

0 and  v induce  similar  representation  formulas  for  01  and  v1  (see  equations 
(K.3.28)  and  (K.3.46))  having  the  following  properties: 


(vS(p))A 


{ VA( p) )A 


= b ♦ b 


(5.7.9a) 


= b - b 


♦ 

{ i ) the  integral s -extend  only  over  the  principal  image  S o S^, 

(ii)  01  and  v1  depend  only  upon  and  u1* , the  corresponding  symmetrized 
singularity  distributions. 

These  observations  combined  with  a close  inspection  of  equations  (5.7.9)  show 
that  we  have  decoupled  the  symmetric  and  antisymmetric  parts  of  0,  at  least  as 
far  as  boundary  conditions  away  from  the  plane  of  symmetry  are  concerned. 

When  a control  point  lies  on  a network  which  itself  lies  on  a plane  of 
syimetry,  it  is  still  possible  to  obtain  a decoupling  of  the  symmetric  and 
antisymmetric  potentials,  provided  the  user's  boundary  conditions  satisfy 
certain  restrictions.  If  the  network  in  question  is  a source  network,  the 
user  must  specify  a nontrivial  boundary  condition  of  the  form 

. _►  -*r  . (source  network,  on  a 

aD  + ca^ P A + tA  ^V'P'  'A  = b plane  of  symmetry) 


This  is  equivalent  to  the  following  condition  imposed  upon  0 : 
aD  SS(p)  + cA(|)(0S(p))A  + tJ(i)(vS(p))A  = b 


(5.7.10a) 


The  corresponding  condition  to  be  imposed  upon  0A  is  the  degenerate  boundary 
condition, 

;a(p)  = 0 

Notice  in  equation  (5.7.10a)  that  because  a source  distribution  on  Sx  induces 

a component  of  0 that  is  synmetric  with  respect  to  the  plane  of  symmetry 
we  make  the  Identification: 


5.7-5 


a 


For  doublet  networks  lying  on  a plane  of  symmetry,  the  user  must  specify  a 
nontrivial  boundary  condition  of  the  form 


aA  nT(p)  B(v(p))A  + cQ  u(p) 


tQ  Vn(p)  = b 


(doublet  network  on 
a plane  of  symmetry) 


This  is  equivalent  to  the 


following  condition  imposed  upon 


aA  nT(p)  (|)  B(vA(p))A  + cD  /(p)  + tj  ^A(p)  = b 

(5.7.10b) 

AC 

The  corresponding  condition  to  be  imposed  upon  0 is  the  degenerate  boundary 
condition 


as  (p)  = o 

Notice  that  in  deriving  (5.7.10b)  we  have  made  the  identification: 
u 


-A 

u 


>1 


because  a doublet  distribution  on  S,  induces  a component  of  potential  that  is 
antisymmetric  with  respect  to  Pj. 


A comment  is  in  order  regarding  the  rather  anomalous  factors  of  (1/2)  that 
appear  in  equations  (5.7.10).  To  see  how  these  factors^arise,  consider  the 
evaluation  of  (0(ff))A.  Solving  equation  (5.7.5)  for  0(p)  we  obtain 

0(P)  = \ L0S(p)  + 0A(p)] 

Averaging  the  relation  above  and  below  p,  which  lies  on  the  plane  of  symmetry 
we  get 


(0(P))A  = £(0S(P))A  ♦ j(0A(p))A 

Since  the  function  0 (p)  is  antisymmetric  with  respect  to  the  plane  of 
symmetry,  (0  (p))A  = 0 (to  see  this,  examine  eqn.  (5.7.5b)  carefully).  Thus 

(0(p))A  = (£)(0S(p))A 

and  the  factor  of  (1/2)  appearing  here  is  the  same  as  that  appearing  in 
equation  (5.7.10a). 

All  of  the  results  given  here  for  networks  lying  on  a plane  of  symmetry 
are  worked  out  in  detail  In  appendix  (K.3).  Further,  In  appendices  (K.6.2) 
and  (K.6.3)  the  corresponding  decoupling  results  are  worked  out  for  matching 
and  closure  boundary  conditions. 
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The  treatment  of  doublet  matching  when  symmetry  is  present  deserves 
special  comment.  Whenever  doublet  matching  is  performed  on  an  abutment  or  at 
an  abutment  intersection  that  lies  on  a plane  of  symmetry,  doublet  matching 
conditions  must  be  selected  separately  for  each  symmetry  condition.  That  is, 

the  matching  condition  overrides  must  be  assigned  separately  for  0 and  0 . 
Thus,  it  is  in  the  handling  of  doublet  matching  that  we  see  most  clearly  the 
fact  that  the  discretization  in  PAN  AIR  is  formulated  separately  for  each 
symmetry  condition. 


5.7.3  Known  Singularity  Parameters 

In  a variety  of  cases,  the  value  of  a singularity  parameter  is  directly 
specified.  The  most  common  example  occurs  with  impermeable  boundary 
conditions  on  a thick  configuration  (equation  (5.4.19)),  in  which  case  a 
source  parameter  is  specified  directly  as 


If,  of  the  N singularity  parameters  in  the  whole  configuration,  p are  directly 
specified  and  q are  not,  we  can  reorder  them  so  that  (\^,...,Xp)  are  specified 

and  thus  (assuming  no  planes  of  symmetry)  the  basic  system  of  linear  equations 
can  be  written  as 
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Here,  the  matrix  DI  is  a diagonal  matrix  whose  entries  are  the  coefficients 
ap  or  Cq  in  equations  of  the  form 


or 


(5.7.13) 


which  specify  the  value  of  a singularity  parameter. 

The  matrix  AICKp  (KP  stands  for  known  parameters,  UP  for  unknown 
parameters)  gives  the  dependence  of  the  boundary  condition  expressions 

aA“A  • " * ‘A’  h ■ 'A  * *D  0 * C0  “ * *D  • (5.7.14) 
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on  the  set  of  known  parameters,  while  AlCyp  gives  the  dependence  of  the 
expressions  (5.7.14)  on  the  set  of  unknown  parameters. 

As  a specific  example,  consider  the  case  where  all  the  source  singularity 
parameters  are  specified  according  to  equation  (5.7.11).  Then,  xp+1,...,xM 

are  the  unknown  doublet  singularity  parameters,  while  for  l<j<p,  x^  = o(P.)  and 

bj  = -V„  • nj»  Also,  [DI]  = [I],  and  [AIC^p]  gives  the  effect  of  the  known 

source  strength  singularity  parameters  on  the  expression  (5.7.14),  which,  in 
our  example,  becomes  lower  surface  potential. 


Now,  the  first  p lines  of  (5.7.12)  express  the  system  of  equations 
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bl* 


P ' 


(5.7.15b) 


where  [DI]"  is  readily  computable  since  [DI]  is  a diagonal  matrix.  The 
remainder  of  (5.7.12)  is 


x 1 
1 

'Vr 

'vr 

• 

• 

• 

• 

• 

.xp , 

► * [AlCyp]  < 

% 

z 

• • r< 

J 

► = < 

• 

• 

w bN  - 

'KP- 


Substituting  (5.7.15b)  into  (5.7.16),  we  obtain 


(5.7.16) 


qxl 


[AICup]’Xq 


Vi 


P+1 


qxl 

qxp  , pxp 
i - [AICKp]  [Di  ] 


l XN 


N f 


V 


pxl 


p/ 


(5.7.17) 


We  have  thus  reduced  (5.7.12),  a system  of  equations  in  the  N parameters 
Xj,...,  xN  to  a system  of  equations  in  the  q unknown  parameters  xp+1,...,xN. 
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5.7.4 


Mul ti pie  Right  Hand  Sides 


So  far,  we  have  always  considered  a system  or  systems  of  equations  of  the 
general  form 


[Aic]nxn  :nxl  = snxl 


(5.7.18) 


But  if  the  AIC  matrix  does  not  change,  it  is  very  economical  to  solve  (5.7.18) 
for  a sequence  of  distinct  vectors  b^ , obtaining  a sequence  of  solution 
vectors  . 


The  ability  to  solve  (5.7.18)  for  multiple  vectors  b can  be  very  useful. 
The  uses  include  analyzing  the  flow  about  a configuration  at  multiple  angles 
of  attack  or  sideslip,  evaluating  stability  derivatives,  or  analyzing  a 
variety  of  quasi-steady  flows  in  which  the  configuration  is  undergoing  a _ 
pitching,  rolling,  or  yawing  motion.  This  is  especially  useful t^corl*  *t 
and  the  small  perturbation  assumption  is  not  necess|*ry  fo^  th.e  Prandtl-Glaue  t 
equation  to  hold.  For  a further  discussion  of  right  hand  side  or 
"constraint"  vectors  b,  see  Appendix  L. 


So,  in  its  most  general  form,  (5.7.18)  can  be  written 


[AIC]nxn  [ A]nxm  = [B]nxm 

where  each  of  the  m columns  of  B is  a constraint  vector  , 
A is  a solution  vector  t.. 


(5.7.19) 

and  each  column  of 


5.7.5  Updatability 

Another  feature  of  PAN  AIR  is  that  of  "updatability."  That  |s»  a P£°9ram 
user  may  identify  certain  networks  as  being  subject  to  modification.  The 
program  then  segregates  boundary  conditions  and  singularity  parameters 
corresponding  to  these  networks,  so  that  the  AIC  matrix  in 
(5.7.18)  can  be  partitioned  as: 


aicnu 

1 

1 

1 

AICU,1 

AICU,2 

1 

. _ T - 
1 
1 
1 

AICU  ,3 

Here,  the  subscripts  U and  NU  stand  for  updatable  and  non-updatable. 

Now,  the  matrix  AIC„m  is  stored,  and  when  the  program  user  makes  a second 

NU 

run  in  which  updatable  networks  are  modified,  the  program  need  only 
recalculate  AIC^,  i = 1,  2,  3,  rather  than  the  whole  AIC  matrix.  Here, 

"modification"  may  consist  of  the  alteration  of  the  network  geometry,  or  the 
alteration  of  the  left  hand  side  boundary  condition  expressions  (5.7.14).  It 
is  easy  to  see  that  AlC^y  remains  unchanged  under  a modification  of  an 

"updatable"  network.  For  a full  discussion,  see  Appendix  K.7. 
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5.8  Solution  of  the  System  of  Equations 

As  we  see  from  (5.7.7),  (5.7.8),  (5.7.18),  and  (5.7.19)  the  program  sets 
up  a system  or  systems  of  linear  equations  of  the  general  form 


[^jfixn  _ j-g^nxm  (5.8.1) 

Generally  speaking,  the  matrix  A is  too  large  to  store  in  the  central 
memory  of  a computer  at  one  time.  Thus  the  matrices  are  stored  in  block 
format  on  a disk,  and  (5.8.1)  is  solved  with  no  more  than  three  of  these 

blocks  in  core  at  once. 

Generally,  the  matrix  A is  decomposed  as  a product  of  lower  triangular  and 
upper  triangular  matrices 


[A] 


nxn 


= [L] 


nxn 


[U] 


nxn 


5.8.2) 


This  process  frequently  involves  "in-block  pivoting,"  that  is,  the  interchange 
of  columns  within  one  of  the  blocks  composing  A.  It  can  happen  that  a 
boundary  value  problem  of  aerodynamic  interest  results  in  one  of  the  blocks  or 
A which  lies  on  the  diagonal  being  singular,  in  which  case  a.dfconiPos^1°l2  of 
the  form  (5.8.2)  is  not  possible.  Such  a case  requires  the  interchange  or  ^ 
columns  lying  in  different  blocks,  a process  called  "out-of-block  Pivoting. 

The  out-of-block  pivoting  process  decreases  the  efficiency  of  the  soluti 
process  since  additional  data  must  be  transferred  between  disk  and  core.  This 
process  is  described  in  Appendix  L. 

After  the  decomposition  (5.8.2)  the  next  step  is  "forward  substitution, 
that  is,  the  system  of  equations 


[L]nxn  ^nxm  _ [g^nxm  (5.8.3) 

is  solved  for  the  matrix  Y.  The  final  step  is  “back  substitution,"  in  which 
the  system 


[U]nXn  [X]"x,n  = [Y]nXm 


(5.8.4) 


is  solved  for  the  matrix  X. 


The  solution  procedure  has  two  distinct  "updatabil ity  features.  First, 
suppose  A is  an  AIC  matrix  partitioned  as  in  (5.7.20).  Then  the  factorization 
(5T2)  is  performed  on  Aic"  first,  after  which  A is  factored  in  its  entirety. 


The  factorization  of  AICNU  is  stored,  and  in  a later  run  in  which  AlCyj  , 
i = 1,  2,  3,  are  changed,  the  factorization  continues  from  that  point.  They 
may  result  in  a significant  saving  of  time. 


The  other  "updatabil ity"  feature  is  that  a program  user  may  request  the 
entire  factorization  (5.8.2)  to  be  stored,  and  then  < at  a later_  time  submi t 
additional  constraint  vectors  b.  Thus,  a user  may  find  that  the  r®sults  c 
one  angle  of  attack  are  useful,  and  thereupon  obtain  results  for  additiona 
angles  of  attack,  angles  of  sideslip,  or  for  stability  derivatives,  at  small 
additional  cost. 
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5.9  Post-Solution  Features 


5.9.1  Computation  of  Potential  and  Velocity 

Once  the  system  or  systems  of  linear  equations  (5.7.19)  have  been  solved 
for  one  or  more  solution  vectors,  it  remains  to  translate  the  vector! s)  into 
quantities  of  aerodynamic  or  hydrodynamic  interest.  The  first  step  is  to 
obtain  the  values  of  0A  and  vA  at  control  points.  Clearly 


dA  = [0IC]lxN  1Nxl 


?,  = [VIC]3XN  lMxl 
A 


(5.9.1) 


but  obtaining  0A  and  v^  this  way  requires  the  storage  of  4N  words  of  data  for 
each  control  point.  Often  it  is  possible  to  obtain  from  a boundary 

condition.  For  example  (recalling  0L  = \ (0  y + ~ \ ‘ V = " 2 ’ 

the  boundary  condition 


*L  = *A 


1 


= 0 


(5.9.2) 


is  often  imposed  at  control  points.  Thus, 


Since  n at  the  control  point  is  already  available  (it  is  one  of  the  unknown 
parameters),  we  can  obtain  0A  without  storing  the  0IC  matrix. 

Once  0A  has  been  found  at  every  control  point,  we  may  make  use  of  the 
doublet  spline  matrices  to  obtain  a distribution  of  0A  on  the  whole  surface. 

This  quadratic  distribution  may  then  be  differentiated  to  obtain  tangential 
velocities  on  the  surface.  The  conormal  component  of  velocity,  VA  . n = wA  . n, 
can  often  be  obtained  from  a boundary  condition  of  the  form 

-►a  4 ^ 

wA  . n = -V«.  . n 

Then  all  three  components  of  velocity  may  be  obtained  from  the  tangential  and 
conormal  components.  The  details  of  how  we  can  use  boundary  conditions  and 
splines  to  obtain  velocities  at  control  points  or  grid  points  (panel  corner 
points,  centers,  or  edge  midpoints)  are  given  in  Appendix  M. 

The  velocities  are  calculated  at  control  points  or  grid  points  in  a 
user-selected  reference  coordinate  system  (xQ,  yQ,  zQ).  The  formulas  for 

calculating  pressures  are  most  easily  written  in  the  compressibi 1 i ty 
coordinate  system  (x,y,z),  in  which  the  freestream  direction  is  the 
x-direction,  so  we  will  describe  them  in  that  system,  in  which  we  write 
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v = (u,v,w)  and  V (the  total  velocity)  = ( I V«  I +u,  v,  w). 

5.9.2  Pressure  Computation 

PAN  AIR  will  calculate  the  pressure  from  the  velocity  according  to  any  of 
five  different  pressure  coefficient  rules.  These  pressure  rules  will  be 
derived  in  Appendix  N.  We  assume  we  are  dealing  with  a gas  or  an 
incompressible  liquid.  Let  y be  the  ratio  of  specific  heats.  Subject  to 
certain  constraints  on  the  range  of  velocities  for  which  the  pressure 
coefficient  rules  hold,  they  are  listed  in  figure  5.21.  For  an  incompressible 
liquid,  the  isentropic  formula  does  not  apply. 

5.9.3  Velocity  Corrections 

In  addition,  PAN  AIR  will  calculate  two  semi-empirical  velocity  correction 
formulas.  The  first  is  often  used  in  practice  in  areas  such  as  inlets  where 
the  component  of  the  velocity  in  the  freestream  direction  is  less  than  the 
freestream.  If  u < 0,  we  solve  the  following  equation  for  V^: 

1 

IvJ  ♦ sb2u  . ux  » v;  [1  * (1  - 1 v;  1 2 ) ] '_-T  (5.9.5) 


The  corrected  velocity  is  given 


v w / 


(5.9.6) 


This  velocity  correction,  denoted  SA1  in  the  User's  Manual,  is  closely  related 
to  the  Lieblein-Stockman  formula  (cf.  Reference  5.1). 


The  second  velocity  correction  formula,  denoted  SA2  in  the  User's  Manual, 
is  often  used  in  regions  of  near-stagnation  such  as  the  leading  edge  of  a 
wing.  If  u > 0,  we  set 


If  u < 0,  we  set 


V' 


(5.9.8) 


where  the  denominator  is  a first  order  approximation  to  p/p„  . 

These  two  correction  formulas  are  essentially  empirical.  The  first  has 
been  used  successfully  only  in  subsonic  flow,  while  the  second  has  been  used 
successfully  in  both  subsonic  and  supersonic  flow.  Successful  applications  of 
the  second  velocity  correction  are  given  in  reference  4.9  (Ehlers  et.  al . , 
p.  89  and  figure  36)  and  reference  5.4  (Chen  and  Tinoco,  figure  5). 
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5.9.4  Force  and  Moment  Computation 


of 


PAN  AIR  will  also  integrate  pressures  on  a 
force.  The  formula  we  use  for  the  force  is 


surface  to  obtain  coefficients 


(5.9.9) 


where  p is  the  pressure  and  p is  the  density. 

The  first  term  in  the  integrand,  the  momentum  flux  term,  is  zero  for  an 
impermeable  surface,  but  does  in  fact  contribute  to  the  force  on  a porous 
surface.  The  evaluation  of  this  integral  is  discussed  in  Appendix  0. 


PAN  AIR  al |o  evaluates  the  moment  M about  a point.  If  RQ  is  the  point  in 
question,  and  Q is  a point  on  the  surface, 


M = 


JT  | (Q  - RJ  x (f  V -M-  V)+p(Q-R0)xn 

S ( 0 I Voo  I 


dS 

(5.9.10) 


The  derivation  of  (5.9.9)  and  (5.9.10)  is  given  in  Ashley  and  Landahl 
(reference  5.3),  section  1-6. 

Equation  (5.9.9)  ignores  a contribution  to  the  total  force,  called  the 
edge  force,  which  occurs  for  thin  configurations.  To  obtain  the  force  on  the 
configuration  illustrated  in  figure  5.22,  we  should  integrate  the  expression 
in  (5.9.9)  over  the  combined  surface  S^U  S2»  while  in  fact  we  only  integrate 

the  expression  over  S^.  The  evaluation  of  the  integral  over  Sg,  the  edge 

force,  requires  the  use  of  some  special  extrapolation  and  correction 
techniques.  The  basic  idea  is  to  evaluate  the  limit  in  the  expression  for 
edge  force,  (cf.  ref.  5.2): 


edge  force  per  unit  length  = (n/8)Bn 


[1  im 
xn-° 


(u/  V"xn> 


(5.9.11) 


(here,  8n  is  an  edge  normal  compressibility  factor  and  xp  is  the  distance 

from  the  edge)  by  evaluating  the  expression  (u/v^)  at  panel  centers  near 

the  edge.  A correction  factor  is  then  applied  to  the  result  to  account  for 
some  nonuniform  convergence  effects  arising  from  the  fact  that  PAN  AIR  does 

not  allow  p to  behave  like  CN/Tcjj  in  the  neighborhood  of  the  leading  edge. 

For  more  details  of  the  edge  force  computation,  see  appendix  0. 

5.9.5  Off-Body  Points  and  Streamlines 

In  order  to  help  the  program  user  in  visualizing  the  flow  field,  PAN  AIR 
provides  the  capability  to  calculate  potential  and  velocity  at  off  body 
points.  In  addition,  this  basic  capability  of  evaluating  t and  v at  points 
away  from  the  configuration  surface  has  been  combined  with  an  ordinary 
differential  equation  solver  to  provide  a streamline  tracing  capability,  in 
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this  section  we  summarize  these  capabil ities,  deferring  to  appendix  P the 
details  of  their  implementation. 

The  evaluation  of  jb  and  v at  off  body  points  is  a straightforward  task  once 
the  singularity  vector  a has  been  obtained  by  solving  equation  (5.7.18).  To 
see  this,  simply  observe  that  once  a is  known,  the  source  and  doublet  distri- 
butions are  completely  determined  by  equations  (3. 3. 1-2).  Once  a and  u are 
known,  0 and  v are  given  at  any  point  P by  the  integral  representation 
formulas,  equations  (5.6.3)  and  (5.6.4).  The  evaluation  of  the  integrals 
appearing  in  equations  (5.6.3)  for  t and  (5.6.4)  for  v is  treated  in  detail  in 
appendix  J. 

Given  the  capability  of  evaluating  v at  an  arbitrary  point  P,  the  tracing 

of  a streamline  is  accomplished  by  numerically  solving  an  ordinary 

— ► 

differential  equation.  To  see  this  let  P(t)  denote  the  coordinates  of  a 
velocity  streamline  parameterized  by  t.  By  the  definition  of  such  a 
streamline,  the  tangent  vector  to  the  streamline  given  by 

tangent  to  streamline  P(t)  = (5.9.12) 

is  parallel  to  the  velocity  field  at  P(t).  Mathematically  this  implies 

^ = g ( t ) V(P(t)) 

The  apparently  arbitrary  function  g(t)  does  not  affect  the  shape  of  the 
streamline  but  rather,  just  modifies  its  parameterization.  By  convention  we 

set  g = 1 in  PAN  AIR.  Thus,  given  an  initial  point  PQ  on  a velocity 

streamline,  PAN  AIR  determines  a sequence  of  points  on  that  streamline  by 
solving  the  following  initial  value  problem: 

-> 

^=V(P(t))=V«  ♦ v(P(t))  (5.9.13) 

P(0)  = PQ 

In  actual  practice,  it  is  usually  preferable  to  compute  mass  flux 
streamlines,  i.e.,  streamlines  where  tangents  are  parallel  to  the  mass  flux 

vector  field  W(P).  The  initial  value  problem  used  to  define  these  streamlines 
is  given  (cf.  equations  (5.4.4)  and  (5.4.10)) 

^ = W(P(t))  = Vco  + BQ  v(P(t))  (5.9.14) 

P(0)  = PQ 
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cq  = Unit  vector  along 

compressibility  direction 


Figure  5.3  - Definition  of  compressibility  directions  in  terms 
of  angles  of  attack  and  sideslip 


Figure  5.4  - Superincl ined  Surface,  r = -1 
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Abutment 

Intersection 


• ordinary  edge  and  corner  control  points 

X extra  control  point 


Figure  5.7  - Example  of  abutment  intersection 


center  control  point 
edge  control  point 
corner  control  point 


Figure  5.8  - Control  point  locations 
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Figure  5.11  - Thick  wing  boundary  conditions 


Figure  5.12  - Boundary  conditions  on  superinclined  surfaces 
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Figure  5.15  - 


Figure  5.16 


CM 

• 

.X3 

• neighboring  source  parameter 


Neighboring  source  parameters  for  a panel  corner  point 


X neighboring  doublet  parameters 


- Neighboring  doublet  parameters  for  a panel  corner  point 
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RULE 


Isentropic 

Incompressible 

Second  Order 
Slender  Body 
Linear 

Reduced  Second  Order 

Figure  5.21  - Pressure  coefficient  rules 


Figure  5.22  - Surfaces  of  integration  for  leading  edge  force 
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6.0  A Guide  to  the  Appendices 


The  purpose  of  the  appendices  is  three-fold: 

(a;  they  give  background  material , not  reflected  in  the  computer  code,  but 
explaining  why  tne  computer  program  performs  the  functions  it  does, 


(d)  they  describe  in  considerable  detail  the  functions  performed  uy  tne 
program,  and 

(c)  they  describe  the  equations  which  are  actually  implemented  in  the  code 


Appendices  A through  C cover  background  material  exclusively.  The 
'•emaining  appendices  are  predominantly  devoted  to  the  PAN  AIR  program,  but 
jften  derivations  are  supplied  to  prove  or  justify  th< 


Often  a conflict  may  occur  between  organizing  the  material  according  to 
the  structure  of  the  program  or  organizing  it  according  to  subject  matter  (for 
instance  splines,  panels,  networks,  pressures,  etc.)  or  capability  (for 
instance  symmetry,  updatabi 1 i ty , multiple  right  hand  sides,  etc.).  This 
conflict  will  almost  invariably  be  resolved  in  favor  of  organization  according 
to  subject  matter. 

This  document  will  generally  discuss  only  engineering  functions  within  PAN 
AIR.  Specifically,  the  functions  of  the  Data  Input  Processor  (DIP),  which 
reads  and  echoes  user-input  data,  and  the  Print  Plot  Processor,  which  prepares 
files  of  output  data  for  processing  by  plotting  programs,  will  be  ignored. 

Also  input/output  and  other  data  manipulation  functions  which  are  necessary 
due  to  core  limitations,  will,  with  few  exceptions,  be  ignored.  For  example, 
a detailed  discussion  of  the  abutment  analysis  processor  in  DQG  will  be 
contained  in  the  Maintenance  Document  rattier  than  the  Theory  Document,  since 
the  complexity  of  this  procedure  is  largely  due  to  data  manipulation 
problems.  Finally,  there  will  be  no  discussion  of  the  "Scientific  Data 
Management  System"  (SDKS)  used  by  PAN  AIR  to  transfer  data  between  core  and 
di  sk . 
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List  of  Symbols 


a. 


a 

m 


a 


A’ 


Latin  Symbols 

speed  of  sound,  freestream  speed  of  sound  i-2.3] 

(m/sec ) 

average  and  difference  normal  mass  flux  [5. ^.2. 5] 

coef f cients 


a.  a.,  ak 

distance  (signed)  from  control  point’s 
projection  to  an  edge  of  l (local 
coordinates ) 

[J.5] 

a,  a 

fundamental  integrals  in  PIC  computation 

[J.6] 

3 D 

aiN ’ aiN 

generic  coefficients  in  polynomial 
expansions  for  source  and  doublet 

[A] 

ai 

constant  coefficient  of  L^,  linear 
basis  function  on  a triangle 

[ 1.2] 

A,  A 
A 

end  point  of  an  edge  [cf.s  B,  M,  <Ag] 
area  [ i . e. , dA] 

[1. 2. 3. 2] 

ii  V 

[A],  [Ak]"X\  Ak 

reference  (XQ)  to  local  (X*)  coordinate 
transformat  ion  !Ak  = transformat  ion 
for  k-th  panel  or  subpanel,  depending 
on  context) 

[5.2,  E . 3 3 

Ai 

i-th  abutment  in  an  abutment  intersection 

[F . 5] 

A(G) 

adjacency  matrix  of  a grapn  G 

[F  .53 

[A]  , A 

Left  hand  side  (AIC)  matrix 

[5.8.2] 

Aij 

submatrix  of  AIC  matrix  A 

[ L . 2] 

A(iJ) 

partially  reduced  AIC  matrix,  after  stage 
(i,j)  of  factorization 

[L.2] 

[AIC] , A IC 

aerodynamic  influence  coefficient  matrix 

Variants:  (Aicjj,  AIC  entry  for  XJt 

symmetry  condition 
( i , j ) , [ K . 6 ] ) 

[3.3.  5.7] 

( AIC^p , AlCyp,  [5-7.31) 

(AlC^y,  AICu>2,  AlCy^^  [5.7.5]) 
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A. 

1 

Intermediate  matrix  used  in  PSPLD 
calculation 

CI.3.1 ] 

A 

a 2x2  Hyperbolic  skew 

[J.5] 

b 

generic  right  hand  side  term  for  a 
boundary  condition 

Variants:  (b,  vector  of  right  hand  side 
terms,  [5,7]) 

i i -► 

(b  u , b for  symmetry  condition 
(i,j),  solution  index  a, 
[L.G] ) 

[5.4] 

b,  b 

fundamental  integrals  in  PIC  computation 

[J.5] 

bi 

£-coef f i c lent  of  L^f  linear  basis 
function  on  a triangle 

[1.2] 

B,  B 

end  point  of  an  edge  [cf,:  A,  Mf  <AD  ] 

[1. 2. 3. 2] 

[B] 

fundamental  integrals  in  PIC  matrix 

[J.5] 

[B] 

right  hand  side  matrix  containing  con- 
straint vectors  for  multiple  solutions 

[5.3] 

[B] 

dual  compressibility  metric  matrix, 
compressibility  axis  coordinates 
Variants:  (B,  same  as  [B],  [5.2]) 

(Bq,  [B  ]t  reference  coordi- 
nates, [5.2]) 

(B,  [B],  scaled  coordinates  [ E • 3 ] ) 
(B*  , [ B f ] , local  coordinates  [E.3]) 

[5.2] 

BS 

source  outer  spline  matrix 

Variant:  (BS,  extended  to  all  N A ^ , [5.7]) 

[5.5,  1.1] 

bd 

doublet  outer  spline  matrix 

Variant:  (BD  , extended  to  all  N A p [5.7]) 

[5.5,  1.1] 

B . ( Q) , B'(Q) 

quadratic  interpolatary  basis  functions  on 
a triangle 

[1.2] 

[BL] 

bilinear  generalized  Vandermonde  matrix 

[1.1] 

c 

0 

compressibility  axis,  reference  coordinates 

Variant:  (c  : compressibility  axis 

coordinates  [5.2] ) 

[5.2,  E.3] 
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too  o t ) <S  O to  to  O to 


CA  ’ CD 

average  and  difference  potential 
coefficients 

[5.4.2.51 

C ( T ) 

a curve  on  the  singularity  surface  S 

[K.  1 ] 

ci 

n-coef f icient  of  L^t  linear  basis 
function  on  a triangle 

[1.2] 

c4,i 

coefficients  of  n.  in  evaluation  of 

# 1 

M ( s , t ) at 

[1.31 

Cij 

mean  panel  moment  integrals 

[1.4] 

Cv 

ratio  of  specific  heats  at  constant  volume 

[2.2] 

CP 

pressure  coefficient 

Variants:  (C^n,  linear  C , [H.2.4]) 

P ^ 

[5.9.2] 

r 

(AC  , pressure  jump, 

Cp, upper  - Cpfiower^ 
(Cp  vac,  vacuum  value  of 

Cp,  CN] ) 

CF 

force  coefficient  vector 

[0.1  ] 

CM’ 

moment  coefficient  vector 

(C'  : referred  to  an  alternate  origin) 

M 

[0.1] 

C°(S),  c 

_1(S),  c1 

(S)  Continuity  classes  for  functions 

defined  on  S 

[B . 3 ] 

+ -►* 
Cl4  * C4 

naif  panel  #4  center  (C^)  and  corresponding  ^ 
point  on  the  hyperbolic  paraboloidal  panel  (C^) 

[1.31 

C (Q) 

a cubic  basis  function  on  a triangle 

[1.2] 

c1.  cr 

c+,  c" 

regions  of  space  when  one  plane  of 
symmetry  is  present 

[ K . 3 ] 

ciJ,  Cj. 

regions  of  space  when  two  planes  of  symmetry 

[K.4] 

are  present. 

Variants;  (C  , C etc.,  C ^ ^2^ 

Ci 

i-th  corner  in  an  abutment  intersection 

[ F . 5 ] 

Ch 

Mach  disk  on  a superinclined  panel 

[J.4] 

winding  number  coefficient  for  PIC  integrals 

[J.4] 
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a> 


[5.2] 


[C] 


d 


d 


det 


compressibility  metric  matrix,  compressi- 
bility axis  coordinates 
Variants:  (C,  same  as  [C],  [5.2]) 

(C0,  [C  ],  reference  coord- 
inates, [5.2]) 

(C,  [c],  scaled  coordinates, 

[E . 3]  ) 

(C ' , [C  ' 3 . local  coordinates,  [ E . 3 3 ) 

prefix:  differential  ( i . e . , di,  dA , dS,  etc.) 

design  direction 

distance  from  a point  to  a line 
Examples:  d(s,E)  = distance  from  s to 

+ edge  E 

d(s,  T . ) » distance  from  s to 
edge  segment 


LC.l] 

CF.33 


determinant 


D 


P 


CD] 


[D] 


Domain  of  dependence  for  control  point  p [5.2,  J] 

Full  doublet  panel  influence  matrix,  with-  CJ-6.^.3] 

out  origin  shift.  [D  ] (cf.  [J.6.6]) 
includes  the  origin  shift. 

A local  coordinate  metric  matrix  [ E . 3 3 


[DI]  A diagonal  matrix  associated  with  known  [5.7.3] 

singularity  parameters 

e internal  energy  per  unit  mass  [2.2] 

e^ , e2,  e^,  natural  unit  vectors  in  RN 

eA>  e^f  e^,  average,  difference,  upper  and  lower  n.v  [H.1] 

coefficients  for  the  general  boundary 
condition 


E. 


Ei 


a network  edge,  the  i-th  network  edge  in  [ F * 3 ] 

an  abutment 


E » El 


a panel  or  subpanel  edge 

the  image  of  a panel  or  subpanel  edge 
under  a hyperbolic  skew  transf ormat ion 


[1.4,  J] 
[ J . 5] 


AE 


Energy  added  by  incremental  onset  flow 
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f (P.P.T) 

f-'  <V  r. 

F 

-► 

F 

F 

FFMq,  ffm^ 
g . g>K 


G 

G 

[G] 

[G] 

[G] 

gk 

J 


Body  force  per  unit  mass,  newtons/kg 


[2.1] 


Equation  of  state 


[2. 


] 


Lagrange  interpolation  functions  of  the  [ J . 1 0 j 

edge  variable  v,  defined  on  an  edge 

A fundamental  integral  in  the  PIC  ealcu-  [J.6] 

lation 


Total  force  on  the  configuration 
Generic  vector  field 

Far  field  moments  used  in  post  processing 

Compressible  distance  from  a control  point 
projection  to  a panel  edge 

Generic  vector  field 


[5.9] 
[B.3] 
[I.*,  0.2] 
[ J .7  f J .83 

[B.31 


a graph 

Intermediate  matrix  used  in  constructing 
the  half  panel  doublet  spline  matrix 

Transformat  ion  from  Prandtl-Glauer t scaled 
coordinates  to  local  coordinates 

2x2  local  compressible  metric  matrix,  used 
to  define  the  pseudo  inner  product 

Kernel  moments  used  to  calculate  ¥ 


[F  .5  ] 
[1.3] 


[E.3] 


[J] 
[ J . 9] 


H, 


H 


a8  * 


Hia8 


Intermediate  quantity  in  calculation  of  C^j 

height  of  the  control  point  above  the  plane 
of  the  panel,  local  coordinates 

quadratic  function  fitting  6 data  values 
on  a triangle 

cubic  function  fitting  7 data  values  on  a 
triangle 

hypothetical  location  of  a control  point 
on  the  i-th  network  of  an  abutment  or 
abutment  intersection 

panel  far  field  moments 


[I. *.3] 

[J.4] 

[1.2] 

[1.2] 

[G] 

[1.4,  J . 9] 
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H , H. 
a ia 

far  field  estimates  of  certain  panel 
integrals 

[J -91 

hk 

J 

Kernel  moments  for  (1/R^) 

[J  .91 

V % 

Mach  hyperbola,  before  and  after  applica- 
tion of  an  edge's  skew  tra.nsf ormat ion 

[ J .5  ] 

2x2  matrix  used  for  symmetr izat ion  of 
potential  <t> , velocity  v,  and  boundary 
cond i tions 

CK  .31 

HPiNr5, 

hpintd 

half  panel  PIC  integral  matrices 

[J.1] 

HPSPLS, 

hpspld 

half  panel  spline  matrices  Ll * : 

5.  J.1] 

I 

row  index 

I.  Ik 

edge  function,  edge  function  associated 
with  edge  k 

[J  .73 

I(4<).  I(x) 

edge  integrals  of  functions  4),  x 

CJ-73 

I 

rationalized  form  of  Ik,  edge  function 

[ J . 3] 

J 

column  index 

J^k 

Jacobian  area  ratio,  dSf /dSQ 

[E.3] 

Jm 

Mean  panel  Jacobian  area  ratio  dS^/dSQ>m 

C J.  91 

J 

hyperbolic  paraboloidal  panel  jacobian  matrix, 
3(£.n)/3(St t) 

[1 .3J 

J 

Panel  function 

[J.4] 

J(4<).  J(x) 

Panel  integrals  of  functions  ty,  x 

[J.7] 

Jk 

Edge  contribution  to  panel  integral 

:j  .6] 

k 

Coefficient  of  heat  conductivity 

[2.1] 

k 

subscript,  superscript,  index  of  summation 

[K] 

kD*  kS 

number  of  doublet  and  source  singularity 
parameters  (global)  in  the  neighborhood 
of  a panel 

[4.2] 

k k 

V N 

previous  and  next  edge  number  on  network 
N at  an  abutment  intersection 

[F.5] 

[K] 

matrix  describing  the  evaluation  of  u(s,t) 
at  seven  points  [HPSPLD  calculation] 

[1.3] 
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K 

rationalized  quantity  used  in  evaluation 
of  I (X  ) 

[J.8] 

dl 

element  of  arc  length 

[B . 3 ] 

l 

subscript,  superscript,  index  of  summation 

[K] 

CL],  L 

lower  triangular  matrix  factor 

[5 

.8,  L] 

lr 

reference  length 

[0] 

Lt(Q) 

basis  function  for  linear  interpolation 
on  a triangle 

[1.2] 

[LSQ] 

pseudo  inverse  for  a least  squares  problem 

[1.5] 

[LINV] 

matrix  giving  an  edge's  line  vortex  contri- 
bution to  a panel  influence  coefficient 

[J.10] 

nij , 

global  basis  functions  for  the  doublet 
distribution 

[3.31 

m2 , i 

coefficients  of  p.  in  the  evaluation  of 
+#  1 

u(s,t)at 

[1.33 

mod 

mod(i,J)  - the  remainder  of  i/j 

-►  -►# 

M2  ’ M2 

edge  midpoint  common  to  half  panel  2 and 

half  panel  4.  M*  is  the  corresponding 
point  on  the  hyperbolic  paraboloidal  panel 

[1. 3] 

+ 

M 

total  moment  (about  some  specified  point) 
on  the  configuration  (newton-meters) 

[5.93 

M--  M* 
Mt  M 

freestream  Mach  number,  local  Mach  number 
midpoint  of  an  edge 

[K. 

[2.33 

.2.3.23 

M 

number  of  rows  of  panel  corner  points  in 
a network 

[5.13 

i — i 

an 

1 1 

matrix  giving  quadratic  doublet  coefficients 

[J.63 

7tl 

2x2x2  tensor  giving  cubic  doublet  coeffi- 
c ients 

[J.63 

M 

subpanel  center 

[1.33 

n 

unit  normal  vector,  pointing  out  of  the 
singularity  surface,  into  the  fluid 
(components:  nx,  ny,  nz) 

[3.23 
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n 

conormal  vector,  also  denoted  v 

[5.2] 

-► 

n 

edge  normal,  normalized  with  pseudo  inner 
product,  (Components:  , n^) 

[ J .5] 

nx*  ny  * nz 

components  of  n , the  normal  to  S 

[5.2] 

V nn 

components  of  n,  the  2-D  edge  normal  in 
local  coordinates 

1 — 1 
c. 

i—l 

N 

number  of  columns  of  panel  corner  points 
in  a network 

[5.1] 

N 

number  of  singularity  parameters  in  a 

configuration,  or  in  the  principal  image 
of  the  configuration  [Kj.  Sometimes  denotes 
the  number  of  unknown  singularity  parameters. 

[3.3] 

nes 

number  of  network  edge  segments  in  a 
configuration 

[F.3] 

N 

generic  upper  limit  of  a sum 

NCPM1 , NCPM2 

moment  matrices  used  in  post  processing 

[1. 4] 

P.  P. 

pressure,  freestream  pressure  (newton/m  ) 

[2.1] 

P 

field  point,  control  point 

-►  + 
P . P 

points  just  below  (p  ) and  just  above  (p  ) 
a control  point 

P 

number  of  known  singularity  parameters 

[5.7.31 

P 

priority  used  in  assignment  of  matching 
conditions  at  an  abutment  intersection 

[F  .5] 

Pi 

size  of  the  i-th  partition  in  the  block- 
ing of  the  AIC  matrix 

[L.2] 

ph 

phase  function.  ph(x,y)  - Arg(x+iy) 

[J.4] 

phh 

hyperbolic  phase  function. 
phh(x,y)  * (1/2)log[(x+y)/(x-y)] 

[ J.5] 

P(<fr) 

upper  limit  of  integration  in  cylindrical 
or  hyperbolic  cylindrical  coordinates 

[J.4,  J.5] 

P 

field  point  or  control  point  (see  p) 

[3.2] 

■+ 

P 

vector  of  coordinates  of  the  point  P 

(see  p) 
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p(t) 


p 


PAI 

PIC 

PSPLS , PSPL° 

q 


q 

q 


q 


o’ 


-►i 

q . 


q 


ij 


q(s, t) , qm(s#t) 


Q 

Q 

AQ 


streamline  parameterized  by  t 

a point  on  the  line  emanating  upstream 
from  a control  point  and  piercing  a panel 

panel  defining  point,  1 ^ i ^ 9 

the  location  of  an  abutment  intersection 


panel  influence  coefficient  matrix 


source  and  doublet  panel  splines 

heat  generation  (per  unit  mass)  added  to 
fluid 

source  point  or  panel  point 

edge  type  indicator,  -1  for  supersonic, 
+1  for  subsonic  edges 

panel  center  and  bilinear  coefficients 
for  the  hyperbolic  paraboloidal  panel 


images  of  a source  point  or  panel  point 

■+—  — 

q 


++  ++ ♦ ■++- 

Also:  q , q . q * Q > 9 


hyperbolic  paraboloidal  (H-P)  panel, 
mean  plane  H-P  panel 

source  point  or  panel  point 

vector  of  coordinates  of  the  point  Q 

panel+point  deviation  from  panel  center. 
AQ  - Q - Qq 

panel  center,  expansion  point  for  far 
field  influence  coefficients 

corners  of  a triangle,  i * 1 ,2,3 

triangle  edge  midpoints.  is  opposite 

Qi 


panel  point,  local  coordinates 

corner  phase  functions  for  evaluation  of 
the  panel  function  J. 


[5.9] 

CJ  .33 

[5.5] 
[F.5] 

[5.6] 
[1.3] 
[2.2] 

[K] 

[J  .5] 

[1.3] 

[K] 

[1.3] 

[3-2] 

[5.6.3] 

[5.6.3] 

[1.2] 

[1.2] 

[J  .9] 
[J  .8] 
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Q,  Q+ , Q Q - a panel,  Q+  - principal  image  of  a [K.5] 

panel,  Q~  = reflected  image  of  a panel 

r panel  type  indicator,  r - sign  (n*n).  [5.2] 

(*1 , subinclined;  -1,  superincllned) 

R gas  constant,  joule/(kg  °K)  [2.1] 

R,  R(pfq)  compressible  distance  between  p and  q [5.2] 

R control  point  recession  vector  [G] 

Rq  compressible  distance  from  the  control  [4. 2. 2. 2] 

point  to  the  panel  center 

R1 , R^  reflection  matrices  for  the  first  and  [K.2] 

second  planes  of  symmetry 

R1,  R*,  R~  reflection  matrices  associated  with  [K.3] 

various  images  when  one  plane  of  symmetry 
is  present 

R^j,  R++,  R + ~,  etc.  reflection  matrices  associated  [K.4] 


with  various  images  when  two  planes  of 
symmetry  are  present 

R Q - P,  vector  from  field  point  to  source 

point 


AR  AR  - R - R change  in  R along  an  edge  [J.3] 

R(I)  radius  of  a panel  I [J.3] 

R (a),  R (a),  R (a)  rotation  matrices  of  angle  a about  the  [E.3] 

A ^ 2 x,  y and  z axes 

Rk(v)  value  of  R on  edge  Ek  as  a function  of  [J.4] 

v,  the  edge  variable 

2 

s flow  type  indicator,  sign(1  - M^)  [3.1] 

s ^ , s j global  basis  function  for  the  source  [3.3] 

distribution 

sk  = ± 1 , sign  of  edge  orientation  relative  [ B . 3 D 

to  an  abutment's  orientation 

s,  s first  local  coordinate  before  (s)  and  [J.5] 

after  (s)  the  application  of  a hyper- 
bolic skew 
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too  * CO 


a point  on  a network  edge 
vector  pointing  into  the  network  interior 

ds  differential  element  of  arclength 

3ts*  first  isoparametric  coordinate  on  a hyper- 

bolic  paraboloidal  panel 

S the  singularity  surface  across  which  and 

4)^  are  allowed  to  jump 

9S  boundary  of  S 

5^  the  component  of  S lying  in  the  first 

plane  of  symmetry 

5 the  component  of  S lying  in  the  second 

2 plane  of  symmetry 

S± 9 S± 9 , S*  components  of  S lying  in  the  first  or 

]9  2 1 2 second  plane  of  symmetry  (1  or  2)  and 

in  the  principal  (+)  or  reflected  (-) 
image 

S±(  s+,  S',  S*  components  of  S lying  away  from  the 

symmetry  plane  and  in  the  principal 
(♦)  or  reflected  (-)  image 


S++,  , etc*  components  of  S lying  away  from 

either  symmetry  plane  and  in_the  various 
components  of  space,  C , C , etc. 

dS  element  of  surface  area  in  reference 

coordinates,  XQ 

ds#  element  of  surface  area  in  local  coordi- 

nates, X T 


s 

s 

[S] 


a sphere  surrounding  an  abutment  inter- 
section point,  PAI 


a skew  symmetric  matrix 
ing  [PSPL° ] . 


used 


in  construct- 


a hyperbolic  skew  used  to  build  the 
reference  to  local  coordinate  trans- 
formation matrix 


Full  source  panel  influence  matrix,  with- 
out  origin  shift.  [SQ]  (cf.  [J.6.6]) 
includes  the  origin  shift. 


CF.  31 

[F.5 .2] 
[1.4] 
Cl  .31 

C3.2] 

[B.33 

CK.33 

[K.4] 

[K.4] 

C K . 3 ] 

CK.4] 

[E.3] 
[E.  3] 
[F.5] 
[1.3] 
[E] 

[J.6.4.3] 
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SR 

reference  surface  area 

C0.1] 

SPS  , SPD 

source  and  doublet  spline  vectors 

[1.1] 

[SPSPL^], 

[SPSPL^] 

source  and  doublet  subpanel  spline 
matrices  for  i-th  subpanel 

[5.5] 

[SPINTS] , 
[SPINT0] 

source  and  doublet  panel  influence 
integrals 

[J.U 

t 

time,  seconds 

[2.1] 

t 

edge  parameter 

[F.6] 

t 

vector  tangent  to  surface 

[E.1] 

> 

t 

two-dimensional  edge  tangent 

[J.4, 

J.5] 

t 

unit  vector  tangent  to  edge 

[ 1.4] 

V ln 

components  of  t , the  two  dimensional  edge 
tangent 

[J.5] 

t,  t 

second  local  coordinate  on  a panel,  before  (t) 
and  after  (t)  the  application  of  a hyperbolic 
skew 

[J.5] 

V lD 

coefficients  of  the  average  and  difference  of 
the  velocity  in  the  standard  boundary  condition 

[5.6] 

T 

temperature,  degrees  Kelvin 

[2.1] 

Ti 

edge  segment 

CF.3] 

T 

a tree  (graph  theory  concept) 

[F.5] 

Tk 

subpanel  k of  a standard  panel 

[1.2] 

[T] 

matrix  used  for  cubic  interpolation  in  the 
construction  of  [HPSPLr] 

[I 

.3.2] 

TS‘  td 

source  and  doublet  PIC  origin  shift  transfor- 
mations 

[J 

.6.6] 

T 

a 2x2x2  tensor  of  rank  3 

[J  .6 

.4.2] 

Ji 

the  rearrangement  of  the  entries  of  the 
2x2x2  tensor  T as  a 4-vector 

[ J .6 

.4.2] 
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[L.2] 


T 


i.j 


the  transformation  associated  with  stage 
(i.j)  of  the  out-of-core  factorization 


(UjVtW)  components  of  perturbation  velocity  in  a [2.3] 

coordinate  system  whose  x-axis  is  aligned 
with  the  freestream  or  uniform  onset  flow 


u 


o 


U,  [U] 


-► 

u 

® , at 


+ 

U 

o 


iJ 

o,a 


AU,  AUlj 

01 


U 


V . 
1 


V, 


~SS 

V 


etc . 


unit  vector  perpendicular  to  the  panel  normal  [5.2] 

normal  and  the  compressibility  axis 

an  upper  triangular  matrix  [5.8,  L.2] 

uniform  onset  flow.  U refers  to  the  [L.1] 

uniform  onset  flow  for  solution  index  a 

total  onset  flow.  U1J  refers  to  solution  [L.1] 

o ,a 

index  a and  symmetry  image  (i.j) 

incremental  onset  flow  (user  specified).  [L.1] 


AU1J  refers  to  solution  index  a and 
a 

symmetry  image  (i.j) 

a generic  function  represented  via  Green’s  [3«2] 

third  identity 

v is  the  perturbation  velocity  vector  [2.3,  K.3] 

having  components  v^ 

Variant:  v1^  = velocity  in  symmetry 

image  (i.j) 

Various  symmetrized  velocity  fields  [K.3*  K.4] 

- symmetric  part  of  v 

-► 

= antisymmetric  part  of  v 
» v,  symmetrized  w.r.t.  1-st  and 
2nd  planes  of  symmetry 
« symmetric  w.r.t.  1-st  POS 
antisymmetric  w.r.t  2-nd  POS 


*♦  ~S 
v = v 


V =v 

*♦+  *SS 
v = v 


-»>+-  *SA 

V -V 


*—  *AA 

V »v 

-»AS 

V =v 


'S’ 


source  induced  component  of  velocity  [B.3,  J.1.1] 

(v^)  and  doublet  induced  component  of 
velocity  (vD) 
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t Cl  to. 


[B.3] 


-►* 

VD 


V 


V 


o 


V 


ij 


regular  part  of  v , excluding  the  line 
vortex  part  u 

local  edge  coordinate 

unit  vector  perpendicular  to  uq  and  n, 

used  to  construct  the  reference  to  local 
coordinate  transformation 

basis  vectors  used  to  define  a local 
coordinate  system  for  spline  vector 
computation 

matrix  entries  of  an  elementary  column 
transformation  matrix  V 


[J.4,  J.5] 
[5.2] 


[1.1] 


[L.2] 


V 


V, 


V. 

1 


,s) 


,m) 


a region  of  space  [3.2] 
total  velocity,  components  of  total  velocity  [2.1] 
freestreara  velocity  [3.1,  5.4] 
source  velocity  functional  giving  the  source  [K.4] 


velocity  at  p induced  by  the  source  distri- 
bution  s(q) 

doublet  velocity  functional  giving  the  [K.4] 

doublet  velocity  at  p induced  by  the 
doublet  distribution  m(q) 


+Q  -.Q-  -.q- 

V , , V velocity  functionals  associated  with  the  [5.7,  K.5] 

u principal  (Q+)  and  reflected  (Q-)  image 

of  a panel 


v.  v.  v; 

1 ,c  1 ,u  l.o 


[5.7,  K. 3,  K.5] 


velocity  functionals  associated  with  panels 
lying  in  the  first  plane  of  symmetry  that 
may  be  reflected  in  a second  plane  of 
symmetry  (Q~) 


■*  ■+  ^0+ 

Vo  Vo  Vo 

2,0  2,u  2,o 


[5.7, 

velocity  functionals  associated  with  panels 
lying  in  the  second  plane  of  symmetry 


K.4,  K.5] 


V 


o 


total  source  velocity  functional  (includes  [K.5] 

integrals  over  the  full  principal  image  of  S) 
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[K.5] 


4* 

V 

u 


V(P(t)  ) 


V 


X 


V 

x 


total  doublet  velocity  functional 

total  velocity  at  P(t)  [5.9.5,  P.2] 

total  velocity  in  the  compressibility  axis  [5.9.31 

direction 

total  corrected  velocity  in  the  compressibility  [5.9.31 
axis  direction 


V 


An  elementary  transformat  ion  used  in  the  [L.2] 

factorization  of  the  AIC  matrix 


critical  speed 


[VIC],  [VIC1]  [VICij] 

A velocity  influence  coefficient  matrix 
[VIC],  and  various  symmetrizations  of  the 
velocity  influence  coefficients 


— >i  — »i  i 

vie*,  VICJJ 


the  velocity  influence  3~vector  correspond- 
ing to  symmetrized  singularity  parameter 


[N.2.4.2] 
[5.7,  K.5] 


[K.5] 


w, 


w . 

1 


w 


U’ 


Wi 


w,  w. 

• 1 


WM 


W(P(t)) 


w is  the  perturbation  mass  flux  vector  having  [5.^1 

components 

upper,  lower,  average  and  difference  compo-  [5.^,  H.1] 
nents  of  perturbation  mass  flux 

a weighting  factor  used  in  a least  squares  [1.51 

fitting  procedure 

W is  the  total  linearized  mass  flux  vector  [5.4] 

having  components 

x-component  of  total  mass  flux  W [5.9.3] 


total  linearized  mass  flux  evaluated  at  [ 5.9.5,  P.2] 
P(t) 


basis  vectors  for  skew  coordinate  trans- 
formation calculation 


[J  .2] 


-► 

w 

a 


far  field  vector  panel  integral  [J.9] 

normal  mass  flux  influence  coefficient  row 
vector 

position  vector  in  [2.1] 


8.0-15 


[2.1] 


x.  , X1 ’ X2’  X3  Cartesian  coordinates  of  x in  RJ 

(x  y z ) reference  coordinates  [5.2] 

o o o 

(x,y,z)  compressibility  axis  coordinates  [2.31 

(x,y,z)  Prandtl-Glauert  scaled  coordinates  [3.1] 

(x',y',z')  local  coordinates;  several  local  coordinate  [5.2] 

systems  are  used  in  appendices  I and  J 

xn  edge  normal  distance  [5.9.4,  0.3] 

x the  x coordinate  after  application  of  a [J.5] 

hyperbolic  skew 

XQ  the  reference  coordinate  system  [E.O] 

X the  compressibility  axis  coordinate  system  [E.O] 

X the  Prandtl-Glauert  scaled  coordinate  system  [E.O] 

X'  a panel's  local  coordinate  system  [E.O] 

[X]  a matrix  to  be  computed  by  solving  a system  of  [5.8] 

linear  equations 

Xk,  Yk  x and  y arguments  for  the  phase  function  [J.8] 

(ph(x,y)),  used  in  the  calculation  of  the  panel 
function  components  Jk 

y the  y coordinate  after  application  of  a hyper-  [J.5] 

bolic  skew 

y , y,  y,  y ' see,  respectively,  xq,  x,  x,  x'  [2.3,  3.1,  5.2] 

[ Y]  intermediate  matrix  in  the  process  of  solving  [5.8] 

the  AIC  equation 

Yk  see  Xk  [J.8] 

z , z,  z,  z'  see,  respectively,  x . x,  x,  x'  [2.3,  3.1,  5.2] 

O 0 

Z argument  for  , the  edge  integral  primitive  [J.8] 
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Greek  Symbols 


angle  of  attack,  radians 

[H.2] 

compressibility  axis  angle  of  attack,  radians 

[5.2,  E.O] 

downstream  parameter  used  in  abutment  inter 
section  processing 

[F.5] 

solution  index 

[L.O,  L . 1 ] 

2 1/2 

compressibility  scale  factor,  | 1 “ i 

[3.1] 

angle  of  sideslip,  radians 

[H.2] 

compressibility  axis  angle  of  sideslip, 
radians 

[5.2,  E.O] 

edge  normal  compressibility  factor 

f — 1 

un 

x= 

O 

uo 

generic  right  hand  side  term  (B)  , right 
hand  side  term  associated  with  solution 
index  a,  symmetry  image  (i,j) 

[L.O,  L. 1 ] 

ratio  of  specific  heats  of  a gas 

[2.U] 

surface  vorticity 

[N.5] 

row  vectors  associated  with  spline  con- 
struction 

[1.1.5] 

rotation  matrix  specified  by  the  user 

[0.4] 

rotation  matrix  for  the  reference  to  com- 
pressibility coordinate  transformation 

[5.2] 

quantity  used  in  the  calculation  of  recession  [G.O] 

vectors 

Kronecker  deltas 

i-th  subpanel,  i — 1 (1  ) 8 

[5.6] 

user  defined  tolerance  distance  for  edge 
matching 

[F.3] 

small  quantity  whose  higher  powers  [5 

may  be  neglected 

.6.3  et.  al.] 

the  permutation  symbol 


[B  .3  ] 


third  coordinate  of  a source  point,  reference 
coordinates 


[5.2] 


third  local  coordinate  of  a source  point 


[5.2] 


second  coordinate  of  a source  point,  reference 
coordinates 

second  local  coordinate  of  a source  point 


^ ^ I ^ J 9 ^ 


A1  A1J 

Ar  i 


change  in  n along  edge  k 

generic  quantity  to  be  matched  by  a [M. 

matching  condition  of  the  form  l sk  0k  = 0 , 

♦ 

(9  - o,  v or  t . A v ) 

influence  coefficients  associated  with  [M. 
a matched  quantity  0 

4tt  for  subsonic  flow,  2tt  for  supersonic  flow 

quantity  associated  with  a quadratic  function 
defined  on  an  edge. 

Alternatives:  *53*  *35'  *^£3 

global  singularity  parameters  ( A^,  Aj)  [ 

and  the  vector  containing  them  (A) 

global  singularity  parameters  associated  with 
symmetry  image  (i),  or  (i,j) 

+ _ s A SS 

Alternatives:  A ^ , A^,  A^.,  A ^ , A^  etc. 


A A J 


1 A h t {AiJ}  Vectors  of  global  singularity  parameters 
associated  with  various  symmetry  images 


a|,  a|^,  A1,  A^  Symmetrized  global  singularity  parameters 
a A i ij  -»i  -»ij 

and  vectors  corresponding  to  A^,  Aj  , A , A 

A . lA1J  1 A1'1  for  solution  index  a 


A 1 J I A | 

a * a ' 


Ai-^  for  solution  index  a (symmetrized  singularity 
vectors ) 


4 4 

Aj,  A 2 , A ^ » A | 


A for  the  four  images  of  the  configuration. 

-»+  + -»-+  ■+ — -*+- 

Equivalent  to  A , A , A , A , respectively 
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* n. 


A 


S 

i ’ 


i-1. 


A 


D 

i ' 


i-1 » 


k global  source  parameters  defining  a panel* s 

3 S 

source  distribution.  Each  A^  corresponds  to 

q 

a column  of  B 

kn  global  doublet  parameters  defining  a panel's 
D d 

doublet  distribution.  Each  A^  corresponds  to 
a column  of  BD 


[5.5.1] 


[5.5.1] 


[A] 

A 

Uf  u(q) 


matrix  containing  singularity  parameter  vectors  [5.7. *0 
to  be  determined  by  solving  an  AIC  equation 

sweep  angle  for  the  leading  edge  of  a wing  [0.3] 

doublet  strength,  doublet  distribution  function  [3.2] 


polynomial  coefficients  of  u in  local  coordinates 


[5.5] 


i 

V f 


u 


ij 


-i 

u . 


"A 


uU'.  n') 


y(S,t) 


x,a 


Y.a 


the  function  y restricted  to  various  symmetry  [K.3,  K.4] 
images  (i),  (i,j) 

Variants:  u » y » etc- 

the  functions  y1,  y1J  defined  with  respect  [K.3,  K,4] 
to  points  in  the  principal  image 

the  function  u restricted  to  panels  lying  [K.3,  K.4] 

in  the  first  or  second  plane  of  symmetry 

the  value  of  y at  nine  canonical  points  on  the  [5.5] 

panel 


doublet  distribution  function  referred  to  local  [5.5] 
coordinates 


the  two  vector: 


the  doublet  distribution  on  a hyperbolic 
paraboloidal  panel  (isoparametric  element) 
defined  in  terms  of  the  coordinates  of 
parameter  space 


[J.6] 

[1.3.2] 


coefficients  of  Oy/9x),  (9y/3y)  used  for  the  [J.9] 

far  field  PIC  computation 


~i 
y , 


symmetrized  doublet  distributions 


[K.3,  K.4] 


» 6>  etc.  y1  5 refers  to  the  value  of  y at  the  mid- 

point of  the  line  connecting  points  1 and 
5 on  the  panel 


[1.2] 
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<J  |e  Q-  Q.  Q.  to.  t Cl 


u . 


, 5 


k 


(Pi 


P2) 


o 


o(q) 


value  of  u at  the  beginning,  middle  and  end 
of  some  panel  edge 

panel  conormal,  v » B n (See  n) 

edge  conormal,  v - C n 

first  local  coordinate  of  a source  point 

first  coordinate  of  a source  point,  reference 
coordinates 

the  change  in  the  value  of  £ along  edge  k 

the  ratio  of  the  circumference  to  the  diameter 
of  a circle 

density  of  the  fluid,  kg/m^ 

density  of  fluid  in  freestream,  kg/m^ 

hyperbolic  or  circular  radius  of  hyperbolic  [J. 
or  circular  cylindrical  coordinates 

vector  from  control  point  projection  to  [J. 

source  point,  local  coordinates 

values  of  p at  beginning  and  end  of  edge  i [J. 
source  strength,  source  distribution  function 


V V 


0 _ , 0 

nn 

polynomials  coefficients  of  o in  local  coordinates 


i 

o t 


o 


ij 


the  function  o restricted  to  various 
symmetry  images  (i),  (ifj) 

♦ - 

Variants:  o , o , etc. 

the  functions  o^,  defined  with  respect 
to  points  in  the  principal  image 

the  function  o restricted  to  panels  lying 
in  the  first  or  second  plane  of  symmetry 


°1  ’ °2*  °3*  0 4 * °9  the  vaiue  of  o at  five  canonical  points 

on  a panel 


[K. 


[K. 

[K.3 


oU'.n') 


source  distribution  function  referred  to  local 
coordinates 


[J. 10] 

[5.2] 

[J.6] 

[5.2] 

[5.2] 

[1.4] 

[3.2] 

[2.1] 
[5.9] 
, J.5] 

, J.5] 

. J.5] 
[3.2] 

[5.5] 

. K.4] 

, K.4] 

, K.4] 
[5.5] 
[5.5] 
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t D 


the  two-vector : 


o*,  oij 

symmetrized  source  distributions 

[K.3,  K.4] 

E 

summation  symbol 

[2.1] 

Em 

panel  (E),  mean  panel  (E  ) 

[1.4] 

I. 

1 

[E] 

surfaces  involved  in  an  abutment 

2x2  matrix,  ^ s giving 

0 r 0 

_ Sn  nnj 

quadratic  variation  of  o(5,n) 

[9.3] 

[J.6] 

T . . 

2 

stress  tensor,  newtons/m 

[2.1] 

T 

parameter  for  a line,  t e [0,1] 

[1.4,  K . 1 ] 

T 

edge  normalization  parameter.  In  some 
contexts,  t * | [ t , t ] | . in 

others  x » | < t , t > | 

[ J .7  , J.10] 

Tk 

indicator  for  sgn  (ak) 

[J  .8] 

♦ , 4>(p) 

perturbation  potential  function 

[2.3] 

<^i(p),  0lJ  ( P) 

0 restricted  to  symmetry  image  (i)  or  (i,j) 
+ “ + + ♦ * 

Variants:  $ , <t>  , ♦ # ♦ » etc. 

4> 1 C p) , 4> 1 ^ ( P ) 

symmetrized  perturbation  potential 
functions. 

*S  *A  ~ - ~SS  “♦+ 

Variants:  <P  , <P  , <t>  , <P  • <t>  , 4>  » etc* 

[K.3,  K.4] 

♦u*  V V *d 

upper  surface,  lower  surface,  average  and 
difference  values  of  $ 

[5.4] 

circular  (or  hyperbolic)  phase 

[J.4,  J .5] 

V *k 

value  of  circular  (or  hyperbolic)  phase 
at  the  beginning  and  end  of  a subpanel 
edge  segment 

[ J . 4 , J .5] 

set  of  basis  functions  of  local  variables 
(5,n)  defined  on  a panel. 

[J.93 

i_^a  j = |_1 , 5 • n»  £ , . . . n^/6_j 

v vz) 

a form  of  the  edge  integral  independent 
of  q,  the  edge  type 

[J.8] 

V 

o 

n_ 
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♦ 

* 


♦ (p*s) 
a 


t^(p,m) 


♦01.  »0t. 

0 u 


1,0  1 ,u  1 ,u 


total  potential  [2.3] 

potential  for  onset  flow  [2.3] 

source  potential  functional  giving  the  source  [K.3] 

potential  at  p induced  by  the  source  distri- 
bution  s(q) 

doublet  potential  functional  giving  the  doublet  [ K . 3 3 

potential  at  p induced  by  the  doublet  distri- 
bution  m(q) 

potential  functionals  associated  with  the  [5.7,  K.5] 

principal  (Q+)  and  reflected  (Q~)  image 
of  a panel 


*Q  *Q± 

t.  t 

1,0  1,0 


* 


Q± 

1 tli 


[5.7,  K.3,  K.5] 


potential  functionals  associated  with  networks 
and  panels  lying  in  the  first  plane  of 
symmetry  that  may  be  reflected  in  a 
second  plane  of  symmetry 


t>  * * 

P2 , o ' ®2,y’  V2 ,o 


.Q  .Q±  .Q± 

2 , u 2,o  2,  p 

potential  functionals  associated  with 
networks  and  panels  lying  in  the 
second  plane  of  symmetry 


[5.7,  K. 4,  K.5] 


tie 


.tic 


total  source  potential  functional  (includes 
integrals  over  the  full  principal  image  of  S) 

total  doublet  potential  functional 
ij 

j 

a potential  influence  coefficient  row  vector 
( tIC  ) and  the  various  symmetry  conditions 
of  this 

tICT,  tic*,  tic|j  potential  influence  coefficients  associated 

** 


L*ICj 


with  singularity  parameters  X^,  X^,  X^. 


X 

X 

* 


,1/2 


hyperbolic  angle 

the  function  R(pfq)  - [p-q,  p-q] 
the  fundamental  kernel  function,  ^ = 1 /R 


[5 


[K.5] 

[K.5] 
.7,  K.5] 

[K.5] 

[J  .53 
[J.6] 
[ J . 6] 


Y 

a 


far  field  approximate  integral  associated  [J.9] 

with  //  t t d£  dn 
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vectors  describing  strength  and  direction  [H.3,  L.1] 

of  the  rotational  onset  flows 


integrals  associated  with  line  vortex 
influence  coefficient  generation 


[J  .10] 


Subscripts 


A 

c 


D 

D 

itjtk.l 

i 

I 

KP 

L 

NU 

S 

U 

u 

UP 

v 


x,y,z,£,n.c 


a 

a.B.Y 

0 

1 *2,3»2* 

1 

2 
2 


00 


average  of  upper  and  lower 

denotes  compressibility  or  refers  to  the  compressibility 
axis 

difference  of  upper  and  lower  (upper  minus  lower) 

refers  to  quantities  associated  with  y,  the  doublet 
distribution 

indices  of  vectors  in  R^,  e.g., 

index  of  a global  singularity  parameter,  Ai 

index  of  a global  singularity  parameter,  e.g.,  Aj 

corresponding  to  known  parameters 

lower  surface 

non-updatable 

refers  to  quantities  associated  with  o,  the  source 
distribution 

upper  surface 

updatable 

corresponding  to  unknown  parameters 

refers  to  constant  volume  quantities  (cy) 

denotes  partial  differentiation,  e.g*,  U^,  U t 

a solution  index 

index  subscripts 

denotes  reference  coordinates 

denotes  images  of  real  configuration  (first  image  - input) 

refers  to  first  plane  of  symmetry 

refers  to  a second  order  quantity,  e.g.,  C ~ 

P > 

refers  to  second  plane  of  symmetry 

refers  to  quantities  associated  with  the  far  field 
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Superscr ipts 


A 

D 

(i) 

i,j.k,l 

I 

S 

S 

T 

-T 


* 


denotes  antisymmetric  part,  e.g,  41 

doublet,  quantity  pertaining  to  doublet  strength 

pertaining  to  i-th  symmetrized  matrix  or  vector, 
i - 1,2, 3,' 4 (equivalent  to  SS,  AS,  AA,  SA  respectively) 

„ij  „kl 

superscripts  in  the  index  set  (-1,1).  M 

input,  that  is,  defined  by  the  user 

source,  quantity  pertaining  to  source  strength 

~S 

denotes  symmetric  part,  e.g.,  4> 
matrix  transpose 

inverse  of  transpose  (same  as  transpose  of  inverse) 
denotes  Prandtl  Glauert  scaled  coordinate  system,  e.g.,  X 
denotes  a vector,  e.g.,  v 

denotes  local  coordinate  system,  e.g.,  X 

, -» , 
image  value,  e.g.,  p 

finite  part  of  integral 

denotes  vector  modified  by  application  of  metric  matrix 

- Sj 

denotes  a partially  symmetrized  quantity,  e.g., 

denotes  a fully  symmetrized  quantity 

alias  for  +1  in  the  index  set  j+1,-l};  also  denotes 
symmetric  part  or  principal  image 

alias  for  -1  in  the  index  set  {+1,-l};  also  denotes 
antisymmetric  part  or  reflected  image 
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Other  Symbols 


3 

3 

V,  V 


7 

7 

7 

7 


2 

P 

Q 


*2 


( . ) 
( 1 
I . } 


i_  _i 


C ] 

c ]1J 
[ , ] 


< 

U 

n 

i 

a 

<< 


> 


denotes  partial  differentiation 
boundary  of  a region 
gradient  operator 

compressible  gradient  operator,  see  section  B.l 
* 7*7  » Laplace  operator 

gradient  with  respect  to  location  of  (control  point)  P 
gradient  with  respect  to  location  of  (integration  point)  Q 
gradient  operator  in  two  dimensions 
curl  operator 
Euclidean  inner  product 

denotes  a column  vector  or  a three-index  tensor 

dual  compressible  inner  product,  see  equation  (E.2.8) 

denotes  a row  vector 

denotes  a matrix 

(i,j)  entry  of  the  matrix 

compressible  inner  product,  see  equation  (E.2.4) 

positive  definite  compressible  inner  product,  see  equation 
(J .2.7) 

pseudo-inner  product,  see  equation  (J.6.M) 

union  of  sets  of  points 

intersection  of  sets  of  points 

line  integral 

surface  integral 

very  much  less  than 
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qualifier  symbol,  read  "such  that."  For  example, 
the  expression  { x I f(x)  =•  0}  is  read, 

"the  set  of  values  x such  that  f(x)  = 0." 

refers  to  far  field  quantities,  e.g.,  Qm 

vector  cross  product  operation 

denotes  contraction  of  two  matrices,  defined  by  equation 
(J.6.37) 

qualifier  symbols,  read  "such  that."  See  remarks 
concerning  " | " 

boundary  condition 

control  point 

singularity  parameter 

used  as  a prefix,  the  jump  in  a quantity  across  S 
(e.g.,  Av  - Vy-^) 

determinant 


approximately  equal  to 


9.0  PAN  AIR  Engineering  Glossary 


This  glossary  defines  the  most  commonly  used  engineering  terms  in  the  PAN  AIR 
Theory  and  User's  Documents.  In  general,  all  specialized  terms  (that  is, 
terms  whose  meaning  in  the  context  of  PAN  AIR  is  different  from  their  meaning 
in  common  usage)  are  included,  as  are  standard  engineering  terms  which  are 
used  in  the  PAN  AIR  engineering  documents.  Terms  which  relate  to  the  com- 
puting aspects  of  PAN  AIR  are  defined  in  a separate  glossary,  the  PAN  AIR 
computing  glossary,  which  is  contained  in  the  maintenance  document. 


The  format  of  the  glossary  is  the  following:  Each  term  is  followed  by  a list 

of  principal  references  and  a definition.  The  references  give  the  section 
number  where  the  item  is  discussed,  preceded  by  a T for  Theory  Document,  a U 
for  User's  Document,  and  an  S for  Summary  Document. 
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through  the  sideslip  angle  a,  followed  by  a rotation  through 
the  angle  of  attack  a. 


ITEM  DEFINITION  REFERENCES 
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Configuration,  thick  A configuration  model  in  which  one  surface  of  a network  is  exposed  U-2.1.2, 

to  a flow  field  of  interest,  while  the  other  surface  is  exposed  T-5.4.2.3 

to  a flow  field  of  no  physical  interest.  S-3.1.3 
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Control  point,  corner  A control  point  whose  location  is  receded  slightly  from  a T-G,  U-B.3.4 

panel  corner  point  at  the  end  of  an  abutment. 


Control  point,  edge  A control  point  whose  location  is  receded  slightly  from  a T-G,  U-B.3.4 

panel  edge  midpoint  on  a network  edge. 

Control  points,  extra  Control  points  introduced  by  the  subdivision  of  a network  T-5.4,  T-G 

edge  into  more  than  one  abutment. 
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Data  check  A run  of  PAN  AIR  in  which  the  validity  of  the  configuration  U-2.3.I 

geometry  and  boundary  conditions  is  checked  without  a potential 
flow  solution  being  attempted. 
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Domain  of  dependence  The  spatial  domain  in  which  disturbances  are  felt  at  a T-5.2 

particular  point  P.  It  consists  of  all  of  space  in  subsonic 
flow  and  the  upstream  Mach  cone  from  P in  supersonic  flow. 
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Edge  conormal  A vector  lying  in  the  plane  of  the  panel  or  subpanel  whose  T-J.5.1 

“pseudo-inner  product"  with  the  edge  tangent  is  zero. 
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Edge  tangent  A unit  vector  parallel  to  a panel  or  subpanel  edge.  T-J.5.1 


HEM  DEFINITION  REFERENCES 

Energy  equation  An  equation  expressing  conservation  of  energy  in  a small  fluid  T-2.1 

element. 
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Preferred  direction  In  the  solution  of  the  potential  flow  problem  (that  is,  the  T-H.3, 

construction  and  solution  of  the  system  of  linear  equation),  U-B .2.1 

it  is  the  compressibility  direction.  In  post-processing,  it  is 
the  user-specified  x-direction  in  which  velocity  - (u,v,w) 
for  the  computation  of  the  pressure  coefficient. 
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account  for  compressibility. 


Recession  vector  See  control  point  recession  vector. 
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Shear  layer  A surface  in  the  flow  field  on  which  the  velocity  tangential  to 

the  surface  is  discontinuous.  A shear  layer  is  modeled  in  PAN 
AIR  by  means  of  a wake  network. 
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Source  distribution  One  of  two  unknown  quantities  in  the  fundamental  integral  T-3.2, 

equation.  U-A.2 


Source  parameters  Known  or  unknown  quantities  on  which  the  source  distribution  T-5.5 

on  the  configuration  depends. 
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Tangent  vector  A vector  perpendicular  to  the  surface  normal.  T-5.4 
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A.O  Fundamental  Fluid  Mechanics 


To  repeat  our  warning  in  section  1,  this  document  is  not  meant  to  be  a 
text  in  basic  fluid  mechanics  (several  basic  references  are  listed  in  section 
1).  We  will  not  discuss  the  derivations  of  the  equations  which  lead  to  the 
Prandtl-Glauert  equation,  nor  will  we  discuss  the  assumptions  of  irrotational , 
inviscid,  steady,  and  isentropic  flow  which  lead  to  the  Prandtl-Glauert 
equation.  We  will,  however,  briefly  discuss  the  "small  perturbation" 
assumptions,  since  these  assumptions  pervade  both  the  theory  and  usage  of 
panel  methods,  and  hence  determine  the  application  and  validity  of  the  methods 
to  particular  problems. 


A. 0-1 


A.l  The  Small  Perturbation  Assumptions 


Recall  from  section  2.3  that  we  assumed 

01  « IVI  « a*  (A. 1.1) 

To  be  precise,  the  transonic  small  perturbation  equation  is  obtained  by 
assuming  (in  addition  to  irrotational , inviscid,  isentropic  flow)  that  terms 
of  order  |v|  ^/a^  can  be  ignored.  Recall  that  tf(x,y,z)  is  the 
perturbation  of  the  local  velocity  from  a uniform  freestream  Assumption 

(A. 1.1)  holds  under  a wide  variety  of  cases,  including 

a.  a thin  wing  at  small  angle  of  attack  (shown  in  figure  A.l)  at  any 
Mach  number  other  than  approximately  1, 

b.  a blunt  object  at  small  Mach  number  (see  figure  A. 2) 

c.  a static  airplane  configuration  with  engines  on,  sucking  in  air,  with 
local  velocities  in  the  inlet  duct  which  are  small  compared  to  the 
speed  of  sound: 

|V|  = IV!  < . 2 a*  (A. 1.2) 

(see  figure  A. 3). 

In  case  (a),  both  |v|  / IVI  and  |v|  / a*,  are  small.  In  case  (b),  |vi  is  of 
the  same  order  as  ltfwl  , and  so  we  are  ignoring  terms  of  size 

!VI  2/a 2 a (.l)2  = .01  (A. 1.3) 

Similarly,  in  case  (c),  we  ignore  terms  of  size 

lv2,/a2  a (.2)2=  .04  (A. 1.4) 


which  is  still  small  with  respect  to  one. 

But  now,  let  us  reconsider  case  (c),  with 

IVI  /a*  = .7  (A. 1.5) 

In  that  case,  assumption  (A. 1.1)  no  longer  holds,  since  we  are  ignoring  terms 
of  order  .72  = .49,  which  are  not  small  compared  to  1. 

Thus,  the  "engine-on"  problem  does  not  satisfy  the  small  perturbation 
transonic  equation,  let  alone  the  Prandtl-Glauert  equation,  if  the  "local  Mach 
number"  ( l7l /a)  is  too  large.  This  does  not  mean  that  PAN  AIR  has  no  use  for 
such  a problem.  Its  use,  however,  is  restricted  to  predicting  qualitative 
trends,  rather  than  detailed  pressure  distributions.  Note  that  as  the  forward 
speed  of  the  airplane  increases,  the  perturbation  velocity  within  the  duct 
decreases,  and  equation  (A. 1.1)  is  more  nearly  satisfied. 


A. 1-1 


Now,  let^  us  examine  the  small  perturbation  steady  transonic  equation 
( assuming  IV^I  = 1 ) : 

(1-M^  ) ^xx  + 0yy  + ^z2  _ [ 1/2  (y-1)  (2u  + Pv  1 2 ) v2^  + 

(2u  + u?)  dxx  + v2$Jxy  + 2vw dyZ  + w2  + w^^zz  (A.  1.6) 

+ 2(l+u)(vdxy  + wdxz)] 

. Since  |v|  ^ = u2  + v2  + w2,  all  the  terms  on  the  right  side  of 
(A. 1.6)  are  quadratic  or  cubic  expressions  in  the  first  or  second  derivatives 
of  <t , while  the  terms  on  the  left  hand  side  are  linear  expressions  in  the 
derivatives  of  $.  So,  formally,  it  is  justifiable  to  drop  all  the  terms  on 
the  right,  and  say  that  to  first  order,  the  Prandtl-Glauert  equation 

(1-Moo2)  ^xx  + tfyy  + dZ2  = 0 (A.  1.7) 

holds  (where  the  freestream  direction  is  the  x-direction) . 

But  a formal  elimination  of  all  quadratic  and  cubic  terms  only  has  meaning 
if  the  terms  being  ignored  are  in  fact  small,  compared  to  the  terms  which  are 
being  retained. 

We  can  rewrite  (A. 1.6)  as 

[(1-M^)  + A]  ixx  + B tfXy  + C$xz 

+ (1+D)*yy  + Etfyz  + ( 1+F)^ZZ  = 0 (A.1.8) 

where 

A = -M2  [1/2(y-1)  (2u+  |v| 2)  + (2u+U2) ] 

B = -2M£,  (1+u)v 

C = -2M2,  ( l+u)w 

D = -Mi,  C1/2(y-1)  (2u+  |v| 2)+y2]  (A.l.g) 

E = -2M2,  vw 

F « -M^  [1/2 (Y-l)  (2u+  |v|  2+w2] 

Now,  (A. 1.7)  holds  if  the  sum  of  all  the  ignored  terms  is  small  compared  to 
each  of  the  retained  terms,  that  is,  if 

A « 1-M  2 

OD 


S = A + B + C + D + E + F«l 


(A. 1.10) 


A.  1-2 


Adding  the  terms  in  (A. 1.9) 

S < M2  [3/2  ( y-1  ) ( 2 !U|  + |v|  2 

+ 2u  + u2  + 2 II  + ul  ( |v|  + | w | ) (A. 1.11) 


+ v2  + 2 ] vw 1 + w2] 

Now,  since  the  absolute  value  of  a sum  is  at  most  the  sum  of  the  absolute 
values. 


S < M2  [3(y-1)|u|  + 3/2  (Y-l)  |vj2  + 2|u|  + u2 
+ 2 I v|  + 2 ! w|  +2  1 u v | + 2 |vw|  + v2  + 2 I vw I + w2 


(A. 1.12) 


Now,  since  |u|  , |v|  , and  j w | are  <_  |v|  and  all  products  of  these  are  <_  |v|  2 
we  obtain 


S < M2,  [ (3(y-1)+2+2+2)  IVI  + 
(3/2(y-1)+1+2+2+1+2+1) Ivl  2] 

(A. 1.13) 

or 

S < M2,  [(3+3y)  ! v | +15/2+3/2y) |v|  2] 

(A. 1.14) 

or 

S <_  M2,  k(Y)[  lv|  + |v| 2] 

(A. 1.15) 

where 

k( Y)  = max(3+3Y,15/2  + 3/2Y) 

(A. 1.16) 

depends  only  on  the  gas.  For  diatomic  gases. 

y = 7/5,  and  thus  k(Y)  = 9.6. 

Thus,  we 

see  that  (A. 1.10)  holds  if 

M^o  k ( y ) [ |v|  + Ivl  2]  « 1 

(A. 1.17) 

and  M2, 

k ( y) [ lv|  |v|  2]  « 1-M2, 

(A. 1.18) 

(since  1 A I < ISI  ) . 

Recall  from  section  2.3  that  IV^I  = 1;  thus  lv|  is  the  size  of  the 
perturbation  velocity  divided  by  the  freestream  speed. 

For  Mach  numbers  < (A. 1.18)  is  the  more  restrictive  equation,  while 

for  M,*  > V77  (A. 1.17)  is  more  restrictive.  Equations  (2.5.2)  and  (2.5.3)  are 
simplifications  of  (A. 1.17)  and  (A. 1.18),  based  on  a scaling  by  a factor  of 
2I<(y)  of  what  we  mean  by  "very  much  less  than",  and  based  on  the  assumption 

I v| 2 < |v|  (A. 1.19) 


A. 1-3 


Equation  (A. 1.19)  holds  i^n  virtually  all  cases  of  aerodynamic  interest, 
since  we  have  assumed  that  I7p»l  = 1,  that  is,  we  are  not  dealing  with  the 
"engine-on"  case,  in  which  17*1  = M*  = 0. 

From  (A. 1.17)  and  (A. 1.18),  we  derive  the  principle  that  the  more  nearly 
transonic  or  the  more  hypersonic  the  flow  becomes,  the  smaller  the 
perturbations  to  the  free  stream  must  be.  Small  perturbations,  in  turn,  mean 
slender  objects  and  small  angles  of  attack.  This  does  not  mean,  however,  that 
PAN  AIR  is  of  no  use  if  the  restrictions  (A. 1.17)  or  (A. 1.18)  are  violated 
locally.  Experimentation  has  shown  that,  for  instance,  wings  with  rounded 
leading  edges  can  be  successfully  analyzed  at  Mach  numbers  such  as  .7,  at 
which  (A. 1.17)  is  thoroughly  violated.  This  is  true  because  the 
Pr andl t-Gl auert  equation  is  only  violated  in  a small  region  of  space,  and  the 
quality  of  the  solution  in  other  areas  is  not  affected.  Further, 
semi-empirical  velocity  correction  formulas  (see  section  5.9)  are  available. 
Pressures  calculated  from  the  correction  velocity  agree  more  accurately  with 
those  determined  by  experiments.  Thus  a fairly  accurate  approximation  to  the 
true  flow  properties  can  be  obtained  in  this  case  despite  the  violation  of  the 
assumptions  behind  the  Prandtl-Glauert  equation. 


A. 1-4 
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Ing  at  small  angle  of  attack 


• 3-l 


>ject  at  small  Mach  number 
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B.O  The  Prandtl-Glauert  Equation 


In  this  appendix,  we  discuss  some  basic  results  concerning  solutions  of 
the  Prandtl-Glauert  equation.  We  make  no  effort  to  prove  results  which  are 
proved  in  any  of  the  standard  references,  but  we  will  supply  derivations  of 
results  which  are  not  available  elsewhere. 

The  basic  step  in  analyzing  solutions  & (x,y,z)  of  the  Prandtl-Glauert 
equation  is  to  convert  it  to  the  integral  equation 

d(x,y,z)=^  ff  [^21  + u(Q)n  • v(i)]  dS  (B.0.1 

snop 

where  SflDp  is  the  intersection  of  the  configuration  surface  S with  the 
domain  of  dependence  Dp  on  the  point  P=(x,y,z), 


a = v(du  - ^l)  * " 

n = unit  surface  normal 

v - *u  " *L 

Q = (C,  n,  C ) 

r2  = (£-  x)2  + SB2(n-y)2  + sb2(C-z)2  (B.O. 2) 
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s = sign  (1-Mo,) 

B2  = I 1-mL  I 

< f = 2 it  if  s = -1  and 

l = 4tt  if  s = +1 

f 2 

SB  3/3£ 

7q  = . 

" 3 / 3 n ► 

3/3C 


The  asterisk  refers  to  the  fact  that  for  supersonic  flow  we  only  take  the 
"finite  part"  of  the  integral,  a concept  defined  in  section  3.4  of  Ward  (1.5), 
and  in  section  J.6.7  of  this  document. 

Equation  (B.0.1)  is  derived  for  subsonic  flow  in  Ward,  Chapter  2,  and  for 
supersonic  flow  in  Chapter  3.  A more  thorough  derivation  is  given  for  = 0 
in  Kellogg  (1.3),  p.  221,  and  for  Mw  > 1 in  Ehlers,  et  al.(4.9),  sections  3.5 
and  3.7. 
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In  this  appendix,  we  discuss  the  concept  of  a boundary  value  problem,  that 
is,  the  combination  of  (B.0.1)  with  a set  of  boundary  conditions.  In  section 
B.l,  we  discuss  boundary  value  problems  for  which  existence  and  uniqueness  of 
a solution  have  been  proved  or  disproved.  In  B.2,  we  discuss  the  role  of 
wakes  in  the  formulation  of  a boundary  value  problem.  And  finally,  in  B.3,  we 
show  that  the  gradient  of  (B.0.1),  defining  v(x,y,z),  can  be  replaced  by  a 
different  expression  which  is  more  readily  computable.  All  of  the  material  in 
this  appendix  is  "background"  material;  none  of  it  is  reflected  in  the  actual 
PAN  AIR  computer  code. 

We  emphasize  that  Pan  Air  actually  solves  the  integral  equation  (B.0.1), 
with  boundary  conditions  imposed  on  the  true  configuration  geometry  (cf., 

(3.1.3) )  while  other  panel  methods  solve  the  integral  equation  corresponding 
to  Laplace's  equation  with  zero  normal  velocity  boundary  conditions  applied  on 
the  scaled  geometry.  These  methods  can  be  demonstrated  to  be  equivalent  in 
subsonic  flow  (cf..  Butter, reference  B.l),  and  go  under  the  general  name 
"Gothert's  rule". 

We  note  that  the  two  versions  of  Gothert's  rule  are  equivalent  only  in 
subsonic  flow.  This  is  because  the  scaling  (3.1.3)  in  subsonic  flow  yields  an 
"equivalent  incompressible  geometry",  and  at  zero  Mach  number  mass  flux  is 
identical  to  velocity.  In  supersonic  flow,  on  the  other  hand,  application  of 

(3.1.3)  yields  an  "equivalent  geometry"  corresponding  to  a Mach  number  of  vTT 
But  at  this  Mach  number,  velocity  and  mass  flux  are  not  identical;  rather,  the 
freestream  components  of  perturbation  velocity  and  mass  flux  have  opposite 
sign.  Thus  normal  mass  flux  and  normal  velocity  boundary  conditions  are 
inherently  different  in  supersonic  flow. 

In  addition,  some  European  panel  methods  use  yet  another  method,  referred 
to  as  Gothert  Rule  2,  to  account  for  compressibility  effects  in  subsonic 
flow.  In  this  method,  the  Prandtl-Glauert  equation  is  solved,  with  boundary 
conditions  of  normal  velocity  (rather  than  normal  mass  flux)  applied  on  the 
true  configuration.  This  method  is  not  equivalent  to  either  of  the  two 
equivalent  versions  of  Gothert's  rule  described  above. 
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B.l  Existence  and  Uniqueness 


In  this  section,  we  give  four  examples  of  boundary  value  problems  which 
are  well-posed  (that  is,  for  which  there  exists  a unique  solution),  and  two 
examples  of  ill-posed  boundary  value  problems.  Finally,  we  discuss  two 
boundary  value  problems  for  which  excellent  numerical  results  have  been 
obtained,  without  any  actual  proof  that  the  problem  is  well-posed. 

The  first  well-posed  problem  is  the  subsonic  exterior  Neumann  problem.  A 
Neumann  problem  is  the  specification  of  normal  mass  flux  on  the  boundary  of  a 
region  R.  If  R is  a infinite  region  with  finite  boundary  as  illustrated  in 
figure  B.l  or  figure  B.3,  the  boundary  value  problem  is  called  "exterior" 
since  the  boundary  of  R is  the  "outer"  surface  of  S.  The  precise  formulation 
of  the  result  (see  p.  311  of  Kellogg,  1.3)  is:  The  specification  of  a 

continuous  distribution  of  n • v4  on  the  boundary  S of  an  infinite  region  R 
yields  a unique  distribution  of  potential  4,  whose  value  approaches  zero  at 
infinity  on  R,  satisfying  the  Prandtl-Glauert  equation,  for  Moo<l*  Kellogg 
only  proves  this  result  for  M*,  = 0,  but  the  coordinate  scaling  (3.1.3)  (which 
reduces  the  Prandtl-Glauert  equation  to  Laplace's  equation  in  the  scaled 
coordinates)  allows  one  to  prove  the  result  for  arbitrary  subsonic  Mach 
numbers. 

The  second  well-posed  boundary  value  problem  is  the  interior  subsonic 
Dirichlet  problem  (a  Oirichlet  problem  is  the  specification  of  4 on  a 
surface).  Again,  this  is  shown  to  be  well  posed  (see  Kellogg,  p.  311)  for 
Moo  = 0,  and  is  formulated  precisely  as  follows:  Let  R be  a region  of  finite 

volume  (see  figure  B.2).  Then  the  specification  of  a continuous  distribution 
of  4 on  the  boundary  S of  R is  a well-posed  boundary  value  problem.  Further, 
if  the  specification  of  4 is  a constant  b,  then  4 is  identically  equal  to  b in 
all  of  R. 

The  third  well  posed  boundary  value  problem  is  discussed  in  Ward,  1.5, 
section  4.13,  and  is  formulated  as  follows.  Let  S be  a finite  smooth  surface 
(see  figure  B.3)  which  is  everywhere  inclined  behind  the  Mach  angle  (such  a 
surface  has  n*n  > 0,  and  is  called  subinclined).  The  specification  of  a 
continuous  distribution  of  w*n  on  both  sides  of  S defines  a unique  value  of  4 
in  all  of  space  for  Mw^  1.  For  M^  < 1,  this  is  just  a special  case  of  the 
first  boundary  value  problem  discussed  above. 

The  fourth  well-posed  boundary  value  problem  is  illustrated  in  figure 
B.4.  There,  S is  a smooth  superincl ined  surface  (n-n  < 0,  which  automatically 
implies  M*,  > 1).  Then,  the  specification  of  continuous  distributions  of  both 
w.n  and  4 on  the  downstream  side  of  S is  a well  posed  boundary  value  problem, 
and  once  again  is  discussed  by  Ward  in  section  3.2. 

Now  let  us  consider  two  ill-posed  boundary  value  problems.  The  first  is 
the  interior  Neumann  boundary  value  problem,  that  is,  the  specification  of  w. 
on  the  boundary  of  a region  R of  finite  volume,  as  illustrated  in  figure  B.5. 
The  proof  that  no  unique  solution  exists  is  simple.  Suppose  a certain 
function  4(x,y)  were  a solution.  Then,  for  any  constant  4 o»  4(x,y,z)+  4 o 
is  also  a solution,  since  v40  = 0 and  thus  the  normal  mass  flux 
(w  • n = v4  • n)  is  unchanged.  Thus,  there  cannot  exist  a unique  solution  4, 
and  so  the  problem  is  ill-posed. 
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A second  example  of  an  ill-posed  boundary  value  problem  is  the  specifi- 
cation of  <t  or  w*n  on  the  upstream  side  of  a superincl i ned  surface.  Consider, 
for  instance,  the  point  P in  figure  B.4.  According  to  the  integral  equation 
(B.0.1),  tf(P)  is  an  integral  over  SnDp.  But  the  intersection  of  S with  Dd, 
the  domain  of  dependence  of  the  point  P,  is  empty.  That  is,  there  is  no  point 
on  S which  influences  P,  since  the  domain  of  dependence  consists  of  the 
interior  of  a cone  pointing  upstream  from  P,  as  illustrated  in  figure  B.6. 

So,  tf(P)  = 0,  regardless  of  the  source  or  doublet  distribution  on  S. 
Further,  this  holds  for  all  points  P on  the  upstream  side  of  S.  So, 
specifying  <t  = b or  w-n  = b on  the  upstream  surface  of  S results  in  infinitely 
many  solutions  if  b = 0,  and  no  solutions  if  b = 0.  Thus,  no  matter  what  our 
choice  of  b,  upstream  specification  is  an  ill-posed  boundary  value  problem. 

This  discussion  of  ill-posed  and  well-posed  boundary  value  problems  is  of 
some  interest  to  the  user  of  PAN  AIR  because  of  a basic  principle.  This 
principle  is  that  the  use  of  a panel  method  to  solve  an  ill-posed  boundary 
value  problem  invariably  leads  to  a system  of  linear  equations  whose  matrix  is 
singular.  Even  if  the  system  of  equations  has  infinitely  many  solutions,  the 
numerical  equation  solving  techniques  used  by  panel  methods  break  down,  and 
none  of  the  solutions  can  be  found. 

On  the  other  hand,  the  lack  of  a proof  that  a particular  boundary  value 
problem  is  well-posed  should  not  be  an  impediment  to  attempting  to  find  a 
numerical  solution.  The  prime  examples  of  this  are  the  successes  achieved  by 
the  "pilot  code"  in  solving  the  exterior  Neumann  problem  and  interior 
Oirichlet  problem  for  subinclined  surfaces  in  supersonic  flow  (see  figures  B.l 
and  B.  2) . Specific  cases  are  described  in  Ehlers,  et  al.,  (4.9).  A second 
example  is  the  specification  of  design  boundary  conditions,  a subject  which 
will  be  discussed  in  more  detail  in  Appendix  C. 

Summarizing,  for  a thick  closed  configuration  such  as  that  of  figure  B.2, 
one  is  fairly  safe  (assuming  that  the  surface  is  subinclined  when  M.  >1)  in 
imposing  the  boundary  conditions 


*L  = 0 (B.1.1) 

Wy  • n =0 

which,  as  pointed  out  in  section  5.4,  is  equivalent  to 


<*l  = „ 

° = - Vc-  n 


(B. 1.2) 


Here,  the  subscripts  U and  L refer  to  upper  and  lower  surfaces.  For  thin 
configurations  such  as  that  in  figure  B.3,  the  boundary  conditions  should  be 
(assuming  the  surface  is  subinclined  again) 

Wy  * n =0 
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(B.  1-4) 


or,  equivalently 
Wy  • n = 0 


CT  = 0 

For  a permeable  surface  inclined  to  the  freestream  as  shown  in  figure 
B.7,  the  boundary  conditions  for  subsonic  flow  should  be 


= 0 

W(j  • n = b 
or  equivalently 


<#L  = 0 

o = - V^-  n + b 

while  for  supersonic  flow  they  should  be 


(8.1.5) 


(B. 1.6) 


4>L  = 0 (B.  1.7) 

Wl_  • n = b 
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B.2  Wakes  and  Modeling 


Up  to  this  point,  we  have  implicitly  assumed  that  the  surface  S on  which 
non-zero  source  or  doublet  distributions  are  given  represents  a real  phyical 
object.  But  for  a wide  variety  of  problems  of  physical  interest,  it  does  no 
suffice  to  impose  boundary  conditions  of  impermeability  on  the  physical  y 
existing  configuration.  The  general  problem  of  determining  the  surface  5,  an 
what  boundary  conditions  should  be  imposed  there,  is  called  the  modeling 
problem,  and  will  be  discussed  here  briefly. 


The  first  case  of 
hypotheses  of  Green's 
section  3.2.  This  hypothesis  requires 
be  "simply  connected".  That  is,  there 
cannot  be  shrunk  to  a point  within  V. 
section  a region  V,  whose  boundary  S is 


a non-physical  surface  S arises  from  one  of  the 
Theorem  which  we  ignored  when  discussing  the  subject  in 
that  the  region  V on  which  d is  defined 
must  not  be  any  closed  path  in  V which 
In  figure  B.8,  we  illustrate  in  cross 
the  surface  of  a nacelle,  which  fails 


to  be  simply  connected, 
impermeability  on  S once 


The  imposition  of  boundary  conditions  of 
again  results  in  an  ill-posed  boundary  value  problem. 


The  boundary  value  problem  can  be  made  well-posed  by  the  addition  of  a 
surface  S'  which  "blocks  off"  the  inlet.  The  surface  S'  is  not  impermeable, 
however;  so  the  user  specifies  the  total  normal  mass  flux  b flowing  through 
the  surface.  The  boundary  conditions  illustrated  in  figure  B.7  only  app  y to 
subsonic  flow,  though.  For  supersonic  flow,  upper  surface  normal  mass  flux 
must  not  be  specified  on  the  superinclined  surface  S';  instead,  the  boundary 
condition 


' n “ b (B.2.1) 

d(_  = 0 


should  be  imposed. 

The  second  case  in  which  the  surface  S includes  non-phyical  surfaces 
arises  not  from  theoretical  but  from  empirical  considerations.  These 
considerations  arise  from  the  fact  that  the  assumption  of  zero  viscosity  is 
invalid  near  the  trailing  edge  of  a wing.  No  matter  how  small  the  viscosity 
of  the  fluid,  the  conditions  at  the  trailing  edge  are  considerably  different 
from  those  of  the  zero  viscosity  case.  The  difference  is  the  following:  a 

zero  viscosity,  the  velocity  at  the  trailing  edge  of  a wing  becomes  infinite, 
wfii le  at  any  non-zero  viscosity,  the  velocity  is  bounded  by  a fixed  number 
which  depends  mostly  on  the  wing  geometry  and  Mach  number,  and  is  only  weakly 
dependent  on  the  viscosity. 

In  order  to  reproduce  this  effect  while  using  a program  which  ignores 
viscous  effects,  the  concept  of  a wake  is  introduced.  A wake  is  a surface 
across  which  the  normal  mass  flux  is  continuous,  while  the  potential  and  the 
tangential  velocity  are  not.  Thus,  source  strength  is  zero  on.  a wake,  while 
doublet  strength  y is  non-zero,  and  the  jump  in  tangential  velocity  is  Vy. 

The  actual  physical  situation,  namely  that  the  tangentia  velocity  varies  very 
rapidly  in  a small  region  of  space,  is  modeled  quite  well  by  this  type  of 

surface. 
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In  modeling  a configuration,  wakes  are  generally  inserted  in  a roughly 
streamwise  direction  emanating  from  the  trailing  edges  of  all  "lifting 
surfaces"  such  as  wings,  fins,  etc.  The  exact  location  of  the  wake  generally 
is  not  very  important.  The  boundary  conditions  imposed  on  the  wake, 
reflecting  the  physical  situation,  are  generally  (though  not  in  PAN  AIR): 


a = 0 

W|j  • n = 0 


(8.2.2) 


The  flow  about  lifting  surfaces  in  subsonic  flow  is  known  to  satisfy  a 
condition  called  the  "Kutta  condition",  that  is,  the  pressure  jump  across  the 
surface  is  zero  along  the  trailing  edge.  The  successful  modeling  of  a 
potential  flow  problem  generally  requires  that  the  Kutta  condition  be 
satisfied.  In  section  0.1.1,  we  describe  the  boundary  conditions  that  PAN  AIR 
imposes  on  wake  networks.  We  also  outline  a justification  that  these  boundary 
conditions  result  in  the  Kutta  condition  being  satisfied. 

An  illustration  of  the  wake  location  for  a typical  wing-body  configuration 
is  given  in  figure  B.9.  Note  that  no  trailing  edge  of  the  wake  is  shown.  In 
true  physics,  the  wake  is  dissipated  by  viscous  effects.  In  terms  of  solving 
the  Prandtl-Glauert  equation,  the  effect  of  the  far  regions  of  the  wake  on  the 
configuration  is  negligeable,  and  thus  the  wake  can  be  terminated  at  any 
finite  point  which  is  reasonably  far  from  the  physical  configuration.  The 
division  of  the  wake  into  "wake  1"  and  "wake  2"  networks  will  be  discussed  in 
section  D.1.2. 

Several  major  exceptions  exist  to  the  assertions  that  a wake  should 
generally  be  positioned  in  a streamwise  direction  from  the  trailing  edge  of  a 
lifting  surface,  and  that  the  exact  position  of  the  wake  is  generally  not 
important.  One  is  the  case  of  a "leading  edge  vortex",  a phenomenon  that 
occurs  at  the  leading  edge  of  a highly  swept  wing  at  large  angles  of  attack  as 
illustrated  in  figure  B.10.  In  that  case,  the  wake  tends  to  roll  up  (trailing 
wakes  also  roll  up,  but  at  so  much  greater  distance  from  the  airplane  as  to  be 
ignored)  as  shown,  and  the  exact  position  of  the  wake  is  important  in 
determining  the  aerodynamic  behavior  of  the  configuration.  The  use  of  a 
potential  flow  program  to  analyze  such  a case  involves  an  iterative 
determination  of  the  wake  position,  a problem  similar  to  the  design  problem 
discussed  in  Appendix  C.  Some  success  in  obtaining  numerical  solutions  of 
this  problem  has  been  obtained  by  the  program  of  Johnson,  et  al.,  (B.2). 

Another  case  in  which  wake  positioning  is  important  is  the  case  where  the 
wake  from  a wing  passes  near  the  tail  of  the  airplane.  Generally  speaking, 
whenever  the  flow  leaving  the  trailing  edge  of  a lifting  surface  passes  near 
another  portion  of  the  configuration  (or  the  ground,  if  ground  effect  is  being 
studied),  the  location  of  the  wake  is  important  in  analyzing  the  flow. 
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B. 3 Removal  of  Line  Vortex  Terms  and  the  Line  Source  Integration  by  Parts 

In  order  to  impose  boundary  conditions  involving  V0  (such  as  v.n  = b) , 
we  must  evaluate  the  perturbation  velocity  at  an  arbitrary  point.  Differen- 
tiating (B.0.1),  we  obtain 

v(x,y ,z)  = v p0  = I Vp  |J  C ~CT^i.  + n(Q)n  . Vq(-jj)  ] dS  (B.3.1) 

SoDp 

Putting  the  gradient  within  the  integral,  and  writing  it  as  Vp  to  emphasize 
that  we  are  differentiating  in  (x,y,z)  coordinates,  we  write 


v = I ff  [ - o(Q)  VP(I)  + u (Q)vp( vn( 1)  * n)  ] dS 
K Y R v w R 

SflDp 


Recalling  that. 
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we  have 


R2  = U - x)2  + SB2  (n-y)2  + sb2(C-  z)2 


~ /n^  /SB  ( f-x)  sb  ( n-y ) SB  ({-z)  » SB_  , ) 

Vq(r)  = ( R . R * r • - R x>n  y’4  z> 


and  similarly 


(R)  _ _ U-x,  SB2(n-y).  sb2U-z)) 

^p  R 

Further,  by  the  chain  rule, 

Vg(Rn)  = nRn_1  Vq(R) 


ss2n  ( t -x,  n-y»  4- z)  Rn~2 


(B.3.2 ) 


(B.3.3) 

(B .3.4) 

(B.3.5) 

(B.3.6) 
(B.3.7 ) 


and  similarly 

Vp(Rn)  » - n (f-x,  SB2(n-y),  sb2({-z))  Rn_2 


(B.3.8) 
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Thus,  the  Integral  expression  (B.3.2)  for  v contains  the  term  v p V~  (1/R) 
given  by:  v " 


VD  Vn  (1/R)  = 


SB 
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In  subsonic  flow  (s=+l)  this  expression  behaves  like  1/R  as  R -►  0 while  in 

5 

supersonic  flow  (s»-l)  It  behaves  like  1/R  as  R -*•  0 for  points  ( f , n»  t ) 
lying  near  the  Mach  cone  and  away  from  (x,y,z): 

i - x ♦ b V(n-y)2  ♦ ({-z)2  . 


This  strongly  singular  behavior  of  vp  Vg  (1/R)  causes  substantial 

difficulty  In  the  subsonic  case  and,  In  the  supersonic  case  causes 
part  integral 


Vp  7q  (1/R)  • n (Q)  dS 


numerical 
the  finite 


to  be  unbounded  for  piecewise  flat  surfaces  S.  Historically  In  the 
development  of  subsonic  panel  methods,  this  strongly  singular  behavior  has 
been  used  to  approximately  enforce  doublet  matching  at  network  edges. 

However,  this  approach  was  never  very  satisfactory  In  achieving  doublet 
matching  and  it  was  abandoned  during  the  PAN  AIR  pilot  code  development  when 
it  was  realized  that  it  was  unworkable  for  supersonic  flows. 

In  PAN  AIR  the  difficulty  of  this  singular  behavior  Is  resolved  by 
performing  the  line  vortex  Integration  by  parts  on  the  expression  (B.3.2)  for 
v,  thereby  separating  v Into  Its  regular  part  and  Its  singular  line  vortex 
part.  The  regular  part  of  v has  the  virtue  that  the  singularities  of  its 
Integrand  are  much  less  severe  than  those  of  equation  (B.3.2)  and  further, 
that  the  finite  part  Is  nicely  bounded  for  virtually  all  piecewise  flat 
surfaces  S.  The  singular  line  vortex  part  of  v is  then  analytically  removed 
from  the  calculation  by  enforcing  doublet  matching  conditions  of  the  type 
discussed  In  section  5.3  and  appendix  F. 

A side  benefit  of  the  line  vortex  removal  arises  when  we  consider  the 
evaluation  of  "far  field"  velocity  Influence  coefficients.  In  this  evaluation 
procedure  one  Is  required  to  use  a Taylor  series  expansion  for  an  Inverse 

-5 

power  of  R.  Without  line  vortex  removal  one  would  expand  R In  a power 

3 

series;  with  line  vortex  removal  one  expands  R . Because  the  resulting  power 

3 5 

series  for  R converges  more  rapidly  than  the  series  for  R , the  far  field 

evaluation  procedure  Is  more  accurate  (for  a given  order  of  expansion)  when 

the  line  vortex  terms  is  removed. 

Having  given  this  statement  of  the  fundamental  problem,  we  now  set  out  to 
discuss  Its  resolution  via  the  line  vortex  integration  by  parts.  In  what 
follows  we  will  show  that  equation  (B.3.2)  Implies  that 


B.3-2 


TT 

v(x,y,z)  = JJ  o(0)  V (*)  dS  + 7 //  ("  x VQn)  x VQ(I) 


(B.3.9) 


7 \ » Vlf>  * 


where  aS  is  the  boundary  of  the  surface  S* 

Before  giving  the  derivation  of  this  result  (cf.  equations  (B. 3. 19) 
throuqh  (B.3.27 ) ) , we  first  discuss  its  significance  and  practical 
application.  We  will  also  shortly  show  why  the  line  vortex  integral  (the  last 
term  of  (B.3.9) ) can  be  ignored.  As  a matter  of  terminology,  the  second  term 
on  the  right  of  (B.3.9)  is  called  the  regular  term  of  the  doublet  velocity, 
while  the  third  term  is  called  the  line  vortex  term. 

Now,  we  perform  the  integrations  in  (B.3.9)  one  panel  at  a time.  Let  us 
consider  what  is  required  for  the  line  integrals  to  vanish.  First, 
panel  edge  with  no  adjoining  panel  edge  next  to  it,  for  instance,  the  edge  AB 
in  figure  B.ll.  Clearly,  if  u identically  equals  zero  on  AB,  the  line 
integral  along  AB  vanishes.  Second,  consider  two  adjacent  panels  as  shown  in 

figure  B.12.  As  a convention,  we  define  dl  as  being  in  the  counterclockwise 

direction  when  looking  from  "above".  That  is,  dTx^  lies  in  the  plane  of  the 
panel  and  points  outward.  Then  if  the  doublet  strength  on  the  panel  *i  is 
ul(x,y,z),  and  on  22  u is  u2(x.y.z)>  and  if  “1  = »*2  at  every  Point 
on  the  edge  AB,  we  have 


JJ 

SiflABflDp 


w v (1/R)  x dl  + 


U „ v <1/R)  x dl  = 0 
2 2nABftDp  q 


(B.3.10) 


since  the  integrands  have  identical  values  with  opposite  sign  due  to  the 
opposite  directions  dl. 

We  can  generalize  (B.3.10)  to  the  case  where  arbitrarily  many  panel  edges 
meet  (see  figure  B.13  for  an  illustration  of  3 panels  meeting).  Let 

.2  , t t\\  (B.3.11) 

sign  (dl  j • ( B - A) ) 

where  dT-j  is  the  counterclockwise  direction  on  2}. 

Then  if  n = number  of  panels,  and 


i si  “i  ■ 0 
i=l 

on  the  entire  edge  AB,  then 


(B.3.12) 


B.3-3 


n 


(B.3.13) 


i a 

i = l XfiABnOp 
Equation  (B.3.13)  follows  from  the  fact  that 
n -► 

l ui  dl j = 0 (B.3.14) 

i=l 

at  all  points  on  AB,  which  in  turn  follows  from  (B.3.11)  and  (B.3.12).  It 
should  be  noted  that  if  n = 1 or  2,  (B.3.12)  reduces  to  our  previously 
derived  results.  So,  if  (B.3.12)  is  satisfied  along  a particular  intersection 
of  panel  edges,  the  line  integral  in  (B.3.9)  can  be  ignored  along  that  edge. 

But  now  we  must  justify  that  (B.3.12)  is  physically  reasonable.  Consider 
the  three  surfaces  in  figure  B.13,  illustrated  in  cross  section  in  figure 
B.14.  Let  P^  P2,  and  P3  be  points  a small  distance  apart,  as  illlustrated 

illustrated  in  figure  B.14.  Let  us  assume  (and  this  is  not  a completely 
trivial  assumption)  that  0 is  continuous  in  each  of  the  regions  V3,  V2,  and 

V3,  and  bounded  by  some  fixed  value  in  the  general  vicinity  of  the 

intersection  line.  Writing  ^ for  ),  it  is  then  true  that  0i  does  not 

change  much  if  Pj  is  moved  slightly.  Thus,  we  can  let  P^  approach  one  of  the 

surfaces  without  changing  0^  much.  In  particular,  letting  Pj  and  P2 

approach  we  see  that  ^ ^ I*1  fact,  in  the  limit  as  P^  and  P2 

approach  the  intersection  line, 

01  - 02  = Ml  (B.3.15) 

Similarly,  in  the  limit  as  the  P-j  approach  the  intersection, 

03  - **2  = ^2 

01  - = ^3 

Subtracting  (B.3.15)  from  the  sum  of  (B.3.16)  and  (B.3.17),  we  obtain 

0 = - ui  + u2  + ^3  ( B .3 .18) 

which  is  equivalent  to  equation  (B.3.12). 

The  previous  argument  is  general izeable  to  an  Intersection  of  n surfaces. 
The  assumption  that  0 be  continuous  off  the  surfaces  is  valid  (and  is  in  fact 
required  for  the  basic  integral  representation  formula  to  hold),  but  the 
requirement  that  0 be  bounded  in  a neighborhood  of  the  surface  is  not 
necessarily  valid.  It  is,  however,  physically  reasonable,  since  an  unbounded 
potential  produces  an  infinite  velocity.  So,  we  will  make  the  assumption 
within  PAN  AIR.  The  mechanism  by  which  (B.3.12)  is  applied  is  described  in 
Appendix  F.  As  a result  of  this  assumption,  the  line  vortex  term  in  (B.3.9) 
may  be  ignored. 


(B.3.16) 

(B.3.17) 


ui 


x dl 


= 0 
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We  now  return  to  the  proof  of  the  relation  (B.3.9).  If  we  denote  by  vq 
the  part  of  v (cf.  equation  (B.3.1))  that  depends  only  upon  the  doublet 
strength  u,  then  we  have 

?D(P>  = ;*,  JJ  u(Q)  5 . v„  (l/R)  dSp  (B.3.1 

sn  Dp 


If  we  write  Stokes'  theorem  in  the  form 

f dT  . F = ||  (n  dS  x V ) . F (n  . V x F)dS 

3*S  s S 

then  it  is  also  clearly  true  that 

J dT  x G =||  (ndS  x V ) x G 
3 S S 

Setting  G = u Vq  (l/R)  we  obtain 

j dT  x Cu  Vq  (l/R)]  ■ SS  (n  dS  X Vq)  X u Vq  ( l/R) J 

3S  S 

= ||  (n  dS  x Vqii)  X Vq  (l/R) 

s 

+ II  u (n  dS  x Vq)  X ( Vq  (l/R)) 

s 


(B.3.20) 


(B.3.21) 


(B.3.22) 


Now  the  integrand  in  the  second  term  on  the  right  can  be  expanded  using  the 

standard  formula  for  a vector  triple  product  [(axb)xc  = b(a.c)  - a(b.c)]  to 
give 

u (n  dSq  x Vq)  x ( Vq  (l/R))  = u [dSq  (n.  Vq)  Vq  (l/R) 

- dSq  n ( Vq  . v q)  ( l/R) U 

Using  the  fact  that  the  kernel  function  (l/R)  satisfies  the  Prandtl-Glauert 
equation  (cf.  equation  (5.4.9)), 

Tg  . (l/R)  - 0 (B-3-2 

we  may  simplify  (B.3.22)  to  obtain 


B .3-5 


/ dt  x [u  v (1/R)]  = If  (n  dS  x vn  u)  x vn  (1/R) 
aS  g S y g 

+ If  w (n  . VQ)  Vq  (1/R)  dSg 


(B.3.24) 


Using  the  fact  that  Vq  (1/R)  = - vp  (1/R),  the  second  integral  on  the 
right  is  clearly  equal  to 

- Vp  w u(ri  . Vg)  (1/R)  dSg 

Solving  for  this  quantity  we  obtain 

Vp  If  u (n  . Vg)  (1/R)  dSg  = ff  (n  x vQ  4)  x vQ  (1/R)  dSQ 
S S 


+ / U VQ  (1/R)  X dT 
aS 


(B.3.25) 


In  the  case  of  supersonic  problems,  this  relation  must  be  interpreted  as  being 
true  in  a distributional  sense,  with  all  integrals  taken  to  be  finite  part 
integrals.  The  modified  equation  reads 


vp  JJ  u (n  . VQ)  (1/R)  dSQ 
Sn  Dp 


ff  (n  x Vg  u)  X Vg  (1/R)  dSg 

snop 


+ 


* 

J 4 Vg  (1/R)  X <Il 
aSo  D 

P 


(B.3.26) 


The  expression  on  the  left  is  clearly  recognizable  as  [*  (P)],  where  Vg(P) 

was  defined  by  (B.3.19).  We  find  consequently  that  vq(P)  may  be  split  as 
f ol 1 ows 

★ 

Vg(P)  = (l/«)  JJ  (n  x Vg  4)  X Vg  (1/R)  dSg 

S o Dp 
★ 

+ (l/«)  ff  4 VQ  (1/R)  x dT  (B.3.27 ) 

aSoDp 
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It  is  also  clear  that  the  substitution  of  (B.3.27)  into  (B.3.2)  yields  the 
splitting°given  by  equation  (B.3.9),  completing  our  derivation  of  the  line 

vortex  integration  by  parts. 

If  we  assume  that  the  appropriate  doublet  matching  is  performed,  so  that 
the  line  vortex  term  can  be  dropped,  then  we  may  write  the  following  formula 

for  y*(P),  the  regular  part  of  v(P):  (compare  with  equation  B.3.9) 


v (P)  = (1/*) 


;; 

SoD„ 


(Q)  Vg  (1/R)  dSg 


(l/«) 


Sf 

S o Dr 


(n  x Vg  u)  x Vg  (1/R)  dSg 


(B.3.28) 


Now  while  the  evaluation  of  v*(P)  as  given  by  (B.3.28)  is  a substantially 

better  conditioned  process  than  the  evaluation  of  y(P)  as  given  y 
(B  3 2)  there  still  remains  a mildly  troublesome  logarithmic  singularity  in 
v*(P).  This  singularity  can  be  isolated  by  a further  integration  by  par  s 
called  the  line  iource  integration  by  parts.  While  it  is  not  possible  to 

fully  implement  this  formula  in  PAN  AIR*,  we  do  state  a"d  Prov®  the^utta 
helps  motivate  the  velocity  jump  matching  condition  used  to  enforce  the  Kutta 

condition. 

We  begin  our  derivation  of  the  line  source  integration  by  parts  by  stating 
the  Helmholtz  relation  for  the  velocity  jump  Lv  across  a singularity 
surface  S.  The  formula  reads** 


av  = a n/(n,v)  + V^  n 
where  v,  the  surface  conormal  is  given  by 
v = B n 


( B .3.29 ) 


(B.3.30) 


* Such  an  implementation  would  require  a geometry  system  capable  of  handiing 
a continuous  surface  normal,  n(Q),  continuous  source  strength  a(Q)  and 

continuously  differential  (C^)  doublet  strength,  *i(Q). 

**  A simple  proof  of  the  Helmholtz'  relation  (B.3.29)  is  accomplished  as 
follows.  PBy  virtue  of  the  usual  formula  for  calculating  a vector  triple 

product  we  have, 

V0  = L(n  xV0)xv  + n(v  .V0)]/(n,v) 

Evaluating  this  on  the  upper  and  lower  surface  of  S,  the  singularity  surface, 
we  form  the  difference  and  obtain  (footnote  continued  on  following  page) 


B.3-7 


(B.3.31) 


and  the  tangential  gradient  operator  Vt  (s  given  by 
vtf  = (n  x vf)  x v/(n,v) 

Applying  Stokes'  theorem  in  the  form  (B.3.21)  to  the  vector  field  G = Bav(l/R), 
we  obtain  after  using  Leibniz'  rule  on  the  right  hand  side 

J dl  x [Bav  (1/R)]  = ff  [n  dS  x V(l/R)]  x Bav 

3S  S 

(1/R)  C(n  dS  x V ) x Bav] 

(B.3.32) 

Now  the  first  integral  appearing  on  the  right  hand  side  of  this  equation  can 
be  shown  to  be  related  to  v*  (cf.  (B.3.28))  by  the  formula 

JJ  [ndS  x v (l/R)]xBav  = * v*  - (av)  n . V (1/R)  dS  (3.3.33) 

To  prove  the  formula  (B.3.33),  we  simply  expand  the  vector  triple  product 
in  the  integrand  appearing  on  the  left  to  get, 

[n  x V ( 1/R ) ] x Bav  = v ( 1/R)  (n  • Bav) 

- n ( V (1/R)  . Bav) 

It  is  easy  to  show  from  the  formula  for  av,  (B.3.29),  that 
n . Bav  = v . av  = a 

and  that 


(B.3.34) 

(B.3.35) 


(footnote  continued  from  previous  page) 

(V0)u  - (V0)L  = C(n  x v(0u  - 0L))  x v]/(n,v) 

+ ( v . v ( 0y  - 0L))n/(n,v) 

We  recognize  the  left  hand  side  as  the  jump  in  perturbation  velocity,  av, 
while  the  doublet  strength  and  source  strength  appear  on  the  right  hand  side 
in  the  forms  (cf.  equations  (3.2.6)  and  (5.2.7)), 

U = 0J  - 0L 

(J  = ( V . V 0) J - ( V . V 0)|_ 

Using  these  facts,  we  obtain  finally, 

Av  3 [(n  x?n)  x v]/(n,v)  + on/(n,v) 
reproducing  equation  (B.3.29). 
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n x av  = nxV^u  = nxVu 
As  a consequence  of  this  second  relation  we  find  in  addition 

- n ( V ( l/R)  . Bav)  = -n  ( V (1/R)  • ^ 

= (n  x av)  x V (1/R) 

- av  (n  . V (1/R)) 

= (n  x Vu)  x ^ (1/R)  - av  (n  . V (1/R)) 

Substituting  (B.3.35)  and  (B.3.37)  into  (B.3.34)  we  obtain 

[n  x v (1/R)]  x Bav  = a V (1/R)  + (n  x Vu)  x V (1/R) 

. av  (n  . V (1/R)) 


( B .3 .36) 


(B.3.37) 


( B.3.38) 


Integrating  this  expression  over  S then  yields 

JJ  [n  dS  x V (1/R)]  x Bav  = J[f  1°  V (1/R)  + (n  x Vu)  x V (1/R)]  dS 


JJ*  av  n . V (1/R)  dS 


(B.3.39) 


The  first  integral  on  the  right  Is  clearly  equ<r lia° (B  3*33)  defin6<1  by 
(B.3.28).  This  proves  the  validity  of  the  formula  (B.3.Jd). 

We  conclude  our  derivation  by  substituting  (B.3.33)  into  (B.3.32)  to  obtain 

jf  dT x [Bi; (i/R)]  = -JJ  • vd/R) « 


aS 


JJ  (1/R)  (n  dS  xV)  x Bav 


A trivial  rearrangement  of  terms  then  yields  the  -line  source  integration  by 
parts:" 


v*  = - (1/*) 


(1/*) 


JJ 

S 

JJ 


(n  x V)x  Bav  dS 
R 


+ (l/«) 


av  n . V (1/R)  dS 
J (dl  x Bav)  (1/R) 


(B.3.40) 


aS 


Note  that  the  last  term  °n  right,  condition  that  must  be 

ISM!  ’X’WthS-SSrirSlU  W * Ration  (B.3.12), 
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the  analogous  condition  for  dropping  the  line  vortex  term.  This  condition, 
imposed  on  the  velocity  jumps  is  given 

n 

I si  = 0 (B.3.41 ) 

i=l 


We  remark  that  this  condition  cannot  generally  be  imposed  in  PAN  AIR,  even 
along  panel  boundaries  in  the  interior  of  a network.  The  fundamental  reason 
for  this  is  that  PAN  AIR  imposes  on  the  functions  n(Q),  <j(Q)  and  u ( Q ) only  the 
fairly  weak  continuity  requirements 

~ -1 

n(Q)  e C (S),  the  class  of  piecewise  continuous  functions  (B.3.42a) 
on  S 

o(Q)  e C'^S)  (B. 3.42b) 


u(0)  e C°(S),  the  class  of  continuous  functions  on  S (B.3.42c) 

whereas  the  satisfaction  of  condition  (B.3.41)  in  the  interior  of  a network 
would  require 

n(Q)  e C°(S)  (B.3.43a) 

a(Q)  e C°(S)  ( B .3 ,43b ) 

u ( Q ) e C^(S),  the  class  of  continuously  differentiable 

functions  (B. 3.43c) 

It  is  the  first  and  last  of  these  requirements  (B. 3.43a  and  B.3.43c)  that  would 

be  most  difficult  to  satisfy,  both  demanding  the  services  of  a C*  geometry 
system  for  the  singularity  surface  S. 

Even  though  it  is  not  generally  feasible  to  impose  the  velocity  jump 
matching  condition  (B.3.41)  along  all  subsurface  boundaries,  it  has 
nevertheless  been  found  useful  to  impose  a condition  derived  from  it  along  the 
trailing  edge  of  a lifting  surface.  This  condition,  sometimes  called  the 
vorticity  matching  Kutta  condition,  has  the  form 


- n 

t . i si  Avi  3 0 (B.3.44 ) 

i=l 

where  the  vector  t lies  in  the  plane  of  the  wake  attached  to  the  lifting 
surface  and  points  downstream  in  the  assumed  direction  of  the  convected 
vorticity.  In  section  (H.2.4)  we  will  show  how  equation  (B.3.44)  enforces  the 
matching  of  upper  and  lower  surface  pressure  coefficients  (linear  Cp  rule)  for 

standard  configurations.  It  is  in  the  sense  that  equation  (B.3.44)  enforces 

this  matching  of  upper  and  lower  surface  values  of  C that  it  is 

p,  linear 

appropriate  to  call  it  a "vorticity  matching  Kutta  condition." 

A few  final  remarks  are  appropriate  concerning  the  line  source  integration 
by  parts.  We  begin  by  adding  the  line  vortex  term  back  in  to  equation  (B.3.40) 


B.3-10 


to  obtain  an  expression  for  the  perturbation  velocity  field,  v = Vp  0- 

v = - (1/k)  JJ  ^ x7>x  dS  + (1/k)  JJ  av  n . VQ  (1/R)  dS 

S S 

♦ (1/k)  Si  (dt  x Bav)  ( 1/R)  + (1/k)  JJ  u Vg  (1/R)  * dl 


First  note  that  the  terms  on  the  first  line  bear  a striking  resemblance  to  the 
source  and  doublet  terms  of  the  standard  representation  of 

t = - (1/k)  JJ  *[n  dS  ♦ (1/k)  JJ  i*i  n .vQ  (1/R)  dS 
S s 

In  fact  it  can  be  shown  that  the  jump  in  the  conormal  derivative  of  v, 
a[(n.v)v]  satisfies  the  condition 

a [(n  . V )v]  = (n  x V )x  Bav 

so  that  the  analogy  between  the  two  representation  formulas  is  indeed  quite 
close.  Of  course  we  would  rather  expect  this  to  be  the  case  given  the  fact 
that  v = v must  also  satisfy  the  Prandtl -61  auert  equation.  What  is 

somewhat  surprising  about  equation  (B.3.45)  is  the  appearance  of  the  singular 
line  vortex  and  line  source  terms  on  the  second  line.  The  line  vortex  term 
must  be  added  in  to  make  v irrotational  for  those  doublet  distributions  that 
do  not  satisfy  the  usual  doublet  matching  conditions.  Similarly,  the  line 
source  terms  are  required  to  preserve  the  conservation  of  mass  condition 

V.  v = 0 

for  surface  distributions  of  av  that  do  not  satisfy  velocity  jump  matching 
conditions  of  the  form  (B.3.41). 
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B.4  Linear  Sources  and  Quadratic  Doublets 


In  this  section  we  outline  a justification  for  the  use  of  a linear  source 
strength  approximation  and  a quadratic  doublet  approximation.  For  simplicity, 
we  assume  M,,,  = 0,  though  the  proof  is  readily  extendable  to  all  subsonic  Mach 
numbers.  These  results  cannot  be  readily  generalized  to  supersonic  Mach 
numbers,  however. 


Nevertheless,  for  both  supersonic  and  subsonic  flow,  we  can  show  that  a 
doublet  distribution  whose  order  is  one  higher  than  that  of  the  source 
distribution  is  reasonable.  We  do  this  by  considering  the  jump  vq  in 
velocity  occuring  on  a surface.  In  section  N.l,  we  find 


vq  = 


g 

fl-  n 


(b.4. i; 


Thus  the  discontinuity  in  velocity  has  the  same  direct  dependence  on  doublet 
gradient  as  on  source  strength.  In  addition,  we  will  see  in  section  J.ll  that 
a discontinuity  in  doublet  gradient  induces  the  same  singularities  in 
potential  and  velocity  as  a singularity  in  source  strength. 

For  these  reasons  we  conclude  that  the  doublet  gradient  is  the  same  order 
of  singularity  as  the  source  strength.  It  is  thus  reasonable  to  approximate 
the  source  strength  and  the  components  of  the  doublet  same  order  of 
polynomial.  Thus  the  doublet  strength  should  be  approximated  by  a polynomial 
of  one  degree  higher  than  the  source  strength. 

We  now  consider  the  case  of  zero  Mach  number.  We  consider  the 
perturbation  velocity  resulting  at  a point  P = 0 due  to  a source  distribution 

E 

i+j  < 


o(£»  n) 


i > 0,  j > 0 


(B.4. 2a) 


or  a doublet  distribution 


v(£»n) 


E 

i+j  < n 


uij^nJ 


(B.4. 2b) 


on  the  square  region  S of  size  2e  x 2e  about  P,  illustrated  in  figure  B.15. 
Let  us  first  consider  the  source  distribution.  By  (B.3.1), 

-q(C.n) 


vS(x,y,z)  ’p///(c.x)J  r;j:^  . (C_2)V  d«d" 


d£  dn 


(B.4. 3) 
(B.4. 4) 
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(B.4.5) 
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-e-e 


<C*T7)  3/2 


d£dn 


and 


v,(P)  = 


1 im 
z»0  4 it 


1 /*  r - aij  ^n^(-z) 

4*  JJ  l^2^2j3TT 


-e-e 


d£dn 


(B.4.6) 


Now,  let  us  consider  (B.4.4)  one  term  at  a time;  that  is,  we  assume 


a(£,n)  = aij  (B. 4.7) 

If  ( 1 + J ) Is  even,  the  integrand  in  (B.4.4)  is  an  "odd"  function  in  £ or  n; 
that  is,  its  value  at  (f,n)  is  minus  its  value  at  (-£,n),  or  minus  its  value  at 
(f>-n),  and  thus  the  integral  over  S is  zero.  Similarly,  if  (i+j)  is  even, 
the  integral  (B.4.5)  corresponding  to  that  term  is  zero.  Finally,  let  us 
consider  the  integral  (B.4.6)  for  a single  term. 

We  have 


Now, 


V2(P)  - ^ 34 


e e 


Orff 


I nJ 


-filn 


-e-£  ( C2+n 2+z2)3/2 


d£dr, 


/ 


0 


, C _ d£  = 
(£2+n2+z2 ) 2 /2 


( B.4.8) 


(B.4.9) 


(substituting  u = £?+  n2  + z2 


£2+n2+z2 

/ (u  -3'2)  1/2  du  - C-u-1/2] 


n2+  z 2 


|f2+n2+Z2 
n2+  Z2 


1 1 

(n2+z2)l/2  ‘ ( e2+  n2+  z2)l/2 


(B.4.10) 


When  this  function  is  integrated  over  n,  the  result  is  f(e,z)  - log  |z|  where 
f(®»z)  is  bounded  as.z»0.  Thus  the  limit  in  (B.4.8)  is  zero,  provided  i = 1. 
Since  e is  small,  < |£|  so  the  limit  in  (B.4.8)  is  zero  whenever 

i > 1.  Similarly,  it  is  zero  whenever  j > 1,  so  we  see  that 


1 im 
z»0 


& c 

((  z 

JJ  (?2.n2.z2,3/2 


dfdn  = 0 


(B.4.11) 


if  i+j  > 1,  and  in  particular,  whenever  i+j  is  even  and  greater  than  zero. 
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So,  writing 


'(P) 


ij 


1 y ff  qijCinJ  d^dn 

4it  P S ((4-x)2+(n-y)2+(C-z)2)1/2 


s 

we  have  v (P)  =0 

ij 

if  i+j  is  even,  and  i+j  > 0. 


Let  us  now  consider  the  velocity 

«°  (p)ij  * 

47  ff  [(C-x)2‘(n-y)^«-4)^ 

induced  by  a polynomial  doublet  distribution 

u(£>n)  = wij£'T'3 

on  the  region  in  figure  B.15. 


Now, 

and  so 
Now, 


n = 


3/ 


K 


3S  [(^-x)2+(n-y)2+(C-z)^]  ^ 
-(C-z)/[(C-x)2+(n-y)2+(C-z)2l3/2 


and  since  £=  0,  x=y=0 
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inj 
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(B.4.13) 

(B.4.14) 

(B.4.15) 

(B.4.16) 

(B.4.17) 

(B.4.18) 

(B.4.19) 
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For  the  x and  y components  of  v°(P)-jj  we  see  that  if  i+j  is  even  then 
the  integrand  is  an  odd  function,  so  the  integrals  are  zero.  If  i + j is  odd 
and  greater  than  1,  then  performing  an  integration  similar  to  (B.4.9)  shows 
that  the  integrals  in  (B.4.19)  are  of  the  form  f(e,z)  - log  z where  f(e,z)  is 
bounded  as  z -*■  0.  Multiplying  by  z and  taking  the  limit  as  z -+•  0 we  conclude 
that 

vj  (P)ij  = vj  (P)ij  = 0 (B.4.20) 


if  i + j > 1. 

The  z component  of  ^^(P)ij  behaves  somewhat  differently,  due  to  the 
presence  of  the  second  term.  Both  terms  vanish  if  at  least  one  of  i or  j is 
odd,  by  the  usual  odd  function  argument.  In  addition,  the  first  term  is  zero 
if  i + j > 3 by  the  same  reasoning  as  the  last  paragraph.  The  second  term. 


1 im 
z»0 


d£dn 


(B.4.21) 


does  not  necessarily  vanish  if  both  i and  j are  even.  But  it  is  of  order 
if  i + j > 4,  and  since  it  vanishes  for  i + j = 3,  it  seems  reasonable  to 
approximate  the  local  doublet  distribution  by  a polynomial  with  i + j < 2. 
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Figure  B.l  - An  exterior  boundary  value  problem 


Figure  B.2  - A region  of  finite  voluae 
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Figure  B.3  - Specification  of  normal  flow  on  both  sides  of  a surface 
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Figure  B.4  - A superlncllned  surface 


Figure  B.5  - A boundary  value  problem  with  no  unique  solution 
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Figure  B.10  - Leading  edge  vortices  from  a highly  swept  wing 


C.O  The  Design  Problem 

In  the  design  problem  the  user  attempts  to  obtain  a configuration  whose 
shape  is  unknown,  but  is  subject  to  certain  constraints.  For  instance,  a wing 
may  be  required  to  have  a certain  planform,  but  its  camber  and  thickness 
distributions  may  be  the  subject  of  the  design  process.  The  constraints 
involved  in  this  case  would  be  (1)  that  the  surface  be  impermeable,  and  (2) 
that  particular  pressure  or  tangential  velocity  distributions  be  required. 

Now,  specification  of  both  normal  and  tangential  flow  on  a surface  is  an 
overspecification  of  boundary  conditions,  and  thus  in  general  there  is  no  one 
step  solution  to  the  design  problem.  The  exception  is  called  "linearized 
design",  in  which  the  user  is  satisfied  with  a first  order  approximation  to 
the  solution.  This  method  is  discussed  in  section  C.l. 


In  section  C.2,  we  discuss  a somewhat  more  sophisticated  procedure,  which 
we  call  sequential  design.  This  is  a non-automatic  iterative  procedure  in 
which  a single  loop  in  the  iteration  consists  of: 

(a)  a potential  flow  analysis  (for  example,  a boundary  value 

problem  with  impermeability  boundary  conditions)  of  the  configuration  at 

hand,  J . . . ..... 

(b)  a comparison  of  the  pressures  computed  in  (a)  with  the 

desired  pressure  distribution,  leading  to  the  specification  of  tangential 
velocity  boundary  conditions, 

(c)  solution  of  the  potential  flow  problem  for  the  tangential 
velocity  boundary  conditions,  and  computation  of  the  normal 
the  surface,  and 

(d)  "relofting"  of  the  configuration  geometry,  using  the  normal 
flow  data,  in  order  to  produce  a more  nearly  impermeable  surface. 


flow  through 


This  procedure  can  be  executed  in  the  first  version  of  PAN  AIR,  though  steps 
(b)  and  (d)  will  have  to  be  performed  manually  by  the  program  user. 


In  section  C.3,  we  briefly  discuss  a still  more  sophisticated  design 
method,  which  we  simply  call  "iterative  design".  This  method  is  distinguished 
from  sequential  design  in  its  relofting  method. 


Finally,  in  section  C.4,  we  discuss  stability  problems  occuring  from  the 
discretization  process.  These  problems  generally  result  when  a small 
perturbation  in  a boundary  condition  generates  a perturbation  in  the  solution 
which  does  not  die  out  with  distance.  Since  the  discretization  process  a ways 
results  in  some  numerical  error,  stability  problems  can  result  in  a totally 
incorrect  solution. 


We  do  not  discuss  the  imposition  of  "closure"  boundary  conditions  in  this 
appendix,  but  rather  discuss  that  subject  in  section  H.2. 


C.0-1 


c.l  Linearized  Design 

The  basic  assumption  of  linearized  design  is  that 
Cp  = -2u 


(C.1.1) 


where  Cp  is  the  pressure  coefficient  at  a point,  and  u is  a component  of  the 
perturbat ion  velocity 


(x,y,z)  = (u,v,w) 


(C.l. 2) 


Equation  (C.1.1)  will  be  derived  in  Appendix  N.  Generally  speaking,  (C.1.1. 
is  valid  only  for  thin  configurations  with  little  camber  at  small  angles 
attack,  such  as  the  configuration  in  figure  C.l. 

Now  the  program  user  wishes  to  specify  a difference  in  pressure  distri- 
bution aCp  (x,y,z)  on  the  configuration,  where 


(C.l. 3) 
(C.l. 4) 


ACp  = Cp?  upper  " CP,  lower 

Noting  that  u = v * Vq,, 

(since  IVJ  = D we  have 

ACp  = -2(vuA)-Voo 

= -2v  (♦u-<hJ  ‘ V» 

= -2vv  • Vqo 

Thus,  the  boundary  condition  to  impose  at  (x,y,z)  is 

(-2VJ-  vv  = aCPs 
which  is  of  the  form 

to  = b 

(see  (5.4.21)  for  the  general  boundary  condition  equation). 

Now  the  boundary  value  problem  described  by  (C.l. 7)  is  solved  numerically,  in 
the'courseof  which  the  iota!  mass  flux  at  the  contro  points  » eva  at  0. 

The  mass  flux  is  used  to  reloft  the  surface  as  follows.  The  procedure  we 
describe  is  not  incorporated  in  version  1.0  of  PAN 

The  reloftinq  takes  place  one  network  at  a time  (for  a brief  discussion  of 

"ffx^or  "i'f  'the'geomefry'of'jhe  adj'acen^network  Sls'been'relo'fteS!  these 
elges  a A Idjusled  to  cllse  the  gap)  In  figure  C.2.  these  edges  are  edges  1 

and  4. 


(C.l. 5) 

(C. 1.6) 
(C.l. 7) 
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The  remainder  of  the  network  is  relofted  one  panel  corner  point  at  a 
time.  This  is  done  by  alternately  relofting  columns  and  rows  of  corner 
points.  For  instance,  in  the  example  of  figure  C.2,  first  point  (2,2)  is 
relofted,  then  (3,2),  etc.,  then  (6,2),  then  (2,3),  then  (2,4),  and  then  we 
move  one  row  and  column  inward,  relofting  (3,3) , . . . , (6,3) , and  then  (3,4),  and 
one  final  time  we  move  one  more  row  and  column  inward,  and  then  the  whole 
network  in  figure  C.2  has  been  relofted.  Thus  a point  is  relofted  only  after 
all  the  points  closer  to  the  network  origin  (in  an  indicial  sense)  have  been 
relofted.  We  now  describe  the  relofting  procedure  for  a typical  point. 


The  point  P4(see  figure  C.3)  is  relofted  to  a point  P4  as  follows. 

Let  &P4=  P4-f*4.  Then  the  user  chooses  a direction  d for  AP4;  that  is, 
reguires  that 

aP4=  kd  (C.1.8) 

^ A A 

One  then  determines  the  value  of  k which  minimizes  W-n',  where  n'  is  the  normal 
of  the  relofted  panel.  In  Appendix  0,  we  show  that 


(Ml>  x (Pj-P2) 

" ' l(Mt)  * {P4-P2)l 


(C.1.9) 


So,  we  can  egually  well  minimize 

|«*W*n'|  = |W*  {(P3-P1)  x (f*4-P2)]  I (C.1.10) 

where  5 is  the  denominator  of  (C.1.9). 


Writing  P41  = P4  + kd 

we  minimize  |f(k)|  , where 

f(k)  = W - ( P 3— Pi ) x (P4~^2)|  + kW * ( ^3— Pi ) x d 
which,  being  linear  in  k,  is  zero  for 


-W  • (P3-P1)  x (P4-P2) 

W-  {(P3-P1)  x d) 


(C.1.11) 

(C.1.12) 


(C.1.13) 


This  j^s  well  defined  providing  d has  been  chosen  so  that^it  is  not  parallel  to 
(P3-  Pi)  and  provided  W is  not  in  the  plane  spanned  by  (P3-  Pi)  and  d. 


So,  (C.1.11)  defines  P4*  , and  we  may  continue  to  the  next  corner  point  to  be 
relofted. 


In  the  case  of  linearized  design,  we  stop  here,  since  we  have  the  best 
answer  we  can  obtain  with  the  linear  pressure  formula.  The  relofted 
configuration  is  considered  the  surface  whose  distributions  of  pressure  and 
normal  mass  flux  are  the  desired  ones. 


C.l-2 


C.  2 Sequential  Design 

In  sequential  design,  the  first  step  is  again  to  supply  a guess  at  the 
ronfiauration  which  will  yield  the  desired  pressure  distribution,  and  solve 
thef potential  flow  problem  about  that  configuration  with  zero  normal  flow 
boundary  conditions.  This  results  in  a pressure  distribution  Cp  (x,y,z). 
Generally  speaking,  the  second  order  or  isentropic  pressure  formula  would  be 
used  to  compute  this  pressure  distribution.  Now,  barring  remarkable 
aerodynamU  insight  on  the  part  of  the  user,  this  pressure  distribution  will 
differ  from  his  desired  distribution  Cp  (x,y,z),  but  hopeful  y no  y 
much.  We  also  compute  the  preliminary  perturbation  velocity  distribution 
v (x,y,z)  resulting  from  the  potential  flow  solution. 

Now  we  "linearize"  about  our  previous  solution  by  making  the  assumption 
( analogous6 to  (C.1.1))  in  that  if  Cp$(x,y,Z)  is  close  to  CPp(x,y,z),  then 

Cps(x,y,2)  - CPp(x,y,z)  - -2V..  - (?s(x.y,z)  - vp(x.y.z))  (C-2-D 

where  vs  is  the  unknown  velocity  distribution  which  produces  the  desired 
pressure  distribution  Cp$.  Solving  for  the  freestream  component  of  vs, 

V vs(x,y,z)  = V^-  vp(x,y,z)  - 1 /2(Cps-Cpp)  (C.2.2) 

Pnncidprina  the  configuration  in  figure  C.4  (in  which  Cp , upper  = 
s?nce  Cpjower  » 0).  equation  (C.2.2)  shows  that  we  apply  ffie  boundary 

condition 


since 


to  • v*J  = D 

vu  - vu  - VL  = vu 


(C.2.3) 

(C.2.4) 


where  to  is  the  projection  of  to  the  surface 

and  b = V vp(x,y,z)  - l/2(Cps-CPp) 


(C.2.5) 


Now  once  the  potential  flow  problem  with  the  boundary  conditions  has  been 
solved?'the  --oft  nq  is  perfo^ Must f»  ^ 

^ distri“ 

are  evaluated,  and  the  next  cycle  of  the  procedure  continues. 

If  all  goes  well,  the  procedure  converges,  resulting  in  a configuration  °f 
reasonable  shape,  with  the  desired  pressure  distribution.  Unfortunately,  if 
the  initial  guess  does  not  yield  a pressure  distribution  Cp  (x,y,z)  clos 
Cp  (x,y,z) , the  procedure  may  fail  to  converge. 
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C. 3 Iterative  Design 

The  procedure  we  describe  briefly  in  this  section  is  much  more  accurate 
and  rapidly  convergent  than  sequential  design,  but  also  considerably  more 

hP  and  not  available  in  PAN  AIR.  It  encompasses  two  feature  not 
sophisticated,  <u  u The  first  one~s  full  automation;  the  relofting 

an  cTth™  formulation  of  the’boundary  conditions  are  performed  automatically  by 
the  program.  The  second  is  a more  sophisticated  relofting  method. 

This  relofting  method  involves  "differentiated  influence  coeff Rents'1 . 

That  5s!  5nce  the  potential  flow  solution  has  been  performed,  and  the  source 

and  doublet  parameters  are  known,  the  matrices  ^ •■1  ■ ire  oomputed  for 

i and  i where  Pi  is  the  ith  control  point,  and  CPj  is  the  jth  panel 
«c„er  point.  The  matrix  [jv/.CPj]  is  a 3x3  matrix,  one  of  -h-ch  exists  for 
parh  nair  of  control  point  Pi  and  corner  point  CPj,  whose  k,  I entry  is 
3vk/aCPi.  Given  these  matrices,  standard  optimization  techniques  can  be 
used  in  order  to  generate  a revised  geometry  for  which  //  W n db 

minimized,  subject  to  user-input  constraints  such  as  leaving  the  planform  area 
the  same. 

We  will  not  discuss  this  process  further  here,  since  PAN  AIR  does  not  make 
mcp  nf  differentiated  influence  coefficients,  and  thus  does  not  perform 
iterative  design.  A more  detailed  discussion  ot  iterati Resign,  for  the 
special  case  of  leading  edge  vortices,  is  given  in  reference  (B.2). 
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C.4  Stability 

The  problem  of  stability  arises  from  the  inherent  numerical  error  in  the 
discretization  process,  rather  than  from  the  theory  of  the  Prandtl-Glauert 
" i the  splining  method  (see  section  5.5  for  a discussion  of 
splines)* in  combination  with  the  boundary  conditions  which  is  cal  ed  stable  or 
unstable  Precisely,  a spline  is  called  unstable  if  the  perturbation  of  a 
single  boundary  condition  results  in  a perturbation  in  the  original 
which  does  not  die  out  with  distance  from  the  point  at  which  the  boundary 

condition  is  located. 

In  checking  for  stability,  we  may  make  use  of  the  tact  that  the  sun  of 
solutions  of  the  Prandtl-Glauert  equation  is  again  a solution.  Thus,  th®  , 
solution  to  any  boundary  value  problem  is  a linear  combination  of  ^dividual 
solutions  of  cases  in  which  one  boundary  value  is  set  equal  to  one  and  t e 
r^t  are  set  to  zero.  We  thus  check  for  stability  by  observing  the 

Sr  - 

distribution  diminishes. 

The  simplest  way  to  illustrate  stability  is  with  two-dimensional 
examples  Thus,  a "network"  of  "panels"  consists  of  a sequence  of  intervals. 
For  simplicity,  all  our  splines  will  be  doublet  splines,  though  what  we 
discuss  will  be  applicable  to  source  splines  as  well. 

zz*' wi.i:  rioSK; - 

^""*2  « » perturbationUinduced°onrthePuniformly  zero^solution^by 
S7enadirB0n4)1Ua^loIhanyt«n5raIrtplleryare  insufficient  so  we  consider  a 

SSis 

parameters  are  required  at  the  network  edges  in  order  to  define  the 
singularity  strength  adequately. 

T„e  spline  is  a piecewise  quadratic  one,  ttle f 2^^ n2d ' by 

sssra  w(8  XW 

$enh«  irPK^d^^cSlcSnini'Si  «"*?•’"  the  row 

vector  S of  length  4 such  that 

1u(Qlh 

„(Qi)J  ^iA) 

are  given  in  Appendix  1.5. 


C.4-1 


Now,  once  we  know  u at  every  corner  point  on  the  network,  the  quadratic 
distribution  of  u on  an  interval  is  that  quadratic  function  which  takes  on  the 
computed  values  at  the  endpoints,  and  the  singularity  parameter  value  at  the 
panel  center.  Considering  the  interval  in  figure  C.8,  in  the  local 
coordinates  illustrated  there,  we  have 


u(x)  = a+bx+cx^ 

(C.4.1) 

u(-l)  = u(P)  = a-b+c 

(C.4.2) 

u(0)  = u(Q)  = a 

(C.4.3) 

u(l)  = w(P')  = a+b+c 

(C.4.4) 

So,  subtracting  (C.4.2)  from  (C.4.4), 

2b  = y(P')  - U(P) 

(C.4.5) 

while,  adding  these  equations, 

2a  + 2c  = u(P)  + u(P') 

(C.4.6) 

= 2c  ♦ 2u(Q) 

(C.4.7) 

Thus  (by  (C.4.3))  we  have  values  for  a,  b,  and  c,  and  so 

u(x)  . u(Q)  * x * 

(C.4.8) 

In  figure  C.9  , we  illustrate  the  doublet  distribution  we  obtain  by  setting 
u = 1 at  one  control  point,  and  w = 0 at  the  others,  given  the  spline  just 
described.  Note  that  this  spline  is  nearly  as  stable  as  that  of  figure  C.6; 
the  disturbance  dies  down  very  quickly. 

Further,  this  spline  yields  a doublet  strength  which  is  continuous  across 
panel  edges,  something  which  is  very  important. 

But  the  same  spline,  with  boundary  conditions 

£ " 1 <C-4-9> 

at  the  last  control  point,  and 

jf  = 0 (C.4.10) 

at  the  others  (except  u = 0 at  the  first  control  point  to  insure  uniqueness) 
yields  the  doublet  distribution  (solving  the  boundary  value  problem 
numerically)  illustrated  in  figure  C.10,  which  compares  unfavorably  with  the 
identically  zero  doublet  distribution  obtained  by  replacing  the  right  size  of 
(C.4.9)  by  zero. 

But  now,  consider  the  doublet  parameter  and  control  point  locations 
illustrated  in  figure  C.ll.  If  we  impose  the  boundary  conditions  (C.4.9)  and 
(C.4.10),  we  claim  that  the  resulting  doublet  distribution  is  illustrated  in 
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fiqure  C.12.  While  the  doublet  distribution  in  figure  (C.10)  was  obtained 
numerically,  that  of  figure  (C.12)  can  be  obtained  theoretically  in  the 
following  manner. 

Consider  a distribution  u(x)  = a+bx+cx2  0n  the  interval  in  figure  C.8. 

Now, 


T7  <«  - 57  <°»  - b 


(C.4.11) 


and  by  (C.4.5) 


u(P‘)  - u(P) 


(C.4.12) 


Thus, 


u(P')  = u(P)  + 2b  = u(P)  + 2 (Q) 


(C.4.13) 


So,  applying  (C.4.10)  and  (C.4.13)  to  figure  C.12  with  P=P0,  P'  - pl> 

Q=Qj , we  obtain 

u(pl)-0  (C.4.14) 

But  now  that  we  know  u(pl),  we  apply  (C.4.14)  to  the  second  intervals,  and  so 


u(p2)  = 0 

We  continue  this  way,  obtaining 


(C.4.15) 


(C.4.16) 


u(pi)  = 0,  i<6 

u(p)7  = y(P6)  + 2 f^Q7}  = 2 
*(p6>  + =2 

If  we  now  obtain  u(Qi)  by  least  squaring  to  the  4 surrounding  Pi,  we  see 

u(Ql)  = 0,  i < 5 (C.4.17) 

w(Q6)  * 0 (C.4.18) 

u(Q7)  - 1 (C-4‘19) 

and  thus  we  obtain  the  doublet  distribution  of  figure  C.12. 

cn  rnmDarina  with  fiqure  C.10,  we  see  that  the  imposition  of  doublet 
derivative  boundary  conditions  at  panel  centers  requires  a different  sp  ine 
than  ?he  imposition  of  boundary  conditions  defining  doub  et  strength 
Situation  Generalizes  to  three  dimensions,  and  thus  requires  different  splines 
fol  design9(that  is,  doublet  gradient)  boundary  conditions  than  are  used  for 
analysis  (that  is,  normal  mass  flux)  boundary  conditions. 
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• singularity  parameter  locations 
x control  points 


Figure  C.5  - A constant  doublet  strength  spline 


Figure  C.6  - Stability  for  constant  doublet  spline 
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Figure  C.7  - Quadratically  varying  doublet  spline 
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Figure  C.8  - A single  Interval 
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• singularity  parameters 
x control  points 


Figure  C.ll  - A doublet  spline  for  design  problems 


Figure  C- 12  - Stability  for  design  boundary  conditions 
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0.0  Geometry  of  Networks  and  Panels 

This  appendix  will  discuss  the  manner  in  which  PAN  AIR  handles 
configuration  geometry.  In  section  D.l,  we  will  describe  the  different  types 
of  "networks"  by  which  a program  user  can  describe  a portion  of  the 
configuration.  We  will  also  discuss  modifications  in  the  geometry  generated 
by  the  program  under  certain  circumstances.  In  section  D.2,  we  will  discuss 
basic  panel  geometry.  In  section  D.3,  we  will  discuss  the  geometric  error- 
detection  methods  which  discover  geometric  situations  which  could  cause  the 
program  to  execute  improperly  or  terminate  abnormally. 
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D.l  Networks 


A network  is  an  array  (with,  say,  M rows  and  N columns)  of  points  in  space 
which  define  a portion  of  the  configuration  geometry.  In  addition,  source  and 
doublet  distributions  are  defined  on  the  network  (that  is,  the  network  is  a 
"composite"  network),  with  singularity  parameter  locations  and  spline  methods 
determined  by  the  network's  "source  type"  and  "doublet  type". 

D.1.1  Network  Types 

The  possible  source  types  are  "analysis",  "source  design  1,"  "source 
design  2,"  and  "null",  while  the  doublet  types  are  "analysis",  "doublet 
forward  weighted,"  "design",  "wake  1",  "wake  2",  and  "null".  Source  and 
doublet  analysis  networks  are  used  in  conjunction  with  boundary  conditions 
defining  impermeability.  Design  networks  are  used  in  conjunction  with 
"design"  boundary  conditions,  that  is,  those  which  specify  tangential 
velocity.  Note  that  a "doublet  forward  weighted"  network  is  really  a doublet 
design  network.  A network  of  type  "null"  is  used  to  denote  that  the  source  or 
doublet  strength  is  zero;  one  could  equally  well  use  an  analysis  network  in 
conjunction  with  the  uniform  boundary  condition 

a = 0 

or  y = 0 

To  model  a wake,  as  described  in  section  B.2,  one  would  generally  use  a 
doublet  wake  network  in  conjunction  with  a source  null  network.  The  boundary 
conditions,  which  are  only  imposed  at  the  wake  leading  edge,  specify  the 
matching  of  doublet  strength  on  that  edge  to  the  doublet  strength  at  the 
trailing  edge  of  the  adjacent  wing  network(s).  In  figures  D.l  through  D.3,  we 
illustrate  the  singularity  parameter  locations  corresponding  to  each  of  these 
network  types. 

D.l. 2 Wake  Networks  and  the  Kutta  Condition 

Two  types  of  wake  networks  are  available.  In  wake  1 networks,  the  doublet 
strength  is  variable  along  the  leading  edge,  and  constant  in  the  indicially 
perpendicular  direction.  In  wake  2 networks,  the  doublet  strength  is  constant 
over  the  entire  network.  In  the  example  of  figure  B.9,  the  wake  extending 
behind  the  wing  would  generally  be  modeled  with  a wake  1 network,  while  the 
portion  of  the  wake  extending  back  from  the  body  would  be  modeled  with  a wake 
2 network. 

The  two  types  of  wake  networks  have  distinct  purposes.  The  wake  1 network 
is  PAN  AIR'S  approach  to  satisfying  the  Kutta  condition  (see  below),  while  the 
purpose  of  the  wake  2 network  if  to  carry  over  the  doublet  strength  from  the 
wing  to  the  plane  of  symmetry. 

The  Kutta  condition,  which  should  hold  at  the  trailing  edge,  is 

a Cp  = 0 (D.1.1) 

where  Cp  is  the  pressure  coefficient.  If  the  freestream  direction  is  the  x 
direction,  and  the  freestream  has  unit  magnitude,  then  (cf . (C.1.5))  for  a 
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(D.1.2) 


thin  wing,  the  linear  expresssion  for  aCp  is 


aCp 


boundary  conditions  on  the  wake  insure  doublet  continuity  from 
the  thin  wing  to  the  wake.  In  addition,  it  follows  from  section  J.ll  that  the 
zero  normal  mass  flux  boundary  conditions  along  the  trailing  edge  of  the  wing 
insure  the  continuity  of  the  x-component  of  the  doublet  gradient. 

Now,  the  wake  spline  is  such  that  the  doublet  strength  is  constant  in  the 
streamwise  direction,  that  is. 


Since  the  normal  mass  flux  boundary  conditions  insure  matching  of  the  doublet 
x-derivative,  we  have,  in  light  of  (D.1.2), 


aCp 


trailing  edge  of  wing 


= 0 


(0.1.4) 


Thus  for  a thin  wing,  the  use  of  a wake  1 network  results  in  the 

satisfaction  of  the  Kutta  condition,  using  the  linear  pressure  coefficient 

formula.  It  is  therefore  natural  to  use  the  wake  1 network  to  satisfy  the 
Kutta  condition  for  a thick  wing.  This  is  done  in  PAN  AIR,  even  in  the 
absence  of  a theoretical  justification  of  its  validity. 

Wake  2 networks  have  a purpose  which  is  not  related  to  the  Kutta 
condition.  In  figure  B.9,  we  show  a wake  1 network  emanating  from  the  wing 

trailing  edge.  Now,  the  body  is  not  a lifting  surface,  and  therefore  one 

would  not  in  general  expect  a panel  method  to  require  a wake  emanating  from 
the  body.  The  wake  2 network  is  required  in  PAN  AIR,  however,  because  in  its 
absence  the  doublet  matching  boundry  conditions  on  the  wake  1 network  would 
drive  the  doublet  strength  to  zero  along  its  inboard  edge. 

Because  the  doublet  strength  on  the  wake  is  constant,  the  doublet  gradient 
is  zero,  and  thus  the  surface  vorticity,  n x vti,  is  zero.  This  corresponds  to 
the  physics  of  the  configuration;  that  is,  the  body  "sheds"  no  vorticity. 


D.1.3  Indexing 

We  now  discuss  the  indexing  system  used  internally  in  PAN  AIR.  The  user 
specifies  an  array  [CP(I,J)J  of  panel  corner  points,  where  I,  1 < I < M,  is 
called  the  row  index,  and  J,  1 <.  J <_  N,  is  called  the  column  indFx.  — The  upper 
surface  is  defined  by  an  upward  pointing  unit  normal  n whose  direction  is  the 
vector  cross  product  (direction  of  increasing  column  index)  x (direction  of 
increasing  row  index).  In  figure  D.4,  we  illustrate  a network  with  n pointing 
up  from  the  paper.  The  network  edges  are  labeled  in  counterclockwise  fashion 
as  shown,  and  each  panel's  corner  points  are  similarly  labelled  in 
counterclockwise  fashion.  The  point  CP( 1, 1 ) is  called  the  origin  of  the 
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network.  Finally,  a panel  Z is  given  a row  index  and  column  index  equal  to 
the  row  and  column  index  of  the  point  Pj  on  [ 

Singularity  parameters  are  indexed  by  a distinct  integer  for  each 
parameter.  For  each  index,  the  parameter  type  (source  or  doublet)  and 
location  are  stored,  and,  conversely,  for  each  location  on  a network,  the 
program  stores  the  indices  of  any  singularity  parameter  located  there. 

D.1.4  Collapsing  of  Network  Edges 

Network  edges  are  collapsed  when  a network  of  the  type  illustrated  in 
figure  D.5  is  defined  by  the  user.  The  distance  shown  there  is  a user-input 
"tolerance  distance"  (e).  The  short  edge  of  the  network  in  that  figure  is 
collapsed  as  follows:  the  five  panel  corner  points  on  that  edge  are  each 
replaced  by  the  same  new  point  whose  coordinates  are  the  averages  of  the 
coordinates  of  the  endpoints  of  the  edge.  Thus,  the  revised  network  has  panel 
corner  points  as  illustrated  in  figure  D.6.  The  array  of  points  is  still  a 
rectangular  (MxN)  array,  except  that  now  the  same  point  occurs  five  times. 

The  reason  for  collapsing  a network  edge  is  that  the  existence  of  nearly 
triangular  panels  (as  opposed  to  exactly  triangular  panels)  such  as  those  in 
figure  0.4  causes  nearly  singular  spline  matrices,  resulting  in  significant 
numerical  error.  On  the  other  hand,  triangular  networks  (which  necessarily 
have  triangular  panels)  cannot  be  excluded  from  consideration  because  the 
natural  paneling  of  many  surfaces  such  as  delta  wings  (see  figure  D.7) 
requires  the  use  of  triangular  networks. 

A network  edge  is  collapsed  whenever  the  average  panel  edge  length  on  the 
network  edge  is  less  than  the  tolerance  distance.  If,  however,  the  average 
panel  edge  length  exceeds  c,  yet  one  or  more  of  the  panel  edges  have  length 
less  than  e,  the  program  terminates.  The  edge  cannot  be  left  uncollapsed 
because  some  of  the  panels  are  too  nearly  triangular,  it  cannot  be  collapsed 
because  the  user-input  geometry  would  be  excessively  perturbed,  and  it  cannot 
be  partially  collapsed  because  of  the  indexing  problems  which  would  result 
when  singularity  parameter  locations  are  assigned. 

D.1.5  Additional  Network  Processing 

Additional  processing  is  performed  on  the  geometry  of  each  network,  but 
will  not  be  discussed  here.  This  processing  includes  labeling  of  all  but  one 
singularity  parameter  on  a collapsed  network  edge  as  "null",  and  storing  data 
concerning  each  network  edge  separately  in  preparation  for  the  automatic 
abutment  search  described  in  Appendix  F.3.  Since  this  data  is  associated  with 
computing  questions  rather  than  engineering  questions,  this  processing  will  be 
discussed  in  section  3 of  the  maintenance  document. 


0.2  Basic  Panel  Geometry 


In  this  section  we  describe  some  basic  quantities  concerning  panel 
geometry. 


A panel  is  uniquely  defined  by  its  four  corner  points  Pi, 
for  convenience  we  define  nine  panel  defining  points  as  shown 
where  Ps,...,Pg  are  panel  edge  midpoints,  and 


i=l,...,4,  but 
in  figure  0.8, 


Pg  = j (Pi  + P2  + p3  + p4)  (0.2.1) 

Note  that  even  though  P-j,  i=l,...,4,  are  arbitrary,  Pj,  j=5,...,9  lie 
in  a plane.  The  proof  comes  from  noting  that  by  definition  an  edge  midpoint 
is  the  average  of  the  endpoints  of  the  edge,  and  so 


P5  P2) 

P6  = \ (P2  + P3) 

- 1 - - , (0.2.2) 
P7  - 7 (P3  + p4) 

p8  - \ (p4  + pl) 

and  so 

\ (P5  + P7)  = j (pl  + p2  + p3  + p4)  = p9 

\ (P6  + p8)  -7  (p2  + p3  + p4  + pl)  = p9  (D.2. 3) 


Thus  P5, . . . ,Pg  lie  in  the  plane  defined  by  the  line  connecting  P5  and 
P7,  and  the  line  connecting  P5  and  Pg. 

Thus  Pg  is  the  midpoint  of  the  edge  P5P7  as  well  as  of  the  edge 
Pgpo,  and  so  Ps,Pg  and  P7  lie  on  a line,  as  do  P6,P9»  and  p8- 
But  a basic  theorem  in  geometry  states  that  there  exists  a plane  containing 
any  two  intersecting  lines,  and  so  P5,...,Pg  lie  in  that  plane,  which  is 
called  the  panel's  "average  plane". 


We  define  the  panel  normal  n as  the  unit  vector  normal  to  the  plane 
containing  P5,...,Pg,  a vector  which  is  unique  provided  the  plane  is 
unique,  that  is,  provided  the  set  P5,...,Pg  contains  at  least  3 distinct 
points.  The  vector  n can  be  computed  in  a multitude  of  wayst 


n = ± 


V x W 
flTxTTl 


(0.2.4) 


for  any  linearly  independent  pair  of  vectors  $ and  W lying  in  the  plane. 
Equation  (0.2.4)  holds  because  the  cross  product  o£  two  vectors  is 
perpendicular  to  each  of  them;  the  condition  that  V and  W be  linearly 
independent  (i.e.,  non-parallel)  insures  that 
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since 


V x W 4 0 

V x W = |V|  |W| 

where  e is  the  angle  between  V and  W 
denominator  of  (0.2.4)  is  non-zero. 

In  practice,  PAN  AIR  defines 


(0.2.5) 

sin®  (0.2.6) 

Further,  |n|  = 1 as  long  as  the 


*10  = 1/2  (P5  + P6) 

Pll  = 1/2  (P6  + P7) 

*12  = 1 12  (P7  + P8) 

*13  = 1/2  (P8  + P5)  (0.2.7) 


and 


(PlO-  *12)  x (P11-  P13) 
1(^10-  ^12)  x (Pll-  P13)| 


(0.2.8) 


which  insures  that  n points  up  out  of  the  paper  (see  figure  D.8).  The 
equation  (0.2.8)  is  used  in  PAN  AIR  because  that  formulation  would  hold  even 
for  curved  panels'  (not  included  in  version  1.0  of  PAN  AIR)  for  which 
P5, . . . , Pg  do  not  lie  in  a plane. 


We  now  compute  n by  a different  method,  in  order  to  obtain  a result  used 
in  section  C.l.  Applying  (0.2.4), 


s (M?)  * (Pe-Ps) 

‘ ih’P’tT  * (p6-p8)t 

and  thus,  substituting  (0.2.2)  into  (D.2.9), 

- l/2(ff1+P2-^3-P4)  x 1/2(P2+P3-P4-Px) 

|l/2(P1+P2-P3-P4)  x 1/2(P2+P3-P4-P1)| 

The  numerator  of  (D.2.10)  is 

1/4 |(Pl-^3)  + (P2-P4)}  *{-(Pi-P3)  + (P2-P4)] 

- 1/4{(^1-P3)  x (P2-^4)}  -{(P2-P4)  x (Pi-P3)} 

= 1/2  (Pi-P3)  x (P2-^4) 


(0.2.9) 
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(0.2.11) 

(0.2.12) 


0.2-2 


(D.2.13) 


Substituting  this  into  (0.2.10) , 

a (Pi-  P3)  x (V  ?4) 

|(Pl-  P3)  x (P2-  P4)l 
a result  quoted  in  section  C.l. 


Now,  Pi,...,P4  need  not  lie  in  the  plane  containing  P5,...,Pg. 

Thus,  a panel  contains  5 planar  regions;  the  center  region  which  contains  four 
triangular  regions  as  illustrated  in  figure  D.9,  and  4 outer  regions 
containing  one  triangular  region  each.  The  triangular  regions  are  called 
subpanels,  and  so  a panel  contains  8 subpanels,  which  are  labeled  in  figure 
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Much  of  the  geometric  data  for  a panel  is  computed  for  each  subpanel, 
though  this  is  occasionally  redundant.  These  include:  (1)  a subpanel  origin 
and  reference  to  local  transformation  describing  a local  subpanel  coordinate 
system  (see  Appendix  E),  (2)  a subpanel  unit  normal  vector  and  co-normal,  (3) 
the  subpanel  area,  (4)  unit  edge  tangent  vectors  for  the  subpanel  edges  along 
with  their  "compressible"  norm,  (5)  subpanel  edge  normals  in  local 
coordinates,  (6)  a Jacobian  factor  relating  subpanel  area  in  global 
coordinates  to  that  in  local  coordinates,  and  (7)  a flag  indicating  whether 
the  subpanel  is  subinclined  or  superinclined. 

To  obtain  the  unit  normal  to  the  subpanel  illustrated  in  figure  0.9,  we 
compute 

n = 


(?j-  ?,)  x ft-  h) 

(Pj-  P,  X Pk-  P,)| 


(D.2.14) 


where  n is  not  computed  if  the  denominator  is  less  than  10-^.  in  that 
case,  the  subpanel  area  is  set  equal  to  zero,  and  no  subpanel  calculations  are 
performed.  The  area  of  the  subpanel  is  (from  geometry) 


no 


A = 1/2  |Pj-  Pi|  |Pk-  ?i|  si 
Combining  (D.2.6)  and  (D.2.15), 

A . 1/2  |(?j-  Pi)  x (Pk-  ?i)| 

The  unit  edge  tangents  are 

-a  -1 

P-i-  P 


t = 


r ri 


(0.2.15) 

(0.2.16) 


(0.2.17) 


etc. 


The  compressible  norm  of  t 


(see  Appendix  E for  a discussion  of  this 


norm)  is  (by  definition) 


A _ A A 

[t,t]  = t-t 


(0.2.18) 
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The  subpanel  conormal  is  defined  in  compressibility  axis  coordinates  (in  which 
the  compress lbil Tty  direction  c0  = (1,0,0))  as 


se2nx 


3| 

II 

(D. 2.19) 

\ »,  / 

= (sb2-1)  (£„•  o)e0  * n 

(0.2.20) 

since 

nX  = Co*  n 

(0.2. 21) 

Thus, 

n = n - m2(c0-  n)c0 

(0.2.22) 

The  Jacobian 

factor  J is  given  by 

j _ Area  in  reference  coordinates 

Area  in  local  coordinates 

(D.2.23) 

Its  use  will 

be  discussed  in  Appendices  I and  J. 

Finally,  the 

sub-panel  is  "subinclined"  if 

n-n  > 0 

(D.2.24) 

and  " super inc lined"  if 

n-n  < 0 

(D.2.25) 

If 

n . n a 0 

(0.2.26) 

the  subpanel  is  "Mach-inclined",  and  the  program  terminates  for  reasons  which 
will  be  discussed  in  Appendix  E. 


Some  items  of  data  computed  for  each  panel  are  not  concerned  with  just  a 
single  subpanel.  For  instance,  all  the  data  computed  for  the  subpanels  is 
also  computed  for  the  "projected  panel",  the  projection  of  the  panel  to  the 
average  plane.  In  addition,  it  is  computed  for  the  four  "half  panels"  that 
is,  the  triangles  P1P2P4,  P2P3P1 » P3P4P2»  P4P1P3- 

These  data  are  needed  to  compute  "intermediate  field"  influence  coefficients, 
in  the  computation  of  which  the  panel  is  approximated  either  by  two  half 
panels  or  by  the  projected  panel.  These  are  used  when  measuring  the  influence 
of  the  panel  on  a control  point  which  is  sufficiently  far  not  to  require  the 
8-subpanel  representation  of  the  panel,  but  not  far  enough  to  permit  the  far 
field  influence  coefficient  computation  method  (see  Appendix  J.2).  All  the 
items  are  computed  for  the  projected  panel  or  half  panels  in  the  same  manner 
as  for  subpanels.  Redundant  data  is  not  necessarily  computed  (e.g.,  the 
projected  panel  is  super-  or  sub-inclined  whenever  subpanels  5 through  8 are). 
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Finally,  the  program  calculates,  for  each  panel,  its  radius,  its  diameter, 
and  certain  skewness  parameters.  The  radius  is  the  distance  from  the  center 
to  the  farthest  corner  point  and  the  diameter  is  the  maximum  distance  between 
any  two  corner  points.  The  skewness  parameters  result  from  a non-orthogonal 
transformation  of  coordinates  after  which 


P9  = 


f ^ 

0 
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S p8  - 
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,k  > 0 (D.2.27) 


We  may  see  from  figure  D.8  that  this  is  not  the  standard  choice  of  x and  y 
axes,  but  it  results  from  having  derived  the  relevant  formulas  with  the  panel 
in  figure  D.8  rotated  by  180°. 

We  use  this  coordinate  system,  which  we  write  (x*,y*,z*)  because  the 
interior  region  bounded  by  P5,...,P«  becomes  a square,  as  illustrated  in 
figure  D.10.  Note  that  in  general  (since  most  panels  are  not  square),  this  is 
not  an  orthogonal  coordinate  system.  The  numbers  C-jj,  j=l,...,4,  i=l,2,  are 
called  skewness  parameters  since  they  are  all  zero  for  a panel  which  is  a 
parallelogram  in  the  original  coordinate  system  as 

(P\-  Pg)  = (P5-  Pg)  + (?8“  p9)  (D.2.28) 


for  a parallelogram. 


The  doublet  subpanel  spline  matrices  are  calculated  in  the  (x*,y*,z*) 
coordinate  system,  but  rather  than  transform  the  panel  coordinates,  we  compute 
the  matrices  using  the  skewness  parameters  (see  section  1.2  for  details). 


Computing  the  skewness  parameters  is  fairly  straightforward.  Combining 


pl 


1 + cn 

‘ 1 + C2i  \ 


z 


(D.2.29) 


with  (D.2.27),  (D.2.28)  we  obtain 

(Mg)  - U + cn)  (ps-  pg) 


+ (i  + c2i)  (V  ^9)  + f 


(D.2.30) 
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we 


Taking  the  cross  product  on  the  left  with  (P8-Pg  ),  and  dotting  into  n 
obtain  ’ 

{(P8-  P9)  x (Pi-  Pg)}'n  = (1  + Cn)  0-n 
+ (1  + C2i){(Pq-  Pg)  x (P5-  Pg)j-n 

+ f [(^8-  P9)  x n]-n  (0.2.31) 

The  final  term  is  zero,  and  so 


r„  ^9)  x (Pi-  P9)V" 

C21  "PFFg)  x ( V Pg)-W 

{(P8-  ^9)  x (Pi-  ^9>)*n 

(V  ^9)  x (P5-  p9)*ft 


- 1 = 


Simi larly 

{(pl-  Pg)  x (P5-  Pg)J.n  = ((1  + C 1 1 ) ( Pg—  ^9)  x (P5-P9))  • n 

{(pl~  Pg)  x (P5-  ?9))'fi 

(p8-  Pg)  x (P5-  Pg) • n 


and  thus 


C11 


- 1 


((Pl-  p8)  x (P5-  Pg)l-n 
{(P8-  Pg)  x (P5-  Pg)j.n 


Examination  of  figure  0.10  gives  us 


C12 

‘ C11 

C22 

*-C21 

C13 

* -cn 

C23 

--c2i 

C14 

-Cll 

C24 

= C21 

(0.2.32) 


(D.2.33) 


(0.2.34) 


(D.2.35) 


This  concludes  the  discussion  of  basic  panel  geometric  quantities. 
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0.3  Error  Checks 


In  this  section,  we  summarize  the  basic  checks  performed  by  the  program  to 

insure  that  the  geometry  of  the  configuration  is  admissible.  These  checks  are 

the  fol lowing: 

a.  Check  if  the  average  panel  edge  length  on  a network  edge  exceeds  the 
tolerance  e,  while  some  panel  edge  length  is  less  than  e (violation  is  a 
fatal  error). 

b.  Check  if  two  adjacent  edges  of  network  collapse.  This  is  inadmissible 
because  the  calculation  of  spline  matrices  would  be  impossible  for  panels 
near  both  collapsed  edges.  See  figure  D.ll  for  a network  in  which 
adjacent  edges  are  collapsed. 

c.  Check  if  a panel  edge  in  the  network  interior  has  length  less  than  e. 

This  is  inadmissible  because  of  logic  problems  which  would  occur  in 
calculating  the  spline  matrices  if  the  edge  were  collapsed,  and  numerical 
inaccuracies  occurring  from  nearly  triangular  panels. 

d.  Check  the  panel  aspect  ratio.  This  is  the  ratio  of  the  furthest  distance 
from  the  panel  center  to  its  boundary  over  the  smallest  distance.  Large 
aspect  ratios  cause  numerical  error  in  spline  and  influence  coefficient 
calculation  (this  has  only  been  verified  experimentally).  Aspect  ratios 
over  10^  are  forbidden  and  those  over  100  result  in  a warning  message. 

e.  A panel  or  subpanel  is  essentially  Mach  inclined. 

If  n • n < 10-4  this  is  a fatal  error,  and  if  < 1/10  a warning 
message  is  printed. 

f.  The  panel  is  seriously  skewed.  Warning  messages  are  printed  if  the  panel 
is  non-convex  (l+c-ji+c-j2  < 0 for  some  i = 1,....,  4),  nearly 
non-convex  ( l+c -j i+c  12  > 0),  or  triangular  while  having  four  distinct 
vertices  (1+Cii+Ci2  « 0). 

g.  A subpanel  has  zero  area  when  projected  to  the  average  plane.  If  so,  a 
flag  is  set,  no  normal  or  conormal  vector  is  calculated,  the  subpanel 
splines  are  sat  to  zero,  etc. 


D.  3 


Source  analysis  network 


9 

9 

9 

9 

9 

9 

9 

9 

9 
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locations  of  correspondl ng  non-tcivlal  boundary  conditions 


Figure  D.l  - Locations  of  source  singularity  parameters 


b.  Doublet  wake  2 


Figure  D.3  - Doublet  wake  singularity  parameter  locations 
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I 1 

£ = tolerance  distance 


Figure  D.ll  - Impermissible  network  (two  adjacent  collapsed  edges) 


E.O  Matrices  and  Coordinates 

The  material  in  this  appendix  is  hardly  reflected  in  the  PAN  AIR  code,  but 
rather  provides  background  material  on  coordinate  systems  and 
transformations.  This  material  is  referred  to  in  the  course  of  the  influence 
coefficient  derivations  of  Appendix  J.  In  addition,  we  derive  (in  section 
E.3)  the  expression  for  the  reference  to  local  transformation  (see  (5.2.27)) 


[CoJuo  { 

i 


II-  [C0Jv0 

8 


8 n0 
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J (E.0.1) 


and  for  the  transformation  between 


orthogonal  coordinate  systems  (see  (5.2.11)) 


r 


COS  a COS  8 

COS  a sin  8 
-Sin  a 


-sin  8 sin  a cos  8 

cos  8 sin  a sin  8 

0 COS  a 


(E.O. 2) 


Because  T is  a transformation  between  two  orthogonal  coordinate  systems,  it 
is  in  fact  an  orthogonal  matrix.  That  is,  its  inverse  is  its  transpose,  and 
for  all  vectors  X,Y,  the  Euclidean  inner  product  is  invariant  under 
transformation  by  : 


( TX,  TY)  = (X,Y)  (E.O. 3) 

This  arises  from  the  fact  that  T is  a rotation  (see  section  E.3) 

In  our  application,  T will  be  the  matrix  relating  reference  coordinates 
and  the  compressibility  coordinate  system,  in  which  the  x-axis  is  the 
compressibility  direction. 

The  matrix  A is  less  well-behaved,  however.  This  transformation  is  the  product 

A = GST  (E.O. 4) 


where  we  have 


r S _ G 

xo  — x x — x'  (E.O. 5) 

Here,  X0  is  the  reference  coordinate  system  defined  by  the  program  user,  X 
is  the  compressibility  coordinate  system  in  which  the  freestream  is  in  the 
x-direction,  X is  a coordinate  system  in  which  the  y-and  z-axes  have  been 
scaled  according  to  (3.1.3),  and  X'  is  the  local  coordinate  system  in  which 
(5.2.19)  holds. 

While  the  matrices  T and  G are  orthogonal,  the  scaling  matrix  S is  not,  and 
so  the  product  matrix  A is  not  orthogonal  either.  The  bulk  of  the  complexity 
of  this  appendix  arises  from  this  fact.  In  figure  E.l,  we  illustrate  a surface 
S in  the  compressibility  coordinate  system  X and  its  image  S'  in  the  local 
coordinate  system  X'.  We  illustrate  vectors  and  n,  tangent  and  normal  to 
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the  surface  S respectively,  and  their  images  t'and  n in  the  scaled  coordinate 
system  X'. 


In  section  E.l,  we  consider  the  properties  of  vectors  and  their  images  under 
an  arbitrary  transformation.  The  reader  may  find  some  benefit  in  verifying 

the  results  of  E.l  for  a "typical"  matrix  A,  such  as  a diagonal  matrix  which 
is  not  the  identity.  In  section  E.2,  we  derive  the  properties  of  some  special 
inner  products.  In  section  E.3,  we  verify  that  the  matrix  (E.0.1)  has  all  the 
properties  we  require  of  a reference-to-local  transformation.  We  do  so,  in 
fact,  without  ever  constructing  the  transformation  G of  (E.0.5). 
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E.l  Vectors  and  Dual  Vectors 


We  consider  here  the  effect  of  the  coordinate  transformation  A = [a-jj] 


A:  X0— X' 


(E.1.1) 


by  which  a position  vector  x0  = 


fxll 

x2  > 
X3J 


expressed  in  the  coordinate 


fxr 

system  Xn,  is  transformed  into  an  image  vector  x'=  X2* 

lx3'J 


, expressed  in  the 


coordinate  system  X'.  This  image  vector  represents  the  same  physical  quantity 
(such  as  location)  as  the  original  vector,  but  in  a different  coordinate 
system.  It  is  a different  vector  only  in  the  sense  that  its  entries  are 
distinct  from  those  of  "x". 

The  entries  x-j  ’ of  the  image  vector  t'  are  given  by 
the  formulas 


3 

xi  = E aij  xj 
j=l 


i = 1,2,3 


(E.l. 2) 


where  aii  are  the  entries  of  the  transformation  matrix  A.  We  shall 
occasionally  find  it  convenient  to  write  this  equation  using  the  summation 
convention  for  repeated  indices,  that  is,  x-j ' = a-jj  Xj.  Examples  of 
other  vectors  which  transform  according  to  the  formula  (E.l. 2)  include  the 
vector  element  of  arc  length,  dl,  and  surface  tangent  vectors  t: 

d1]  - ai j dlj  = {Ad1)i  (E.l. 3) 

t:  = aij  tj  = {At}.  (E.l. 4) 


Equation  (E.l. 4)  may  be  interpreted  to  assert  that  when^ t0 
tangent  to  some  surface  S at  some  point  y0  in  S,  then  t*  = 
surface  tangent  vector  to  the  image  surface  S' 

S'  = fx'  : t'  = [A]  t0  for  some  in  s) 


is_  a surface 
At"0  will  be  a 


(E.l. 5) 


at  the  image  point  y'=  [A]  y.  Unless  [A]  is  an  orthogonal  matrix,  however,  we 
need  not  expect  that  t'  will  be  a unit  vector  even  when  t is.  However,  if  T = 
t is  any  unit  vector,  then  we  define  the  corresponding  image  unit  vector  by 


t'  = At/  | At 


(E.l. 6) 


Thus  the  transformation  rule  for  unit  vectors  is  somewhat  more  complicated 
than  the  corresponding  rule  for  vectors.  In  particular,  the  image  of  a unit 
vector  as  scaled  in  (E.l. 6)  is  a distinct  vector  from  the  original  one.  Here, 
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and  from  now  on,  we  use  a a to  denote  a vector  of  unit  length. 

We  now  turn  to  a discussion  of  dual  vectors.  A dual  vector  is,  by  definition, 
3 re*u  va  inear  faction  on  the  vector  space.  Whereas  the  typical  vector 
was  the  position  vector  x0,  the  typical  dual  vector  is  the  unit  normal 
vector  n0  or  gradient  operator 


r 3/ax' 

3/3XJ  ' 

V 

3/3y 

► = < 

3/3X2  " 

3/32 

3/8X3 

It  should  be  noted  that  tensor  analysis  works  generally  refer  to  vectors  as 
"contravariant  vectors,"  and  dual  vectors  as  "covariant  vectors."  Both  the 
normal  vector  and  the  gradient  operator  are  linear  functions  on  the  vector 
space  in  a natural  manner  through  the  dot  product 


V • Y 


L a 

i 3xi 


<V 


n0.  t = ^ n^Y-j 


(E.1.7b) 


(E.1.7c) 


The  transformation  rules  for  dual  vectors  v“0  (such  as  v and  n0)  is 
that  the  image  in  the  coordinate  system  X'  satisfies 

v-.Y'  = v0.?  (E.l.Sa) 

for  every  vector  Y. 


Now, 


v'.r  = v-'1  v = ‘v,T[a]y‘ 

(E.1.8b) 

while 

^0  Y =tj  Y =tJ[A-l  A]Y" 

(E.1.8C) 

Thus,  for  ( E, 1 .8a)  to  hold,  we  require 

?'T  = vJ[A-l]  . f[A-T]f0J  T 

(E.1.8d) 

or 

v" 1 = [A-T]\T 

(E.1.8e) 

where  the  superscript  -T  denotes  the  inverse  of  the  transpose  matrix,  which  is 
the  same  as  the  transpose  of  the  inverse. 

Thus  dual  vectors  transform  by  A-^,  while  ordinary  vectors  transform 
(cf.  (E.1.2))  by  A.  It  should  be  noted  that  if  A happens  to  be  an  orthogonal 
matrix,  A = A-  and  is  length-preserving,  and  thus  regular  vectors,  unit 


E - 1—2 


vectors,  and  dual  vectors  transform  identically. 

The  gradient  operator  may  also  be  applied  to  functions  f of  position  x. 
We  see  that  if  we  define  v'  by 


V'  f (x • 


3 f(x')  = — 1 — f(x0) 

3 X -j 


3 X,' 


x“0  = A-*  x' 


we  obtain 
( V'f  (x))i  = 


& ^ * -k  [A'1]kJ 


af 

3Xk 


CA-13ki  - CA-I]ki— |3rk  f 


(E.  1.9) 


(E. 1.10a) 


where  6-jj  is  the  Kronecker  delta: 


j 


' 1 if  i = j 
„ 0 if  i ± j 


(E. 1.10b) 


We  thus  obtain 

y = a-T  V (E.1.11) 

which  is  consistent  with  our  transformation  rule  (E.1.8e)  for  dual  vectors. 

Next  we  see  that,  whenever  w^  and  W2  are  vectors  in  X0  then 
wi  x W2  is  "almost"  a dual  vector  in  the  sense  that 

wj  x W2  = (Awj)  x (Aw,,)  = (det  A)A-^  (w^  x W2)  ^ ^ 

This  equation  is  proved  below.  Thus,  apart  from  the  factor  of  det  A,  the 
cross  product  of  two  vectors  transforms  in  the  same  way  as  a dual  vector.  In 
a similar  vein,  we  note  as  well  that  the  cross  product  of  two  dual  vectors, 
v^  x V2>  transforms  very  much  like  a vector 

x^2  - (A"T  vi)  * <a“T  *2)  = <det  A)_1  A (*1  x *2)  (E.1.13) 

It  is  appropriate  at  this  time  that  we  give  brief  proofs  of  the  above 
assertions.  In  addition,  we  will  show  that  ndS,  the  surface  unit  normal  times 
the  element  of  surface  area,  transforms  like  an  "almost"  dual  vector,  (cf. 
(E.1.12)) . 

A vector  f that  is  tangent  to  some^surf ace  S at  some  point  x may  be 
regarded  as  the  tangent  to  some  curve  c^t),  parametrized  by  T and  lying 
completely  on  S,  as  that  curve  passes  through  the  poi_nt  x.  In  other  words, 
when  t is  a tangent  to  S at  x0,  there  exists  a curve  c(t)  such  that  c(T) 
lies  in  S,  x0  = c(Tq)  and 
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Given  this  specification  of  t,  it  is  easy  to  see  how  tangent  vectors 
transform.  _The  image  tangent  vector  t'  will  simply  be  the  tangent  to  the 
image  curve  c (x)  = A t(x)  evaluated  at  the  point 

xo'  = c'(t)  - A c ( T ) = Ax^  . Thus 


d 


c"' 


dx 


-1_  Ac(t) 

dx 


T=T0 


A 


d_ 

dx 


c(x) 


X=Xo 


as  asserted. 


At  = t1 


(E.1.15) 


Next  we  prove  equation  (E.1.12)  for  vectors  v and  w.  Recall  from  section 
B.3  that 


(v  X w)r  = epqrVp  wq  (E.1.16) 

where  epqr  is  defined  there.  So, 


( Av  x Aw  )r  - epqr (At)p  (Aw}q  = epqr  Api  v,  Aqj  wj  (E.1.17) 

Multiplying  by  AT  on  the  left. 


(At  (AVx  Aw))s  = [ATjsr  (AVX  Aw)r  . .pqr  Ap1  v,  Aqj 

But,  generalizing  the  definition  of  determinant 

det  A = cpqr  Api  Aq2  Ar3 

we  see 

eijs  ^et  A = epqr  Ap-j  Aqj  Ars 
and  thus  substituting  in  (E.1.18), 


(E.1.18) 

(E.1.19) 

(E.1.20) 


(AT  (Av  x Aw") ) 5 = e i js  (det  A ) v -j  wj  = (det  A)(v  x w}  5 

and  so 


(E.1.21) 


AT(At  x Aw)  = (det  A)  (t  x w") 


(E.1.22) 
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or 


(E.1.23) 


A\T  x AvT  = (det  A)[At]  Cv  x w) 
which  is  equivalent  to  (E.1.12) 

Next  we  examine  the  transformation  law  for  unnormalized  normal  vectors  n. 
Such  vectors  are  specified  only  up  to  an  arbitrary  multiplicative  constant; 
their  principle  characteristic  is  that  they  are  perpendicular  to  all  tangent 
vectors.  Thus,  if  fj  and  are  two  linearly  independent  tangent 
vectors,  'n  is  given  by 


n-  = o (t\  x t2)  (E.1.24) 

where  a may  be  chosen  arbitrarily  non-zero. 

Next,  we  note  that  the  image  n1  of  n must  be  perpendicular  to  the  images 

t]  , “t2  , of  ti  and  t^;  thus 


Using  equation  (E.1.4)  we  find 


“n  ‘ 


(det  A)  A-t 


= _2_  (det  A) [A_t]  t 


(E.1.25) 


(E.1.26) 


Choosinq  a1  = a , we  obtain  the  desired  results. 

det  A 


Finally  we  note  that  ndS  transforms  as  in  equation  (E.1.12).  This 
observation  follows  immediately  from  the  definitions  (see  figure  (E.2) 


n0dS  = dli  x ^^2 
"n'dS  = dlj  x d 1 2 

dl!  = (Adi).  (E.1.27) 

Upon  applying  equation  (E.1.12)  we  find  that 


*n'  dS ' = (det  A)  A“T  rT  dS 


(E.1.28) 
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<fo 


We  conclude  our  discussion  of  vectors  and  dual  vectors  with  the 
servation  that  the  Euclidean  inner  product  of  a vector  w"  with  a dual  vector 
is  invariant  under  transformation,  that  is 

(7,t)  = w = -vT  [A-l  A]  w = (A-t  v)T  aw  ='v,t  w’ 
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E.2  Metric  Matrices,  Dual  Metrics  and  Inner  Products 


The  introduction  of  metric  and  dual  metric  matrices  is  best  motivated  by  a 
careful  consideration  of  the  Prandtl-Glauert  equation  (3.0.1)  (for  the  dual 
metric)  and  the  definition  of  the  function  R (5.2.14)  (for  the  metric 
matrix).  First  we  define  the  metric  matrix  C. 

Recall  from  section  B.O  that  R2  is  given  in  terms  of  a control  point  P 
and  a surface  point  Q in  the  compressibility  coordinate  system  (x,y,z)  by 

r2  = (Pl  . qx)2  _ s82  (P2  - Q2)2  - se2  (P3  - Q3)2  lc  , . , 


This  relation  may  be  written  in  matrix-vector  form  as 


R2  = (P  - Q)t 


1 0 0 
o se2  o 

0 0 S82 


(1 P - Q) 


This  equation  motivates  us  to  define  the  metric  matrix  C by 


(E.2. 2) 


[C] 


(E.2. 3) 


Corresponding  to  C,  we  define  the  compressible  inner  product  [vq,  w2]  of 
two  vectors  vq  , wj?  by 


[ wi , W2l  = [C]w2  = (wl»  C^^w2) 


(E.2. 4) 


Turning  now  to  the  definition  of  the  dual  metric  matrix  B,  we  note  that  the 
Prandtl-Glauert  equation  can  be  written  (since  se2  = 1 - ) 


(3 


se2 

'a/ax ' 

/ax  a/ay  a/az) 

1 

3/ ay 

lj 

3 / 3 Z _ 

= 0 


In  matrix  vector  form  this  reads 


(E.2. 5) 


[vT  [B]  $}  <b  = 0 (E.2. 6) 

where  [B]  is  defined  by  (cf.  (5.2.5),  where  reference  and  compressibility 
coordinates  are  assumed  to  be  identical) 


se‘ 


[B] 


1 


1 


(E.2. 7) 
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Since  the  operator  v transforms  like  a dual  vector  (cf.  (E.1.8e),  equation 
(E.2.6)  motivates  us  to  define  the  dual  compressible  inner  product , "vp} 
of  two  dual  vectors  by  c 


{^i*  *2)  = V [b]  v*2  = (n,  CB]r2)  (E.2.8) 

An  important  relationship  between  B and  C is  the  identity 

[B]  [C]  = SB2  [I]  (E.2.9) 

When  we  investigate  the  transformation  rules  for  [B]  and  [C]  we  will  find  that 
this  relationship  is  preserved  under  linear  transformations. 

Careful  examination  of  equations  (E.2.5)  and  (E.2.8)  shows  that  we  may 
define  modified  vectors  w and  modified  dual  vector  \i  by 

w = Cw  (modified  vector)  (E.2.10) 

v = Bv  (modified  dual  vector)  (E.2.11) 

With  modified  vectors  defined  in  this  fashion,  it  is  easy  to  see  that  the 
inner  product  relations  (E.2.4)  and  (E.2.8)  can  be  written 


Cwl»  w2]  = (w]_,  w2)  = (wj,  w2) 

{ vj,  v2}  = (vj,  v2)  = (vj,  v2) 

Two  examples  of  modified  dual  vectors  include  the  conormal. 


" = " (E.2.14) 

and  the  modified  gradient  operator,  V , defined  by  (5.2.4). 

We  now  examine  the  transformation  rules  for  metrics  and  dual  metrics. 

When  a coordinate  transformation  of  the  form  (E.1.1)  is  performed,  the  metric 
matrix  C and  dual  metric  matrix  B in  the  new  coordinate  system  X1  are  defined 
by  the  invariance  requirements  that 


p 

k 


wj  T EC']  W*  = [wj  , w^] 

= T CB'  ] T2  = { v^  , "v2  } 


(E.2.15) 

(E.2.16) 
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* T 

whenever  w.  = Aw..,  v.  = [A  Iv-.  . For  the  metric  matrix 

C',  (E.2.15)  implied  that,  for  arbitrary  vectors  w^,  w ^ 

"w|[C]v^  = [*!»  £,]  = '^[C ' ]w^  '=  lrf|[A^  C'  A]v£> 


(E.2.17) 


Consequently  we  find  that 

C = At  C'  A,  C'  = A-T  C A'1  (E.2.18) 

Similarly,  equation  (E.2.16)  provides  us  with  the  transformation  rule 

B = A"1  B'  A-T,  B’  = ABAT  (E.2.19) 

It  is  now  an  easy  matter  to  verify  that  the  relationship  (E.2.9)  is  preserved 
under  transformation;  calculation  gives 

B'  C'  = (A  B AT)  (At  C A"1)  = A(B  OA"1*  A ( SB2  I)  A"1  = SB2  I 

(E.2.20) 

There  is  no  a priori  condition  that  determines  how  w transforms,  so  we 
make  the  reasonable  requirement  that 

(w) ' = (w')~  (E.2.21) 

Then 

w’  = (wT  = C'  w'  = C'  Aw  - [C‘  A C_1]w  (E.2.22) 

From  equation  (E.2.18)  we  see  that 

C1  A C-l  = A-T  (E.2.23) 

so  that 

w*  = A-T  w (E.2.24) 

This  shows  that  modified  vectors  are  in  fact  dual  vectors. 

Similarly,  one  may  show  that  modified  dual  vectors  are  vectors.  That  is, 
assuming,  for  a dual  vector  that 

(v) 1 = (v ' )~  (E.2.25) 

then 

v*  - A v (E.2.26) 
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These  observati°nspr°vided  us  with  an  interesting  interpretation  of  equations 
and  iE*2,1’)'  Lwl»  W2],  which  is  the  compressible  product  of  the 
vectors  wj  and  w2>  is  the  same  as  the  Euclidean  inner  product  of  the 
vector  wj  and  the  dual  vector  W2  ; similarly  {vt,  v?)  , the  dual 
compressible  inner jDroduct  of  the  dual  vectors  vi  and  wo  is  the  Euclidean 
inner  product  of  vj  (a  vector)  and  V2  (a  dual  vector).  This 
observation  shows  that  the  invariance  properties  (E.2.15)  and  (E.2.16)  are 
closely  related  to  the  invariance  relation  (E.1.29). 


E.2-4 


E.3  Coordinate  Transformations 

We  recall  from  section  E.O  the  reference  coordinate  system  X0,  the 
compressibility  system  X,  the  scaled  system  X,  and  the  local  system  X'.  In 
this  section,  we  will  determine  the  properties  required  by  the  transformation 
A:  X0  » X',  and  then  show  that  the  matrix  (E.0.1)  is  the  unique  matrix  with 
these  properties. 

In  general  the  x-axis  of  coordinate  system  X0  need  not  line  up  with  the 
free  stream.  Thus  it  is  necessary  to  define  a new  coordinate  system  X in 
which  the  x-axis  is  lined  up  with  the  free  stream  axis  (that  is  the  x-axis  of 
the  Prandtl-Glauert  equation  (3.0.1))  . This  is  possible  if  the  user  provides 
the  compressibility  direction  by  means  of  a compressibility  vector  c0  . 

The  PAN  AIR  program  user  will  specify  the  compressibility  axis  by  giving  an 
angle  of  attack  ac  and  a sideslip  angle  0C  as  shown  in  fig.  E.3.  The 
orientation  of  the  compressibility  axis  is  given  by  the  unit  vector  (cf. 
(5.2.12)) 


co  - 


COS  ac  cos  ec 
-sin  bc 

sin  ac  cos  ec 


(E.3.1) 


A free  stream  oriented  coordinate  system  X must  be  defined  such  that  the 
compressibility  vector  c0  lies  along  the  x-axis  of  this  new  coordinate 
system.  The  transformation  from  X0  to  X may  be  characterized  as  an  angle  of 
attack  rotation  of  (-  ac)  about  the  y0  -axis  followed  by  an  angle  of 
sideslip  rotation  of  (-  Be)  about  the  resulting  z axis. 

Note  that  coordinates  transform  in  the  opposite  manner  from  basis  vectors. 
Thus  if  we  denote  the  transformation  from  X0  to  X by  Tc  s0  that 

rc:  X0  X (E.3. 2) 

we  have 
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rc  = (“6c)  Ry(~  a(0  = 

sin 

Sc 
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-sin  ac 

0 

COS  a c 

mtd 

COS  ac  COS  Bc 
COS  ac  sin  Bc 
-sin  ac 


-sin  bc 

COS  Bc 
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sin  ac  COS  Bc 
sin  ac  sin  bc 

COS  ac 


(E.3. 3) 
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Here  Ry  and  Rz  denote  rotations  about  the  respective  axes. 

Thus  the  compressibi 1 ity  axis  in  coordinate  system  X is  given  by 


c 


1 

< 0 ► 
0 


which  is  the  desired  result. 


(E.3.4) 


In  fact,  if  rc  is  partitioned  by  rows,  we  see  immediately  that  the  first 
row  of  rc  is  simply  c^  while  the  remaining  two  rows  are  orthogonal  to 
c0  and  to  one  another: 


rc  - 


> 


tj 


v.  j 


(E.3.5) 


In  fact,  rc  is  an  orthogonal  matrix;  fc^  fc  = I 


A matrix  of  the  form  Tc,  transforming  reference  coordinates 
orthogonally  to  another  user-defined  system,  is  used  after  the  potential  flow 
solution  has  been  obtained. 


This  axis  system  X*  is  defined  by  an  angle  of  attack  a*  and  an  angle  of 
sideslip  8*,  with  the  transformation  T*:  X0  » X* 
defined  by 


r* 


COS  a*  COS  B*  -sin  B* 
COS  a*  sin  B*  COS  B* 
-sin  a*  0 


sin  a*  COS  B* 
sin  a*  sin  b* 

COS  a* 


(E.3.6) 


The  angles  a*  and  b*  are  user-supplied,  and  describe  the  coordinate  system  in 
which  the  user  wishes  PAN  AIR  to  calculate  forces  or  moments. 

Before  we  consider  the  transformation  from  reference  (X0)  to  local  (X') 
coordinates,  let  us  consider  the  transformations  (see  (E.2.18)  and  (E.2.19) 
substituting  c for  A) 

T 

[c0]  = rc  c rc 


T 

[8q]  = fc  B fc 
E.3-2 


The  matrices  80  and  C0  have  the  same  properties  in  reference  coordinates 
that  B and  C have  in  compressibility  coordinates.  That  is,  equations . ( E . 2 . 2 ) , 
(E.2.4),  and  (E.2.8)  hold  for  B0  and  C0  if  the  vectors  in  these  equations 
are  written  in  reference  coordinates. 


Now,  from  (E.2.3)  and  (E.2.7) 
[C]  = sb2  I + (1-S82)  ei  Sj1 
[B]  = I + (sb2  - 1)  ei  ej 


(E.3.8) 


where  e-j  is  the  ith  column  of  the  identity  matrix  I. 


T 

Now,  since  rc~l  = Tc  because  Tc  is  orthogonal,  and 

rc  = c0 

by  ( E . 3 . 5 ) , 

[C0]  = SB2  I + (1-sb2)  c0  c0T 

[B0]  = I + (sb2  -1)  c0  c0T  (E.3.9) 

Let  us  now  consider  the  properties  we  require  of  the  transformation 

A:  X0  » X'  (E.3.10) 

where  X'  is  the  local  coordinate  system  for  each  subpanel. 

The  reasons  for  these  requirements  are  given  following  (E.3.15). 

First,  recalling  (5.2.19)  through  (5.2.22),  we  require,  for  points  p and 
q,  that 

R2  = (p'l  - q ' l ) 2 + ( P ' 2 ~ q'2)2 

+ ( p ' 3 - q ’ 3 ) 2 for  subsonic  flow 

= (p'i  - q ’ i ) 2 - ( P ' 2 - q'2)2 

- ( p ' 3 - q ’ 3 ) 2 for  subinclined  panels  in  supersonic  flow 

= -(p'i  - q ' 1 )2  - (p ' 2 - q ' 2)2 

+ ( p ' 3 _ q ' 3 ) 2 for  superinclined  panels.  (E.3.11) 

Second,  we  require  that  on  the  subpanel  on  which  the  X'  coordinate  system  is 
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defined, 

z' 


0 


(E.3.12) 


lrd,  we  require  that  the  "upstream"  direction  be  the  x'<  0 direction  for 
subsonic  flow  or  subinclined  panels,  (cf.  (E.3.13))  and  that  the  upstream 
direction  be  preserved  for  superinc 1 ined  panels,  (cf.  (E.3.14)). 
he  surface  normal  in  reference  coordinates  is  pointing  into  the 
should  the  surface  normal  in  local  coordinates,  and  similarly  if 
pointed  with  the  flow.  Precisely,  we  require 


That  is,  if 
flow,  then  so 
the  normal  is 


(c0.  A"1  ei)  > 0 
in  the  former  case,  and 

sign  (c0,  A-l  e3)  = sign  (c0,  n0) 
in  the  latter  case.  The  fourth  requirement  is 


(E.3.13) 


(E.3.14) 


Before  proving  that  these  requirements  are  satisfied,  let  us  discuss  them 
further.  Equation  (E.3.11)  is  necessary  in  order  to  obtain  reasonable 
formulas  for  the  influence  coefficients,  that  is,  formulas  which  do  not  have 
scaling  coefficients  all  over.  The  requirement  that  the  subpanel  lie  in  a 
coordinate  plane  makes  the  integrals  needed  for  influence  coefficient 
calculation  computable,  the  z'  = 0 plane  is  chosen  throughout  in  order  to 
permit  uniform  formulas  for  all  three  cases.  The  constraint  on  the  upstream 
irection  makes  the  notation  for  the  derivation  of  the  influence  coefficient 
formulas  simpler.  Finally,  the  requirement  that  A have  positive  determinant 
insures  that  the  local  coordinate  system  will  be  a right-handed  one. 


In  the  remainder  of  this  appendix,  we  will  rigorously  prove  that  the 
matrix  A in  (E.0.1)  satisfies  the  requirements.  We  will  not,  however,  explain 
where  A came  from,  since  we  did  not  arrive  at  A through  a rigorous  procedure. 

Recall  that  we  claim  that 


[C0]  G0  ! -II 


[Col  Vo 


satisfies  the  requirements  (E. 3. 11-15),  where 
n0  = unit  normal  vector 
v0  = (n0  x c0)/|n0  x c0| 
r = sign  (n0,  n0} 

Go  = v0  x n0 


(E.3.16a) 


( E . 3 . 16b ) 
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The  subscript  o indicates  these  vectors  are  in  reference  coordinates. 

If  n0  is  parallel  to  c0  , v0  may  be  chosen  arbitrarily  as  any  unit 
vector  perpendicular  to  them.  Since  u0  and  v0  are  linearly  independent 
vectors  orthogonal  to  n0,  the  second  requirement  on  A,  (E.3.12)  is 


equivalent  to 

(A  u0,  £3)  = 0 

O 

II 

CO 

«v 

o 

<> 

(E.3.17) 

or  (u0,  At  §3)  = (v0,  At  §3)  = 0 

(E.3.18) 

or  AT  £3  = k n0,  k * 0 

(E.3.19) 

But  this  just  says  that  the  third  column  of  should  be  proportional  to 
n0,  which  is  satisfied  by  the  matrix  in  (E.0.1). 

Next,  by  definition, 

R2  = (P1  _ qi)2  + sb2  (P2  - q2)2  + SB 2 (P3  - 


ri 


= (p“  - "q)  T 


(p'-ql 


= (rcCp'o  - %))J  [c] 


rc(P0-  Po) 


(E.3.20) 


= (Po  - Qo)^  CIc"*"  C FcKPo-  Po)  (E.3.21) 

= (by  (E.2.18)) 

(Po-  q0)T  [C0]  (Po-  q0)  (E.3.22) 

On  the  other  hand,  we  can  unify  (E.3.11)  by  noting  that  r = -1  if  and  only  if 
the  panel  is  superinclined,  and  so  (E.3.11)  becomes 


R2 


(a  { Po  - Po)} 


A (Po  - %) 


(E.3.23) 
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Combining  with  (E.3.22),  we  obtain  the  requirement  on  [A]: 


[AT] 


Inverting  (E.3.24) 


rs 


[A]  = [C0] 


A-l 


rs 


A-T  . [CoH 


or 


rs 


= [A][C0]-1  CAT] 


But,  by  (E.3.7) , [C0H  = rj  [C"1]^ 


r 

C 


l/ss2 


1 /SB2 


rc 


SB' 


rc  6 r0 


SB' 


°(byE-3'9)  -jjr-  ni  + a-  i 1 Vi 


Thus,  we  must  show  that 


(E.3.24) 

(E.3.25) 

(E.3.26) 

(E.3.27) 

(E.3.28) 

(E.3.29) 

(E.3.30) 


[D]  = A Cq-1  At  = 1 [A  At]  + (1 

SB2 


r 


s 


i_  ) [A  c0  c0T  aT] 
SB2 


(E.3.31 ) 
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Now, 


[D1„  - (1  0oT  [C0]T  [C0]  u0 

KnO»  n0}|  SB2 

♦ (1  - -V  ) 0oT  [C0]T  c0  S„T  [C0]  0o) 
SB^ 

But  from  (E.3.9) 

[Cj  C0]  = B4  [I]  + 2 SB2  (1  - sb2)  [c0  cj] 

+ (1-  sb2)2  [c0  cj  c0  cj] 

= B4  [I]  + ( 2SB2  - 2b4  + 1 - 2sb2  + B4)  [S0  cj] 

= B4  [I]  + (1  - B4)  [So  cj] 

Next, 

[Cj  c0  cj  C0]  = [SB2  I c0  cj  SB2  I] 

+ [sb2  I c0  Cq  (1  - SB2 ) £0  6oTl 

+ [ (1  - SB2)  c0  c0T  C0  c0T  s B 2 1 3 

+ [ (1  - SB2)  C0  C0T  Cq  CqT  (1  - SB2)  c0  C0T] 

= B4  [C0  C0T]  + (SB2  - B4)  [Co  C0T] 

+ (SB2  - B4)  [Co  C0T1  + (1  - SB2)2  [Co  cV] 

= [So  e0Tl 

So,  u0T  [CoT  Cq]  U0  = B4  UoT  U0 

+ (i  - b4)  tfo  cj]  Go 

= B4  Ml  - B4)  (u0,  c0)2 

and 

uj  [Cj]  [Sq  cj]  [Cq]  Uq  = (u0.  c0)2 


(E .3.32) 


(E.3.33) 

(E.3.34) 

(E.3.35) 


(E.3.36) 

(E.3.37) 

(E.3.38) 

(E.3.39) 

(E.3.40) 

(E.3.41) 
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So, 


Coin  = — L [ — s^_  + j_b4  (0qj  6q)2 

I ( n0,n0}  | sb  ^ sb^ 

+ (1  - -K-  ) (Go>  c0)2  ] 

SB^ 

' I TT  n \l  C(S6Z  + (1  ' S8?)  (“°'  "C°)2] 

Kno»  no)| 

Now,  for  vectors  A,B,C, 

(A  x B)-C  = e i j k Ai  Bj  Ck  = ejki  Bj.  Ck  A-j  = (Bx  t)'t 


Thus,  applying  ( E . 3 . 16b ) , 

u0.c0  = (v0  x n0)  . c0  = (n0  x c0).v0 

= (Oq  x c0)(v0  . Vq)  = rig  x c0 


(E.3.42) 

(E.3.43) 


(E.3.44) 


Thus 

= |n0  x c0|  = ± sin  © 

where  o is  the  angle  between  n0  and  c0. 

On  the  other  hand  by  (E.3.9) 
n0,  n0  = n0T  B0  n0  = n0T  n0 
+ (SB2  - 1)  (n0  . c0)2 

= 1 + (sb2  - 1)  (n0  . c0)2  = 1 + (sb2  - 1)  cos  2 © 
since  (n0  , c0  ) = cos  9. 

So,  Du  = SB2  + (1  - Sb2)  sin2  q 
r (1  + (sb2-  1)  cos2  9) 
(since  r { n0,  n0}  = |{n0,  n0}|  ) 

= sb2  + (1  - SB2)  (1  - COS^  9) 

(1  + (sb2  - 1)  cos2  9)  r 


(E.3.45) 

(E.3.46) 


(E.3.47) 

(E.3.48) 


(E.3.49a) 

(E.3.49b) 
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(E.3.50) 


_ 1 (1  - ss2)  ( - cos2  e)  _ r 

(1  + ( SB2  - 1)  cos  2 e)  r (E.3.51) 

Next,  let  us  consider  By  (E.3.31)  and  (E.0.1), 

d22  = -L  -iLsi  (C0  v0)T  C0  v0 


♦ ( 1-  — L.)  .xLd  (Co  50)T  [Co  c0T]  C0  v0 

SB^  8^ 

- _1  V„T  C„T  C0  v0  + (1  - — 1 _1  VoT  [C„T  Co 

SB4  S B ^ 


(E.3.52) 
e0T  Cq]  Vq 


(E.3.53) 

Now,  cj  v0  = 0 (E.3.54) 

and  applying  (E.3.35)  we  therefore  get 


1 v0T  [C0T  C0]  v0  = J-  v0T  v0  = s 

SB4  S 


(E.3.55) 


Applying  (E.3.38)  we  find  that  the  second  term  of  (E.3.53)  vanishes,  and  thus 


D22  = s 


(E.3.56) 


Next  (by  (E.0.1)  and  (E.3.31)), 


D33  = 62  n°T  + (1  - _L  ) -il—  n0T  c0  c0T  n0 

sb2  |{n0 » r>0}|  SB2  |{n0,n0}|  (E.3.57) 

Using  (E.3.48) 


D33  = s + B2  (1  - 1/sB2)  cos2  © 

| {ng , n q y ^ j l^o  » ^*oll  (E.3.58) 

_ s + (b2  - s)  cos2  © 

|{n0  , n0}|  (E.3.59) 

(by  (E.3.48)  and  ( E - 3 . 49a ) ) 


E.  3-9 


S (1  (SB?  - 1)  cos2  9)  = rs 

r (1  + ( sb^—  1)  cos?  q) 


(E.3.60) 


Next,  we  consider  D12  . By  (E.0.1)  and  (E.3.31), 


d12  = 


rs 


sb^  |{n0,n0 >|  1/2 


(C0  u0)T  C0  Vq 


rs 


1 - ss2  B |{n0,n0} j 1 /2 


Cq  tc0  e0Tl  C0  v0 


(E.3.61) 


„T  /vApplying^(E.3.35)  and  (E.3.38),  we  see  that  each  term  contains  either 
C<J  vo  or  ui  vo»  both  of  which  are  zero  by  (E.3.16b),  and  thus 


°12  = 0 
Next,  D13  = 


(E.3.62) 


|tn0»  n0>|  sb2 
= (by  (E.3.9)) 


“oT  [C0T]  n0  + (1  - _! — ) u0T  [C0T  c0  c0T]  n0 


SB' 


(E.3.63) 


M 

Kno* 

no)| 

U0'  SB4-  n0  + 

SB2 

+ (i- 

1 

) G0T  SB2  c0  c0T  n0 

SB2 

+ (i- 

1 

) (1  - SB2)  u0T  c0  c0T  c 

i=ai  o0T  £0  c0t  ~„c 

SB2 


*r 


SB' 


(E.3.64) 


= ( by ( E . 3 . 16 ) ) 


E - 3—10 


8 


1 


i(n0*  n0  ;| 


(0 


- l)(u0T  c0  c0T  n0) 


SB* 


+ (sb2-  1)  (u0T  c0  c0T  n0)  + (2  - — 1 - sa2)  (u0T  c0  c0T  n0) 


S8‘ 


(E.3.65) 


B - . 0 

j(no»  no'l 


0 


(E. 3.66) 

Finally,  D23  can  be  expressed  by  (E.3.63),  changing  the  factor  in  front  to 


rs  , and  replacing  u0  by  v0.  But  since  we  also  have 

1 1 n0 • n0> | ^^2 

(by  (E.3.16)) 

vj  n0  = 0 (E.3.67) 

we  can  follow  the  steps  (E. 3. 63-66)  again  to  obtain 

D23  = 0 (E.3.68) 

Now,  combining  the  fact  that  D is  symmetric  (see(E.3.31) ) with  (E.3.51), 
(E.3.56),  (E.3.60),  (E.3.62),  (E.3.66),  and  (E.3.68),  we  have 


[D]  = 


rs 


(E.3.69) 


which  we  have  shown  is  equivalent  to  (E.3.31)  (see  the  argument  from  (E.3.20) 
to  (E.3.31)). 

So,  we  have  proved  that  R2  has  the  appropriate  form  in  the  X'  system 
(E.3.11) , and  earlier  we  showed  that  the  subpanel  lies  in  the  z'  =0  plane. 

To  show  that  the  upstream  direction  transforms  correctly,  we  exhibit  A-1 
first.  We  claim 


A-1  = 


Bq  no 


I { no >no  M ^ ^ 


8 ! 6 |{n0,n0}| 


(E.3.70) 


Verifying  that  [AA~1]=  [I]  is  tedious,  and  uses  the  same  sort  of 
arguments  as  evaluating  0. 


First, 


E.3-11 


[AA-1], 


= (by  E.3.9) 


!tn0,  n0}j 


u0T  C0"^"  u0 


(E.3.71) 


|{no»  no}| 


(se2  U0T  u0  + (1  - SB2)  U0T  C0  C0T  U0] 


= (by  (E.3.46),  (E.3.48),  and  ( E . 3 . 48a ) ) 


r (1  + (SB2  - 1)  COS2 


(sb2  + (1  - SB2)  sin  2 ©)  = 1 


Next, 


[AA-1]22  = 50T  C0T  v0  - 

8^ 


= (by  (E.3.9)) 


5 (sb2  V v0  + (1  - SB2)  v0T  c0  c0T  vQ] 


= (by  (E.3.16))  vj  v0  = 1 

Next, 


[AA-1]. 


It  n0,n0}] 


n0T  n0 


= (by  definition) 


r (no  » no) 
Kno  > no)l 


by  (E.3.49a) 


E . 3-12 


(E.3.79) 


Next, 

rs|{n0,  n0>|1/2  [AA-1  ]12  = uj  cj  V0  = 

(by  (E.3.9),  since  C0  is  its  own  transpose  by  (E.3.24)) 

(1  - SB2)  uj  c0  cj  v o + SB2  uj  v0  = 0 (E.3.80) 

by  (E.3.16). 

Next,  rB|{n0,  n0}j  [AA'1]^  = uj  [C0  B0]  n0 


But  from  (E.2.20)  we  see 


C0  B0  = SB2  I 

(E.3.81) 

and  thus  by  (E.3.16) , 
c AA-! ] X3  = 0 

(E.3.82) 

Next, 

B2r2sKS0,  n^i/2  [AA-1]23  = ?J  [Cj  B0]  n0 

(E.3.83) 

Once  again  applying  (E.3.81)  and  (E.3.16),  we  obtain 
[AA-1]23  = 0 

(E.3.84) 

Next, 

8 |(n0,  n0>|  !/2  rAA-l-j^  = VnT  Cn  un  = 0 
r2s 

(E.3.85) 

by  (E.3.80). 

Next, 

r Hno>  n0}|  TAA-1!-,,  = nnT  Un  = 0 

B 61 

(E.3.86) 

by  (E.3.16). 

Finally 

r|{n0.  n0}|  1/2  [AA"1^  = nj  v0  = 0 

(E.3.87) 

by  (E.3.16). 

Thus  we  have  shown  that 
[AA-1]  = I 

(E.3.88) 

E . 3—13 


Applying  (E.3.70)  when  r = +1 , 


[A-l] 


f n 

o 

.0 


and  so 


Po,no}|l/2 


(E.3.89) 


c0T  A-l 


n 

o 

0 J 


(c0>  ^q) 
|{h0»h0}|  1^2 


"o  x Co 

I {n0,n0>|  1^ 


> 0 


This  proves  (E.3.13).  Applying  (E.3.70)  when  r = -1, 


(E.3.90) 


[A-l] 


and  so 


-[B0]n0 
8|{"0>"0}|  1/2 


(E.3.91 ) 


c0T  [A-l]fo|  = _ W CB0]  n0 

l 1 J 8 KnO»no}| 

(by  (E.3.9)  and  (E.3.48)) 


(E.3.92) 


1 

e Kn0,n0}|  l/2 


(C0T  n0  ♦ (se2  _1)  a0T  a0  50T  f|o) 


= - se  (c0>  n0) 

P |{n0,n0}|  1/2 


(E.3.93) 

(E.3.94) 


which  has  the  same  sign  as  (c0  , n0)since  s = -1,  thus  proving  (E.3.14). 
Finally,  we  show  that  det  A > 0. 

Applying  (E.1.12)  to  G0  and  ^0, 

Au0  x Av0  = (det  A)  [A~T]  (u0  x v0)  = (det  A)  [A~T]  n0 


E . 3—14 


(E.3.95) 


(by  E.3.16) . 
Applying  (E.3.70), 


A-T  n 


o = 


UOT 1(/2 


u0  . u0 


vo  • no 


B |{n0,n0}|  172 


(E.3.96) 


0 

0 


1 


|{  no » n0>l 1/2 


(E.3.97) 


Now,  recalling  from  (E.3.79)  that  uj  [C0]  v0  = 0,  and  applying 
(E.3.16), 


[A]  G0  = 


r % 

G0T  C C 0 1 ^0 

r It n0  , n0>! 1/2 

K n0  > G0) | 

► 

0 

0 

« 

0 

j 

0 ) 

(E.3.98) 


by  (E. 3. 71-73). 


Next,  applying  (E.3.16)  and  (E.3.79), 


[A]  v0 


r 

0 1 

r 0 ' 

4 rs 

V [C0T]  v0 

► 

4 

rs 

B"  ' 

L 

0 

0 

V 

by  (E. 3. 74-76). 


(E.3.99) 
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So, 


A u 


A v 


(by  (E.3.80) ) 


0 

0 


62  Ca-T] 


(E.3.100) 


Substituting  in  (E.3.95),  we  see  that 
det  A = b2  > 0 


(E.3.101 ) 


This  concludes  our  proof  that  [A]  satisfies  (E. 3. 11-15). 

A useful  result  relating  to  the  area  jacobian  J for  the  reference  to  local 
transformation  matrix  can  be  derived  using  the  results  of  this  section 
combined  with  some  results  from  the  previous  two  sections,  E.l  and  E.2.  Using 
the  formula  (E.l. 28),  we  form  the  inner  product  of  the  vector  n'dS'  with 
itself  using  the  metric  B'.  We  obtain: 

(n'dS')T  B'(n'dS')  = (det  A)2  (nQdS)  A'1  B'  A"T  (nQdS) 

(E.3.102) 


Now  the  matrix  B'  satisfies  the  equations  (cf.  (E.2.19)  with  slight 
modifications  to  account  for  the  rotation  rc): 

Bo  = A_1  B<  a’T  b‘  = a Bo  aT  (E.3.103) 

Using  the  fact  that  det(A)  = s2,  equation  (E.3.102)  simplifies  to  read 

(dS')2  (n'T  B'  n')  = e4  (dS)2  nj  BQ  nQ  (E.3.104) 

Now  equation  (E.3.31)  defining  the  diagonal  matrix  0 can  be  combined  with  the 
resul  t 


£Bo]  [Co]  = s s2  1 (E.3.105) 

which  is  readily  derivable  from  (E.3.9)  to  conclude  that  B'  as  qiven  bv 
(E.3.103)  satisfies: 

[B*3  = [A][Bq][A]T  = [A]  (s  B2  [Cor1)[A]T  = s B2  [D] 


(E.3.106) 


E.3-16 


Combining  this  with  the  fact  that 


n'  = < 0 


and  recalling  the  definition  of  the  dual  inner  product,  (E.2.13),  we  rewrite 
equation  ( E .3 .104)  in  the  form 

....  .2  . 2>  A , ^v2  I a a » (F.3.101 


(dS')2  (r  b2)  = 64  (dS)2  (n0,  n0)  (E.3.1C 

Taking  absolute  values  and  rearranging  this  slightly,  we  obtain  the  desired 
result  for  the  area  jacobian: 

dS  area  in  reference  coordinates 
= 'Js1  = area  in  local  coordinates  ~~ 

. l/c.  |(v  %)l1/2]  |E-3'1 

Note  also  that  by  taking  the  sign  of  equation  (E.3.108)  we  obtain, 

• In  n \ (E.3.1 

r = sign  nQ,  nQ| 


reproducing  the  third  of  equations  (E.3.16b). 


E. 3-17 


<c 


b.  Scaled  coordinates 


Figure  E.l  - Surface  S in  compressibility 
and  scaled  coordinates 
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F.O  Edge  Matching 


In  this  appendix,  we  will  discuss  the  process  by  which  *he  PrJ9rf"  .. . 

nprforms  "edge  matching",  that  is,  insures  "continuity"  of  doublet  strength. 
In  section  F 1 we  will  supply  the  theoretical  bacfcground  summarizing  section 
B 3 and  discussing  a few  points  not  mentioned  there.  In  section  F.Z,  we  wi 
discuss  the  concept  of  abutments  between  networks  introducing  some  c of  the 
terminology  used  within  the  program.  In  section  F.3,  we  discuss  the  process 
by  which  the  program  determines  the  list  of  abutments  defined  by 
user-input  configuration.  In  section  F.4,  we  describe  the  assignment  of  one 
edge  inPthe  abutment  to  be  the  matching  edge,  and  show  how  £his  assig  t 

insures  doublet  matching  along  the  abutment.  In  ^sections" 

special  techniques  used  by  the  program  to  process  abutment  intersect 
nnint5  in  sDace  at  which  abutments  meet.  In  section  F.6,  we  discuss 
"gap-filling  panels,"  which  are  added  by  the  program  along  abutments  wher 
gaps  between  network  edges  exceed  the  user-input  tolerance  distance. 
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F.l  Continuity  Requirements 


Recall  equation  (B.3.12),  that  along  any  panel  edge  we  should  have 


n 

l 

i = 1 


>i  IM 


= 0 


(F.1.1) 


where  n is  the  number  of  panel  edges  meeting,  and  Si  * ±1  is  determined  by 
the  direction  of  the  panel  normal.  We  supplied  three  distinct  types  of 
. • f nr  /f  i First  it  is  physically  reasonable.  Second,  it 

has  been  experimentally  shown  to  be  necessary  for  the  analysis  of  supersonic 
flow  Thirt!  (F.1.1)  can  be  used  to  increase  the  efficiency  of  the  program  by 
allowing  the  removal  of  the  11  line  vortex  terms. 

The  imDOsition  of  (F.1.1)  is  effected  in  one  of  three  ways.  Within  the 
interior  of  the  network,  it  is  effected  by  splines,  discussed  in  Appendix  I, 
which  impose  the  equation 


ul  - u2 


= 0 


(F.l. 2) 


alona  all  Danel  edqes.  Note  that  therefore  two  networks  must  not  meet  except 
air,  networkedges;  else,  the  value  of  n along  the  line  o in  ersection  would 
bp  at  least  3 while  the  spline  methods  assume  n = 2.  In  figure  h.i,  we 
illustrate  such  an  impermissible  intersection  of  networks.  Along  network 
edges,  boundary  conditions  (called  edge  matching  boundary  con^ions)  flre  used 
tn  imDose  (F  1 2)  The  curve  along  which  network  edges  meet  is  called  an 
abutment^  If  an  abuiment  consists  of  only  two  network  edges  he  user  may 
specify  it  as  a "smooth  abutment",  in  which  case  a splining  method  (d  scusse 
in  Appendix  I),  is  used  in  place  of  boundary  conditions  to  imp°se . 

This  results  in  fewer  boundary  conditions,  and  thus  reduces  e si 
system  of  equations  to  be  solved. 

The  use  of  smooth  abutments  is  restricted  to  networks  which,  together, 
def  i ne^con  t i nuousl y smooth  surface.  If  the  surface  def  ’"<*  c!e£° 

dlscmtSis;  whil^th^smoot^abutmen^specification  will  make  the  gradient 

S;oftn^,)r^;:or^s^^r^e^ru^Tdlsc?^rr;urface  containing 
a discontinuity  of  slope. 

There  is  one  case  in  which  (F.1.1)  does  not  hold.  This  case  is  that  of  a 
leading  edge  vortex  (see  figure  B.10).  The  true  physics  of  the s Ration 
that  the  vortex  rolls  up  tighter  and  tighter  (see  figure  F.2)  until  it 
dissipates  due  to  viscous  effects.  A potential  flow  program  could  only 
simulate  the  roll-up  of  the  wake  by  supplying  a wake  with  infinitely  m y 
turns  in  it  This  not  being  practical,  wake  roll-up  can  be  simulated  by  ^ 

r Along  1 H e^th  is  in 

SrrH 

Of  doublet  strength  means  that  when  the  influence  of  the  wake  on  a control 


'line 
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point  is  computed,  the  "line  vortex  terms"  must  be  added  in,  that  is 


/ u v ( - ) x dl 

3S  R (F.1.3) 


must  be  computed.  We  describe  the  computation  of  this  quantity  in  appendix  J. 

The  mechanism  by  which  the  program  user  causes  the  line  vortex  term 
(F.1.3)  to  be  added  into  the  influence  coefficient  matrix  is  the  following. 

He  specifies  "no  doublet  matching"  for  a particular  network  edge.  The  program 
then  insures  that  the  boundary  conditions  imposed  at  the  control  points  along 
the  edge  are  not  those  of  doublet  matching  (that  is,  of  the  form  (F.1.1)),  and 
furthermore  adds  in  the  line  vortex  contribution  for  each  panel  edge  lying 
along  the  network  edge  when  measuring  the  influence  of  the  panel  on  a control 
point. 


F.l-2 


F.2  Network  Abutments 

PAN  AIR  deals  with  a number  of  distinct  data  sets  called  abutments.  There 
are  "Dairwise  abutments",  "user-defined  abutments",  "empty  space  abutments  , 
and  "proqram-generated  abutments".  The  latter  three  types  of  abutments  are 
end  products  of  the  procedure  which  generates  a list  of  all  existing  networ 
abutments.  User-defined  abutments  are  those  described  by  the  user,  either  in 
order  to  indicate  that  they  are  smooth,  or  else  because  the  user  is  not  sure 
that  the  "automatic  abutment  search"  described  in  section  F.3  will  define  t a 
abutment.  Empty  space  abutments  are  those  which  describe  a network  edge  or 
portion  thereof  which  does  not  lie  in  proximity  to  any  other  network  edge. 
Program-generated  abutments  (those  which  are  neither  user-defined  nor  empty 
space  abutments)  are  computed  in  a two  step  procedure.  The  first  step Js 
computation  of  pairwise  abutments,  each  of  which  lists  two  network  edges  or 
portions  thereof  which  lie  in  proximity  to  one  another.  In  the  second  step, 
the  program  distills  the  list  of  pairwise  abutments  into  a non-redundant  list 
of  program-generated  abutments.  The  latter  procedure  is  described  in  some 
detail  in  the  Maintenance  Document  (see  section  4-G),  and  will  not  oe 
discussed  further  here. 
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F.3  Automatic  Abutment  Search 

po<^r ; sals  t w.  p?-  a<  rr/T  ^red  the 

user^specif ied'toterance  distance.^  Here,  d, stance  from  a point  s to  an  edge 

E is  defined  in  the  usual  way,  d(s,E)  = min  d(s,e). 

eeE 

The  practical  implementation  of  tins  definition  requires  that  one  know  how 
to  compute  the  distance  from  a point  s - s_  or  s*  to  an  |dge 


edge 
ti 


te  tne  uiiiain-c  i ' u'"  u - — . . . t-  „ 

consist  of  edge  segments  Ti  connecting  points  t-j-l 
n.  Then  d(t,E)  is  given  by  the  formula 


and 


= 1,  2, 


dCs,E)  = min 
l<i<n 


d(s‘,Ti) 


(F.3.1) 


where  the  distance  from  a point  to  a line  segment  is  given  by 


d(-r.Ti)  = 


- td 


i-l 


s 

f 

(s'  - t^_^)  x (t^ 


*1 


(s-fl-l,  ‘i  - ‘i-l1  < 0 

(*-‘1,  Ti  - 'i-l1  >0 


Vt)|  / l‘i -T-il  otherwise 

(F.3. 2) 

Hauina  clearly  defined  the  concept  of  a pairwise  abutment  of  a"  ed9® 
segment1  with  an  eSge  we  now  describe  what  fsK  °P 

"edoe  portion  with  an  ed9C*  First,  uy  9 r _ c 

shs  sr«.--  ... 

User's  Manual,  sec.  B.3.5. 

^tt&'.'StSa.S’w’S'SS  S=S.  TS-SiST 


work  is  proportional  to  N‘$  where  N£S  is  the  number  of  edge  segments  in 
the  configuration.)  In  PAN  AIR  this  computational  e«ort^i$  ™du“deb*f 
avoiding  the  far  away’from  E that  a pairwise 

abutment  is  impossible. 
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F.4  Doublet  Matching  Along  Abutments 

The  purpose  of  doublet  matching  boundary  conditions  is  to  ensure  that 
equation  (F.1.1)  holds  at  every  point  along  an  abutment,  even  though  a 
boundary  condition  of  this  form  is  imposed  at  only  a finite  number  of  points. 

In  this  section  we  discuss  the  enforcement  of  the  doublet  matching  conditio 
at  control  points  along  the  interior  of  the  abutment  while  the  enforcement  of 
doublet  matching  at  the  ends  of  an  abutment  is  treated  in  section  Kb. 

The  ability  of  a finite  number  of  boundary  conditions  to  cause  doublet 
matching  along  the  full  abutment  depends  directly  on  the  spiking  techniques 
used  to  define  the  doublet  strength  along  network  edges.  We  discuss  this 
subject  in  section  1.1.2. 5,  but  we  will  summarize  here  the  results  we  derive 
there. 

Given  any  pair  of  network  edges  belonging  to  an  abutment,  we  call  the 
first  edge  a refinement  of  the  other  if,  at  every  point  where  a panel  corner 
is  located  on  the  second  edge,  a panel  corner  is  also  located  on  the  first 
edge.  According  to  this  definition,  each  network  edge  in  figure  F.5  is  a 
refinement  of  the  other,  while  in  figure  F.6,  edge  1 is  a refinement  of  edge  2, 

We  show  in  section  I. 1.2. 5 that  if  an  abutment  contains  edges  Ei,. 

is  a refinement  of  each  of  the  other  (n-1)  edges  of  t 
abutment,  then  doublet  matching  can  be  forced  to  take  place  along^the  ®^ire 


the 


n» 


We  Show  in  section  l.i.C.D  znai  n an  auuwncnu  J 

and  some  edge  Ek  is  a refinement  of  each  of  the  other  (n-1)  edges  of 
abutment,  then  doublet  matching  can  be  forced  to  take  place  along  tr 
abutment  provided  it  occurs  at  the  endpoints  of  the  abutments,  and  at  the 
panel  edge  midpoints  on  edge  Ek.  In  practice,  precise  doublet  matching  wil 
not  occur  because  PAN  AIR  uses  a "least  squares"  rather  ^an  a differentiab  e 
edqe  spline  (see  section  I. 1.2. 5).  The  extent  to  which  doublet  matching  fails 
to  occur  is  very  small,  and  has  been  found  experimentally  to  be  negligible. 

The  proqram  takes  into  consideration  the  above  results  when  assigning  one 
edge  of  an  abutment  to  be  the  "matching  edge",  that  is,  the  ed?e  *^JJh0SSh 
panel  edqe  midpoints  doublet  matching  boundary  conditions  are  imposed.  Thus, 
when  no  special  considerations  intervene,  the  edge  with  the  densest  paneling 
is  assigned  to  be  the  matching  edge.  Assuming  that  the  program  user  has  in 
fact  provided  one  edge  in  the  abutment  which  is  a refinement  of  all  the  other 
edges  tUen  that  edg 1 is  clearly  the  most  densely  paneled  edge,  and  so  doublet 
matching  wi 1 1 occur. 

Under  certain  circumstances,  the  program  does  not  assign  the  ^densely 
paneled  edqe  in  the  abutment  as  the  matching  edge.  The  first  such  case  arises 
from  a matching  edge  of  a doublet  design  or  doublet  wake  network  taking  part 

in  the  abutment. 

Unlike  doublet  analysis  networks,  design  and  wake  networks  ^easymmetr'o; 
boundary  conditions  are  only  imposed  along  certain  edges  of  these  "Etching 
called  matchinq  edqes,  as  illustrated  in  figures  D.2  and  D.3.  When  a matcning 
edge  of  a design  or  wake  network  belongs  to  an  abutment,  the  program  assig 
it  to  be  the  matching  edge  for  the  abutment,  even  if  it  is  not  the  most 
densely  paneled  edge.  This  is  done  mostly  for  convenience;  the  user  is  not 
likely  to  know  what  boundary  condition  to  impose  at  the  control  points  a long 
the  matching  edge  and  so  the  program  evades  this  dilemma  by  assigning  doublet 
matching  boundary  conditions  there. 
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The  other  circumstances  under  which  the  most  densely  paneled  edge  is  not 
chosen  as  the  matching  edge  is  illustrated  in  figure  F.7.  To  be  specific 
whenever  the  curve  defined  by  an  abutment  is  "supersonic"  (that  is,  no  point 
on  the  edge  is  in  the  domain  of  dependence  of  any  other  point),  then  that 
network  edge  which  is  a leading  edge  (that  is,  upstream  of  the  remainder  of 
the  network)  is  assigned  as  a matching  edge* 

Irn  f°r  this  assignment  is  largely  empirical.  Experience  with  the 

PAN  AIR  "pilot  code"  with  the  configuration  shown  in  figure  F.8a*  illustrates 
the  need  for  imposing  doublet  matching  on  the  leading  supersonic  edges  of 
networks  in  supersonic  flow.  When  doublet  matching  was  imposed  along  the 
trai 1 ing  edges  of  networks  1,  2,  and  3,  the  solution  was  completely  erratic, 
while  shifting  the  matching  boundary  conditions  to  the  leading  edges  of 
networks  4,  5,  and  6 resulted  in  a solution  which  was  physically  reasonable. 

The  reasons  for  the  numerical  problems  resulting  from  the  assignment  of 
matching  edges  as  shown  in  figure  F.8a  are  not  precisely  known.  It  is  known, 
however,  that  specification  of  normal  mass  flux  in  a two-dimensional, 
linearized,  planar,  supersonic  flow  problem  is  equivalent  to  specification  of 
the  doublet  gradient.  We  may  see  this  by  combining  equation  (C.1.5),  which 
states  that  aCp  is  proportional  to  3u/3x,  with  equations  (11-1)  and  (11-3) 
of  reference  F.l,  which  states  that  aCp  is  proportional  to  normal  mass  flux. 

Thus  for  a two-dimensional  configuration,  the  specification  of  zero  normal 
mass  flux  at  panel  center  points,  in  combination  with  doublet  matching  at  the 
trailing  edge,  is  equivalent  to  the  situation  in  figure  C.10,  with  the 
trailing  edge  boundary  condition  becoming  specification  of  y.  But  this  set  of 
boundary  conditions,  in  conjuction  with  the  doublet  analysis  spline,  does  not 
have  a unique  solution.  We  see  this  by  noting  that  the  doublet  distribution 
u0(x)  shown  in  figure  F.8b  satisfies  p = 0 at  the  leading  and  trailing 
edges,  and  3u/3x  = 0 at  panel  centers.  Thus,  if  some  solution  y(x)  exists 
which  satisfies  the  boundary  conditions  above,  so  does  u(x)  + a u0(x)  for 
all  real  numbers  a.  Thus  it  is  not  permissible  to  specify  M at  the  trailing 
edge  of  a two-dimensional  network  on  which  normal  mass  flux  is  specified  at 
panel  centers. 

Of  course,  the  configuration  in  figure  F.8a  is  not  a two-dimensional  one. 
Nevertheless,  it  seems  to  have  enough  resemblance  to  a two-dimensional 
configuration  that  the  imposition  of  doublet  strength  specification  on  the 
trailing  edge  of  networks  1,  2,  and  3 is  an  unstable  boundary  condition 
specification  for  the  doublet  analysis  network  spline  in  use  on  those  networks. 

Summarizing,  PAN  AIR  selects  the  network  edge  to  be  used  for  doublet 
matching  along  an  abutment  according  to  the  following  criteria: 

(i)  Matching  edge  of  a doublet  design  network 

(ii)  Matching  edge  of  a doublet  wake  network 

(iii)  If  neither  (i)  nor  (ii)  occur,  and  the  abutment  is  supersonic,  the 
leading  edge  of  the  most  "downstream  pointing"  network  is  used. 

(iv)  If  none  of  the  above  occur,  the  most  densely  panelled  network  edge 
is  selected  for  matching. 
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Thus,  to  insure  precise  doublet  matching,  a program  user  must  b® 
every  abutment  containing  a matching  edge  of  a doublet  design  or  ^ke  net'  , 
that  this  edge  is  a refinement  of  all  the  other  network  edges.  Similar  y, 
the  abutment  contains  a supersonic  edge,  the  leading  edge  of  the  mos 
downstream  pointing  network  must  be  a refinement  of  the  others,  rina  ly,  in 
all  other  cases,  some  edge  must  be  a refinement  of  all  the  others  (reca 
that,  if  two  edges  have  identical  paneling,  each  is  a refinement  of  the  other). 

If  these  rules  are  followed,  the  edge  chosen  by  the  program  as  the 
matching  edge  will  in  fact  always  be  the  most  densely  paneled  one,  so  precise 
doublet  matching  will  occur.  This  does  not  necessarily  mean  that  minor 
violations  of  the  rules  will  be  serious.  For  instance,  in  fl9ure  t.y 
(ignoring  the  gap  - filling  panels  for  the  moment),  the  edge  of  the  network  A 
is  not  quite  a refinement  of  the  edge  of  network  B.  There  Is  r»°  reason  t:o 
believe,  however,  that  the  doublet  discontinuities  which  result  from  the  small 
discrepancies  in  figure  F.9  are  significant. 

Next  we  must  discuss  the  complications  introduced  into  the  above  Procedure 
bv  considerations  of  symmetry.  Fortunately,  these  are  few  and  simple.  First, 
we  mustrecognize  that  either  all  of  an  abutment  lies  on  a plane  of  symmetry 
or  else  no  portion  of  it  lies  on  a plane  of  symmetry  - an  ab utmen t cannot 
Dartiallv  abut  a plane  of  symmetry.  If  a network  edge  lies  on  a p ane  of 
symmetry  along  part  of  its  length  and  then  breaks  away,  PAN  AIR  will  recognize 
tw^abu tmen ts^ and  place  an  extra  control  point  at  the  network  course  grid 
point  at  which  the  breakaway  takes  place. 

Now  when  an  abutment  lies  on  a plane  of  symmetry,  doublet  matching  along 
that  abutment  takes  place  automatically  whenever  the  potenti al  1 s t 

with  respect  to  that  plane  of  symmetry.  Consequently  we  find  in  PAN  AIR  that 
abutment  doublet  matching  conditions  are  imposed  only  on  se|ected  symmetry 
conditions  when  the  abutment  lies  on  a plane  of  symmetry.  These  are  given. 

o If  an  abutment  lies  on  the  1st  plane  of  symmetry,  impose  edge 
matching  on  only. 

o If  an  abutment  ligs  on  the  2nd  plane  of  symmetry,  impose  edge 
matching  on  ^AA  only. 

o If  an  abutment  lies  on  both  planes  of  symmetry  impose  edge  matching 
on  only. 

(Remark-  The  various  symmetrized  potentials,  etc.,  are  defined 

as  follows.  The  superscripts  S or  A indicate  whether  the  given  function 
is  symmetric  or  antisymmetric  in  a particular  plane  of  symmetry.  The  first 
(second)  superscript  indicates  the  function's  symmetry  property  with  respect 
to  the  first  (second)  plane  of  symmetry.) 
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F.5  Abutment  Intersections 


Within  the  interior  of  an  abutment,  the  equation 


can  easily  be  imposed  by  assigning  a particular  edge  as  the  matching  edge,  and 
imposing  (F.5.1)  at  the  panel  edge  midpoints  on  this  edge. 


At  abutment  intersections,  points  where  two  or 
figure  F.10),  the  choice  of  points  at  which  to  impose  (F.5. 

difficult.  Only  one  matching  boundary  condition  may  be  imposed  at  a network 
corner  point  (since  only  one  control  point  is  located  there),  yet  the  corne 
point  lies  at  the  end  of  two  distinct  abutments.  We  will  say  that  a corner 
point  C is  "assigned"  to  an  abutment  A if  the  boundary  condition  imposed  at  C 
is  doublet  matching  across  A. 


A second  complication  is  the  danger  of  overspecification.  Consider  the 
example  of  the  abutment  intersection  formed  by  four  networks,  illustrated  in 
figure  F.10.  Let  us  define  u to  be  the  doublet  strength  at  the  corner  of 
network  Ni  at  thi3  intersection.  In  order  to  obtain  doublet  matching,  we 

require 


Ul  » u2  - u3  - U4 

But  these  are  only  three  equations.  Thus, 
abutment  A1 , C2  to  A2,  and  to  A^,  that  is. 


(F.5. 2) 

if  we  assign  corner  point  to 
impose  the  boundary  conditions 


u1  » u2  at  C1 
u2  " w3  3t  C1 


(F.5. 3) 


and  * u4  at 

we  have  satisfied  (F.5. 2).  If  we  were  to  assign  corner  point  C4  to  abutment 
A4  in  addition,  the  resulting  boundary  condition 


= u 


at  C 


(F.5.1*) 


would  oe  redundant,  since  It  follows  from  (F.5. 3).  If  a row  of  the  AIC  matrl* 

corresponding  to  <F.5.«>  were  generated,  the  re3uJ“"?  rows 

be  singular,  since  this  row  would  be  a linear  combination  of  three  rows 

corresponding  to  (F*5*3)* 


Thus  overspecification  must  be  avoided  if  the  program  is  to  provide  a 
numIJical  solution  to  the  potential  flow  problem.  This  is  straightforward  for 
any  reasonable  example,  but  clearly  the  program  must  follow  a weU-defined 
method  which  assigns  corner  points  to  abutments  in  such  a manner  that  doubl 
matching  occurs  at  all  abutments  while  no  overspecification  occurs.  As  an 
example!  the  abutment  intersection  in  figure  F.11  may  arise  from  a realist 
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airplane  configuration,  yet  an  automatic  procedure  assigning  corner  points  to 
abutments  is  not  obvious.  In  this  section,  then,  we  will  describe  a graph 
theoretic  interpretation  of  this  abutment  intersection  problem  together  with 
the  corresponding  solution  of  this  problem.  This  will  be  accomplished  in  two 
phases.  In  section  F.5.1  we  will  describe  the  graphical  representation  of  an 
abutment  intersection  in  the  "usual  case"  together  with  the  corresponding 
abutment  assignment  procedure.  Following  this,  in  section  F.5.2  we  will 
outline  those  special  features  supported  by  PAN  AIR  that  affect  abutment 
assignment  together  with  the  modifications  to  the  basic  assignment  procedure 
that  enable  PAN  AIR  to  correctly  implement  those  special  features. 

F*5.1  Graphical  Representation  of  an  Abutment  Intersection 

In  figures  F.10,  F.11  and  F.12  we  present  diagrams  for  three  examples  of 
abutment  intersections.  We  will  denote  by  PAj  (the  abutment  intersection 
point),  the  point  at  which  the  various  abutments  meet.  The  directed  graph  G 
associated  with  the  abutment  intersection  is  constructed  as  follows. 

Let  a small  sphere  S be  constructed  with  PAI  as  its  center.  The  nodes  of  G 
are  to  be  identified  with  the  points  at  which  the  various  abutments  pierce 
^ branches  of  G are  to  be  identified  with  the  lines  on  S along  which  the 
various  networks  involved  in  the  abutment  intersection  cut  the  surface  of  S. 

An  orientation  (direction)  for  a branch/line  is  induced  in  a natural  way  by’ 
the  orientation  of  the  network  that  generates  it.  To  see  how  this  is  done, 
let  N be  a network  that  is  involved  in  the  abutment  intersection  and  let 
lN  ('  N S)  be  the  line  along  which  N cuts  S.  Denote  by  N*  the  subsurface  of 
N that  lies  outside  of  S.  Notice  that  the  line  L«  is  part  of  the  boundary  of 
N . Now  since  N'  is  a subsurface  of  N,  the  orientation  of  N provides  an 
orientation  for  N'.  An  orientation  for  N*  in  turn  provides  an  orientation 
(that  is,  a direction  of  traversal)  for  the  boundary  of  N' . This  traversal 
direction  is,  of  course,  the  usual  counterclockwise  traversal  of  the  boundary 
when  the  network  is  viewed  from  above.  If  then,  one  traces  the  boundary  of  N' 
in  the  traversal  direction  provided  by  its  orientation,  part  of  the  trace  will 
move  along  the  line  LN  in  a unique  direction.  This  direction  is  the 

orientation  of  LN . If  we  denote  the  abutment  at  the  beginning  of  the  line  LN 
by  A^  and  the  abutment  at  the  end  by  A^  then  we  say  that  the  branch  induced  by 

network  N points  from  node/abutment  A~  to  node/abutment  A+  . 

N N 

The  procedure  given  above  generates  a directed  graph  G lying  on  the  sphere 
S * Such  a graph  can  be  spread  out  on  a plane  simply  by  puncturing  S at  some 
point  that  does  not  lie  on  the  graph  and  then  stretching  the  surface  S,  with 
the  graph  G imbedded  in  it,  out  onto  a plane. 

The  graphs  generated  by  the  abutment  intersections  of  figures  F.10,  F.11 
and  F.12  are  drawn  in  figure  F.13. 

An  alternative  (and  consistent)  interpretation  of  branch  orientation  is 
possible  if,  as  is  usually  the  case,  the  abutment  intersection  point 

coincides  with  a corner  point  of  network  N lying  at  the  last  point  of  edge 
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k-  ar,a  at  the  first  point  of  edge  kJc).  When  this  happens,  we  denote  Py 

A’  the  abutment  in  which  edge  kjj  participates  and  by  aJ,  the  abutment  In  which  kj 

participates.  Having  done  this,  we  say  that  branch/network  N proceeds  from 
_ ♦ 
node/abutment  to  node/abutment  A^. 


Once  the  directed  graph  representing  an  abutment  intersection  has  been 
constructed,  it  is  quite  an  easy  matter  to  write  down  all  of  the  double 
matching  conditions  of  the  form  (F.5.1)  associated  with  the  abutments  in 
abutment  intersection.  Given  a node/abutment  A,  we  compute  the  values  j 
associated  with  the  doublet  matching  condition  according  to  the  following 

rul63 • 

+1  if  branch/network  Ni  is  directed  away  from  A 


if  branch/network  is  directed  toward  A 
if  branch/network  Ni  is  not  connected  to  A 


Using  these  rules,  together  with  the  graphs  provided  by  figure  F.13,  we  obtain 
the  following  sets  of  matching  conditions 


Figure  F.10 


Figure  F.n 


(F.5.6) 


(F.5.7) 


Remark:  Usually  it  will  happen  that  k*  - k*  where 

k*  - mod  (k~,  4)  ♦ 1.  However  if  edge  k*  is  a collapsed 

edge  of  network  N,  we  will  have  k*  - mod  (kN  ♦ 1 , *0  ♦ 1 
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Figure  F.12 


(F.5.8) 

(The  reader  is  urged  to  verify  the  correctness  of  these  matching  conditions  by 
carefully  re-examining  the  original  figures). 

The  matching  conditions  given  above  have  been  written  down  in  a format  such 
that  they  can  be  readily  re-expressed  in  the  shorthand  form 

A(G)  u ' 0 (F.5.9) 

-► 

where  u is  the  vector  of  doublet  values  associated  with  the  branches/networks 
of  the  graph  and  A(G)  is  called  the  incidence  matrix  associated  with  a 
directed  graph  G.  For  the  three  graphs  given  in  figure  F.13,  the  incidence 
matrices  are 
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A(G)  » 


1-10  0 
0 1-10 
0 0 1-1 
-10  0 1 


Fig.  F. 1 3b 
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0 
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-1 

1 
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1 

0 

-1 
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0 

-1 

0 
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0 

-1 

0 
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(F.5.10) 
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Fig.  F.13c 


A(G)  - 


-1  1 

1 0 

0 -1 
0 0 


(F.5.12) 
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N. 


Having  expressed  the  doublet  matching  conditions  at  an  abutment 
intersection  in  terms  of  an  incidence  matrix  A(G)  for  the  directed  graph  G 
describing  the  abutment  intersection,  we  are  now  in  a position  to  aval 
ourselves  of  the  many  powerful  results  from  graph  theory.  In  fact,  graph 
theory  not  only  provides  theorems  that  yield  much  information  about  the 
structure  of  abutment  intersections,  it  also  provides  a number  of  powerful 
algorithms  that,  when  suitably  tailored,  generate  the  doublet-matching 
boundary  condition  assignments  required  by  PAN  AIR.  The  standard  reference 
for  all  graph  theoretical  results  quoted  in  this  appendix  will  be  ref.  F.2, 
Deo,  "Graph  Theory  with  Applications  to  Engineering  and 
Throughout  the  remainder  of  this  appendix,  it  i3  assumed  tha 
at  least  a nodding  familiarity  with  the  elements  of  graph  theory. 

The  first  result  from  graph  theory  that  we  shall  need  is  given  (cf. 

THEOREMS  7-2  and '9-6,  ref.  F.2) 

Theorem*  Let  G be  a connected  directed  graph  containing  n nodes  and  havi"8 

■—  incidence  matrix  A(G).  Then  rank(A(C)  >-n-1  . Furthermore,  any  set  of 
n-1  rows  selected  from  A(G)  is  a linearly  independent  set. 

This  result  can  be  extended  to  directed  graphs  G that  are  not  connected  by 
observing  that  any  such  graph  can  be  written  as  the  union  of  connected 
components.  Thus,  for  a graph  G with  k components,  we  wri  e 


k 

U 

i-1 


G, 


(F.5.13) 


The  theorem  can  now  be  applied  individually  to  each  component  Gi.  In  fact, 
whenever  G is  not  connected,  PAN  AIR  performs  doublet-match^  V 

treating  separately  each  component  G^  of  G.  Consequently,  P . 

discuss ion, "we  shall  always  assume  iA  what  follows  that  the  graph  G associated 

with  an  abutment  intersection  is  a connected  graph. 

We  now  turn  to  the  problem  of  assigning  doublet  matching  conditions  (nodes) 
to  replace  user  specified  boundary  conditions  at  control  points  °n  a 

network  (branch)  involved  in  the  abutment  intersection.  At  this  point  e 
treat^ustT the  simple  "usual  case"  characterized  by  the  following  conditions, 

(i)  the  graph  G associated  with  the  abutment  intersection  is 
connected , 

(ii)  each  branch/network  in  the  graph  has  a doublet  distribution, 


For  the  reader  familiar  with  electrical  circuit  theory,  this  result 
equivalent  to  the  result  that  for  a connected  circuit  with  n nodes,  the 
Kirchoff  current  law  provides  n relations,  any  n-1  of  which  are  linearly 

independent. 
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(iii)  each  branch/network  in  the  graph  has  a control  point  available 
for  use  as  a doublet  matching  control  point  whose  hypothetical 
location  is  essentially  coincident  with  the  abutment  intersection 
point  PAI. 

When  these  assumptions  are  made,  the  following  procedure  ensures  that  n-l 
abutment  matching  conditions  are  selected  to  replace  user  specified  boundary 
conditions  on  n-1  networks 

A . 1 Form  a spanning  tree  T G.  T must  contain  all  of  G's  nodes  but  have 
no  loops.  (Remark:  By  a theorem  of  graph  theory,  T will  contain 

(n-1)  branches.) 

A. 2 Select  any  node  of  G(T)  and  label  it  as  the  ground  node. 

A. 3 Defoliate  T by  removing  one  branch  at  a time  until  all  (n-1)  branches 

have  been  removed.  Algebraically,  this  is  accomplished  by 
constructing  a sequence  of  trees  T - Tn  Tn_1  =>  ...  =>  T1  where  T,  is 
obtained  from  Tj  + 1 by  finding  a node  of  degree  1 in  (not  theJ 

ground  node),  and  removing  that  node  and  the  single  branch  to  which 
it  is  attached.  As  this  is  done,  the  doublet  matching  condition 
associated  with  the  node  is  assigned  to  replace  a user  boundary 
condition  on  the  network  associated  with  the  branch. 

In  figure  F.14  we  illustrate  the  application  of  this  procedure  to  the  graph 
given  by  figure  F.13b. 

F.5.2  Modifications  to  the  Abutment  Assignment  Procedure 

The  many  special  features  supported  by  PAN  AIR,  especially  those  features 
associated  with  symmetry,  add  considerable  complication  to  the  basic  algorithm 
for  performing  doublet  matching  at  abutment  intersections.  In  addition  to 
symmetry,  the  most  significant  complicating  features  are, 

(i)  an  edge  of  a network  may  be  marked  "no  doublet  edge  matching"  by  the 
user, 

(ii)  a network’s  corner  control  point  may  be  a "non-matching  corner  point" 
in  the  sense  that  there  is  no  boundary  condition  (i.e.,  AIC  row) 
associated  with  the  corner  control  point  that  might  be  replaced  with 
a doublet  matching  condition. 

This  presentation  of  our  response  to  these  complications  will  consist  of  three 
parts.  First,  we  will  describe  3ome  of  the  general  considerations  that  must 
be  taken  account  of.  Second,  we  will  outline  the  numerous  ways  by  which 
symmetry,  "no-doublet  edge  matching"  and  "non-matching  corner  points"  affect 
the  properties  of  networks,  corner  control  points,  user  boundary  conditions, 
edges,  abutments  and  abutment  intersections.  Third  we  will  describe  the 
algorithm  employed  by  PAN  AIR  that  produces  a consistent  set  of  doublet 
matching  assignments  while  satisfying  the  constraints  imposed  by  PAN  AIR's 
special  program  features. 
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General  Considerations 

In  addressing  the  problem  of  symmetry,  we  adopt  the  fundamental  point  of 
view  of  formulating  separately  the  boundary  value  problems  for  the  various 
symmetric  and  antisymmetric  parts  of  the  perturbation  potential.  Thus,  when 
two  planes  of  geometric  symmetry  are  present,  our  symmetrized  potentials 

USS  *AS  iSA.  see  appendix  K for  definitions)  will  generally  be 

required  and  a separate  boundary  value  problem  will  be  formulated  for  each. 

If  an  abutment  intersection  lies  away  from  any  plane  of  symmetry,  doublet 
matching  assignments  will  be  the  same  for  all  symmetry  conditions  and  indeed 
will  be  the  same  as  if  no  symmetry  were  present  at  all.  On  the  other  hand,  if 
the  abutment  intersection  point  lies  on  a plane  of  symmetry,  doublet  matching 
assignments  will  be  -performed  separately  for  each  symmetry  condition  and  it 
becomes  important  to  know  the  following  facts  about  the  abutment  intersection: 

o which  plane(s)  of  symmetry  the  abutment  intersection  point  lies  on, 

which  plane(s)  of  symmetry  the  individual  abutments  lie  on, 

which  (if  any)  plane  of  symmetry  an  individual  network  may  lie  _iru 
(N.B.  A network  is  said  to  lie  ni  a plane  of  symmetry  if  all  its 
points  lie  on  the  plane  of  symmetry  so  that  the  network  normal  is 
parallel  to  the  plane  of  symmetry  normal.  See  appendix  H.1.2  for 
more  detail . ) 

The  first  of  these  facts  must  be  known  in  order  to  determine  which  planes  of 
symmetry  are  active,  in  the  following  sense:  the  first  (second)  plane  of 

symmetry  is  said  to  be  active  if  PAI  lies  on  the  first  (second)  plane  of 

symmetry  and  the  symmetry  condition  under  consideration  is  either  $ or 

iSA  (for  the  second  plane  of  symmetry:  <pSS  or  <|>AS).  This  information  is 

important  for  two  reasons.  First,  for  an  abutment  lying  on  an  active  plane  of 
symmetry,  doublet  matching  is  automatically  satisfied  by  virtue  of  the 
symmetry  properties  of  the  symmetrized  potentials.  Consequently,  a doublet 
matching  condition  is  never  explicitly  imposed  for  an  abutment  lying  on  an 
active  plane  of  symmetry.  Second,  the  doublet  distribution  on  a network 
lying  in  an  active  plane  of  symmetry  is  identically  zero  so  that  such 
networks  do  not  participate  at  all  in  the  assignment  of  doublet  matching 
conditions . 


o 

o 


Other  Significant  Considerations 

Here  we  outline  the  ways  in  which  the  properties  of  networks,  corner 
control  points,  etc.  are  modified  by  PAN  AIR  program  features.  In  addition  we 
will  discuss  briefly  the  mechanisms  by  which  modifications  take  place. 
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Properties  of  Networks 


o A network  may  lie  _ir»  a plane  of  symmetry.  A network  will  lie  in  a 

plane  of  symmetry  if  (i)  the  user  explicitly  informs  PAN  AIR  of  thi3 
fact  in  the  program  input,  or  (ii)  by  examination  of  the  network's 
mesh  points  PAN  AIR  determines  that  all  points  on  the  network  are 
closer  than  the  geometric  tolerance  distance  to  a plane  of  symmetry. 

o The  program  user  will  assign  to  each  network  one  of  the  following 
network  doublet  types: 

Matching  Condition 
Default 


Doublet  Analysis 

(DA) 

Doublet  Design  1 

(DD1  ) 

Edges  1 ,4 

Doublt  Forward  Weighted 

(DFW) 

Doublet  Wake  1 

(DW1  ) 

Edge  1 

Doublet  Wake  2 

(DW2) 

Corner  1 

No  Doublet 

(NOD) 

Only  those  networks  not  marked  "no  doublet"  are  of  iVerest  when  one 
is  analyzing  doublet  matching  at  an  abutment  intersection.  In  the 
discussions  that  follow,  it  will  be  assumed  that  the  matching  edges 
and  corners  for  the  various  network  types  are  given  by  the  list  of 
defaults  given  above. 

o If  a network's  doublet  type  is  not  "no  doublet",  the  user  may 
specify  the  doublet  value  at  all  control  points.  Even  if  this 
specification  is  p - 0,  such  networks  are  treated  differently  from 
"no  doublet"  networks  in  the  sense  that  these  networks  are  always 
involved  in  doublet  matching  along  abutments  and  at  abutment 
intersections.  In  particular,  the  abutment  intersection  processing 
may  replace  a specified  doublet  boundary  condition  with  a doublet 
matching  condition.  As  a consequence,  the  doublet  strength  may  be 
slightly  nonzero  near  the  boundary  of  a network  for  which  the  user 
has  specified  u - 0. 

Properties  of  Corner  Control  Points 

o A corner  control  point  may  be  a "matching  corner  point"  in  the  sense 
that  no  user  specified  boundary  condition  is  available  to  generate  an 
AIC  row  that  has  been  reserved  for  the  control  point.  Thus,  the 
control  point  must  have  a doublet  matching  condition  assigned  to 
it.  A "matching  corner  point"  is  any  corner  control  point  of  the 
following  types: 

(i)  any  corner  control  point  lying  on  the  matching  edge  of  a DW1 
network.  This  includes  corners  1 and  2 as  well  as  any  extra 
control  points  along  the  matching  edge. 

(ii)  the  matching  corner  control  point  of  a DW2  network 
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( iii ) any  corner  control  point  lying  on  edges  1 and  4,  the 
"doublet  matching"  edges,  of  a DD1  network. 

A corner  control  point  may  be  a "no  matching  corner  point"  in  the 
sense  that  no  AIC  row  has  been  reserved  for  any  boundary  condition 
associated  with  that  control  point.  Control  points  of  this  type 
include: 


(i) 

(ii) 

( iii ) 

(iv) 


(v) 


corner  points  3 and  4 of  DW1  networks 
corner  points  2,  3 and  4 of  DW2  networks 
corner  point  3 of  DD1  networks 

any  extra  control  point  on  an  edge  that  is  marked  with 
either  "no  doublet  edge  matching"  (a  user  specification)  or 
"non-matching  edge"  (edges  2,  3 and  4 of  DW1  networks;  all 
edges  of  DW2  networks  and  edges  2 and  3 of  DD1  networks 

a regular  corner  control  point  (that  is,  one  that  has  an  AIC 
row  reserved  for  it)  for  which  both  adjacent  edges  are 
marked  "no  doublet  edge  matching." 

A corner  control  point  is  said  to  lie  on  a plane  of  symmetry  if  its 
hypothetical  location  lies  on  a plane  of  symmetry.  It  is  possible 
for  a control  point  to  lie  on  two  planes  of  symmetry. 

A corner  control  point  is  said  to  lie  JLn  a plane  of  symmetry  if  it 
lies  on  a plane  of  symmetry  and,  in  addition,  the  panel  normal  at  the 
control  point  is  parallel  to  the  plane  of  symmetry’s  normal.  (In  PAN 
AIR  the  only  control  points  that  lie  in  a plane  of  symmetry  are  the 
control  points  on  networks  that  themselves  lie  in  a plane  of 
symmetry • ) 

A corner  control  point  always  has  associated  with  it  two  abutment 
ends.  (Note:  In  the  code  of  the  program  DQG,  the  initial  end  of  an 

abutment  is  denoted  by  M)  (Abutment  index)  while  ^eT^^t^on 
of  an  abutment  is  denoted  by  (-1)  (Abutment  index).)  The  orientation 
of  the  network  provides  an  ordering  for  these  abutment  ends,  e.g. 

<A, , A0> , where  A.  and  A2  are  abutment  end  indices.  In  figure  F.15 
we  illustrate  the  anomalous  situation  in  which  A,  - A2.  In 
intersection,  such  a situation  gives  rise  to  a self^£2£,  which  is 
subsequently  ignored  during  the  tree  construction  process.  This 
possible  because  the  network’s  splines  impose  doublet  matching  at 
such  an  abutment  end  point. 

The  single  corner  control  point  at  the  end  of  a smooth  abutment  has 
associated  with  it  two  non-smooth  abutments  as  illustrated  in  f gure 

F.16. 
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Properties  of  User  Boundary  Conditions 

o When  a doublet  matching  condition  is  assigned  to  a network  lying  in 
an  inactive  plane  of  symmetry,  the  doublet  matching  condition  will 
replace  the  user  specified  antisymmetric  boundary  condition.  An 
antisymmetric  boundary  condition  has  the  general  form 

aA(w'n)A  + CD  u + VVu  " b (F.5.14) 

(Note:  A doublet  network  lying  in  a plane  of  symmetry  must  be 

assigned  an  antisymmetric  boundary  condition  of  the  form  given 
above. ) 

Properties  of  Edges 

o A network  edge  may  be  marked  "no  doublet  edge  matching"  by  the 

program  user.  When  this  is  done,  the  network’s  doublet  strength 
along  that  edge  will  not  participate  in  any  doublet  matching 
conditions  for  the  abutment (s)  in  which  that  edge  is  involved. 

o A network  edge  may  be  marked  "closure  edge"  by  the  user.  If  in 

addition  the  user  has  specified  that  the  closure  boundary  condition 
override  doublet  matching,  the  network’s  control  points  will  not  be 
used  for  doublet  matching  along  the  interior  of  the  closure  edge.  It 
is  generally  permissible  for  control  points  at  the  ends  of  a closure 
edge  to  be  used  for  doublet  matching. 

o Certain  network  edges  are  implicitly  marked  "matching  edge"  by  PAN 
AIR.  These  include: 

(i)  Edge  1 of  a DW1  network 

(ii)  Edges  1 and  ^ of  a DD1  network 

o Certain  network  edges  are  implicitly  marked  "non-matching  edge"  by 
PAN  AIR.  These  include: 

(i)  Edges  2,  3 and  ^ of  a DW1  network 

(ii)  All  edges  of  a DW2  network 

(iii)  Edges  2 and  3 of  a DD1  network 

o Every  portion  of  a network  edge  is  involved  in  exactly  one  abutment. 
Properties  of  Abutments 

o Abutments  involving  any  interior  edge  of  a network  are  forbidden. 

o The  initial  end  of  an  abutment  may  participate  in  an  abutment 

intersection  with  the  terminal  end  of  an  abutment.  (Figure  F.17 
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illustrates  how  this  situation  can  arise  for  a tube  panelle  as  one 
network.)  Since  doublet  matching  must,  in  general,  be  imposed  at 
both  ends  of  an  abutment  it  is  necessary  to  distinguish  the  initial 
and  final  ends  of  an  abutment  during  abutment  intersection 
analysis.  As  noted  above,  the  scheme  used  by  PAN  AIR  labels  the 
initial  end  with  (+1)  (abutment  index)  and  the  terminal  end  with  (-1) 
(abutment  index). 


o An  abutment  may  lie  on  0,  1 or  2 planes  of  symmetry.  If  any  portion 
of  an  abutment  lies  on  a plane  of  symmetry,  the  whole  of  the  abutment 
lies  on  that  plane  of  symmetry.  If  an  abutment  lies  on  an  active 
plane  of  symmetry,  doublet  matching  along  that  abutment  is 
automatically  satisifed  by  virtue  of  the  symmetry  properties  of  the 

symmetrized  potentials  4>ij  . Thus,  doublet  matching  conditions  are 
never  enforced  for  an  abutment  lying  on  an  active  plane  of  symmetry. 

o Smooth  abutments  do  not  explicitly  enter  into  the  analysis  of  an 
abutment  intersection. 

Properties  of  Abutment  Intersections 

O An  abutment  intersection  may  lie  on  0,  1 or  2 planes  of  symmetry. 

Selection  of  Matching  Conditions 

We  now  describe  the  process  by  which  doublet  matching  assignments  are  made 
while  carefully  taking  into  account  the  considerations  outlined  above. 

The  basic  procedure  for  performing  doublet  matching  will  remain  essentially 
the  same  as  the  tree  defoliation  procedure  outlined  at  the  end  of  section 
F.5.1.  The  complete  procedure,  however,  will  be  significantly  more  complex  at 
each  stage  of  processing.  A summary  of  the  stages  of  the  complete  procedure 

is  given  - 

B 1 Construct  the  graph  G containing  just  those  branches  corresponding  to 
networks  whose  type  is  not  "no  doublet"  and  do  not  lie  in  an  active 
plane  of  symmetry.  During  this  construction  process,  some 
relabelling  of  nodes  may  be  performed  to  account  for  the  no  doublet 
edge  matching"  feature.  In  addition,  branches  associated  with 
control  points  that  cannot  accept  a matching  condition  (e.g.  corners 
3 and  4 of  a DW1  network)  are  excluded  from  G. 
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k 

B.2  Form  a spanning  tree  for  G,  T <=  G.  If  G has  k components  (G  = U G ),  T 

k i-1 

will  have  k components,  T - U T.  (»).  In  contrast  with  the  earlier 

i-1 

algorithm,  T is  not  an  arbitrary  spanning  tree  of  G,  but  rather  is 
constructed  with  careful  regard  for  the  properties  of  the 
neworks/branches  of  G. 

B.3  Without  first  selecting  a ground  node,  each  component  tree  is 

defoliated,  the  removal  of  each  branch  providing  an  association  of  a 
node  with  a branch.  At  the  end  of  this  process,  there  will  be  left 
one  node  that  is  not  associated  with  any  branch,  and  thi3  node 
becomes  the  ground  node  for  the  tree. 

B.^  Finally,  the  assignments  are  examined  to  determine  if  the  requisite 
doublet  matching  conditions  have  in  fact  been  associated  with 
eligible  branches.  In  addition,  it  is  verified  that  all  of  those 
branches  that  must  receive  a doublet  matching  condition  have  in  fact 
done  so. 

Several  remarks  about  this  algorithm  are  appropriate  before  proceeding  with 
its  detailed  exposition.  First,  steps  B.l  and  B.M  are  essentially 
deterministic  given  the  specification  of  the  problem.  Steps  B.2  and  B.3»  on 
the  other  hand  are  substantially  heuristic,  step  B.2  being  ambiguous  with 
regard  to  the  choice  of  spanning  tree  and  3tep  B.3  being  ambiguous  with  regard 
to  the  defoliation  strategy.  Although  the  detailed  exposition  of  the 
algorithm  will  resolve  most  of  these  ambiguities,  the  solutions  presented 
should  not  be  regarded  as  unique.  They  are,  nevertheless,  very  good. 

B.l  The  detailed  description  of  an  abutment  intersection  includes  the 
following  information 

o Symmetry  condition,  $ or  4>^A.  [ISYM]** 

o A description  of  the  plane(s)  of  symmetry  that  the  abutment 
intersection  point  lies  on.  [LABT] 


* Note,  however,  that  if  some  component  Gi  of  G contains  only  one  node,  all 

of  its  branches  being  self  loops,  then  T^  - $.  In  practice,  self  loops 

cause  no  special  difficulty  for  the  doublet  matching  problem  simply  because 
the  doublet  strength  on  a network  that  generates  a self  loop  "matches 
itself." 

*»  The  expressions  given  in  brackets  are  corresponding  FORTRAN  variable  names 
for  elements  of  the  calling  sequence  to  subroutine  ABTINT  (PALIB). 
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For  each  network/control  point/branch  N involved  in  the  abutment  intersection, 
the  following  information  is  given, 

o The  abutment  ends  in  which  N participates  at  PAI  are  given  in 

positive  sequence  <A1 , A2> . The  two  edge  segments  of  N that  are 

involved  in  the  abutments  A1 , A2  are  denoted  E1 , E2  respectively. 

Because  of  the  requirement  that  A1  and  A2  be  given  in  positive 

sequence,  an  oriented  traversal  of  the  boundary  of  N would  encounter 
edge  segment  E1  followed  immediately  by  edge  segment  E2.  [IPQSEG] 

o "No  doublet  edge  matching"  information  is  given  for  each  edge  segment 
Er  [NDMSEG] 

o Let  t^  denote  unit  vectors  drawn  along  edge  segments  Eit  pointing 
away  from  PAI . Let  s - (t1  + t2)/|t1+  t2|  and  cQ  be  the 
"compressibility  axis  downstream  parameter"  a is  defined  by 

a - s . cq  (F’5*15) 

This  parameter  is  given  for  each  branch,  [CSEG] 
o Each  branch  is  classified  as  follows  [KSEG]: 

0,  no  doublet  network. 

2,  doublet  network,  but  no  corner  control  point  is  available  to 
enforce  doublet  matching. 

3,  doublet  network  with  regular  corner  control  point,  but  at  least 
one  of  the  edges  Ej  is  marked  "no  doublet  edge  matching." 

4,  doublet  network  with  regular  corner  control  point. 

5,  doublet  network  with  "matching"  corner  control  point 

o The  plane  of  symmetry  _in  which  N lies,  if  any,  is  given.  [LSEG] 

For  each  abutment-end/node  involved  in  the  abutment  intersection,  the 
following  information  is  given 

o The  global  abutment-end  index  [IPNOD] 

o a flag  indicating  which  planes  of  symmetry  the  abutment  end  lies  on 
[ LNOD] 

Given  the  information  outlined  above,  the  graph  G is  constructed  in  three 
3tages.  First,  a graph  G^1^  is  constructed  using  all  those  branches  in 
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classes  2,  3t  **  and  5.  Second,  a graph  G^2  is  constructed  from  G^1  ^ by 

examining  each  branch  of  G^  for  "no  doublet  edge  matching"  marks  on  either 
end  of  the  branch.  If  such  a mark  is  found,  the  corresponding  branch-end  is 
detached  from  the  node  to  which  it  is  attached  and  a new  node  is  created. 

Third,  a graph  G^  i3  constructed  from  G^  by  deleting  all  branches  in  class 
2 and  all  branches  (i.e.,  control  points)  lying  in  an  active  plane  of 

symmetry.  The  resulting  graph  G^ ' is  the  graph  G that  we  seek. 

Once  the  graph  G - G^)  has  been  constructed,  all  of  the  nodes  in  the 
problem  (that  is  all  of  the  nodes  of  G^),  are  divided  Into  three  types: 


Node  type  Characterization 

"preferred  ground  node"  - an  extra  node  created  during  the  construc- 

[MNOD  - -1]  tion  of  G(2) 


not  a 

"preferred  ground  node" 
[MNOD  =»  0] 


an  ordinary  abutment  for  which  matching 
must  be  performed 


"automatic  node" 
[MNOD  - H] 


a node  appearing  in  G^  but  not  in  G^). 

These  nodes  of  G'^'  are  characterized  by 
the  fact  that  the  only  branches  attached  to 
them  are  in  class  2.  Doublet  matching  is 
assumed  to  occur  "automatically"  at  such  nodes. 


The  node  type  determines  whether  or  not  the  corresponding  matching  condition 
must  be  imposed.  Basically,  matching  is  imposed  only  for  nodes  that  are  not 
"preferred  ground  nodes"  (i.e.,  MNOD  - 0).  ~ 


The  last  node  type,  the  "automatic  node"  can  arise  quite  naturally  when  a 
configuration  includes  compound  wakes.  To  see  this,  consider  figure  F.10  with 
all  networks  taken  to  be  DW1  networks  for  which  edge  1 is  the  matching  edge. 
When  this  happens,  the  node  corresponding  to  abutment  A1  will  be  an  "automatic 
node"  since  both  C1  » (network  N1 , corner  3)  and  C2  - (network  N2,  corner  4) 
are  "no  matching  corner  points."  In  this  particular  instance,  it  is  easy  to 
see  that  matching  along  abutment  A1  is  already  taken  care  of  by  a doublet 
matching  condition  imposed  at  some  point  upstream  of  the  abutment 
intersection.  In  practice  PAN  AIR  assumes  that  this  is  generally  the  case  and 
that  doublet  matching  conditions  at  "automatic  nodes"  need  not  be  explicitly 
imposed. 


Having  classified  the  nodes  of  the  problem,  the  number  of  required  matching 
conditions  is  computed: 

Number  of  required  matching  conditions  » nreq 

- max  (N_1+N0+Nrl,N0*N1) 
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where 


N 1 * number  of  "preferred  ground  nodes" 

Nq  - number  of  "not  preferred  ground  nodes" 

N1  = number  of  "automatic  nodes." 

This  number  is  used  at  the  end  of  processing  to  determine  whether  or  not  the 
assignment  procedure  was  successful.  The  test  is  passed 

N1  + NACT  - nREQ 

where  NACT  denotes  the  actual  number  of  matching  conditions  assigned. 


14  sniss.r”-'.s.rss:  “»■ 

B.2,  B.3  and  B.4  separately  on  each  of  G s components. 

Any  given  connected  graph  will,  in  general,  posaeee  .any  spanning  trees  and 
the  problem  of  determining  all  of  the  spanning  trees  of  a particular  grap 
(of  ref  p 2 p.  280).  The  problem  of  determining  a 

rejected,  and  if  it  does  not  cause  a closed  loop  it  is  accepted. 

It  is  clear  that  the  spanning  tree  resulting  from  this  Procedure  depends^ 
crucially  upon  the  order  In  which  branches  are  examined.  In  PA  , 

Considered  in  order  of  decreasing  priority  In  accordance  with  the 

following  priority  scheme: 


/ 3 + a/2 

4 + a/2 

5 


class  3 branches 
class  4 branches 
class  5 branches 


(F.5.16) 


Thus,  branches  with  the  highest  values  of  P.ar*  oo;s‘^3"”;tI°Cxutentlal 
memebership  In  the  spanning  tree.  Here.  . is  the  "compressibility 
downstream  parameter"  defined  above  by  equation  (F.5.15). 

m this  step  Of  the  Cr^S  UlTtl-. 

each 

SSSliiS  set  of 
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assignments.  It  turns  out  that  such  a complex  procedure  is  not  necessary  and 
that  a fairly  straightforward  modification  of  subalgorithm  A. 3 generates  a 
suitable  choice  of  ground  node  without  an  exhaustive  3earch(*). 

The  modified  defoliation  algorithm  proceeds  as  follows.  As  before,  we  set 
Tn  • T and  define  a sequence  of  trees  Tn  =Tn_1  ^ ...  =>  T1  such  that  Tj  is 

obtained  from  Tj  + 1 by  identifying  in  Tj  + 1 a node  of  degree  1 and  removing  that 

node  and  the  single  branch  to  which  it  is  attached.  If  there  is  more  than  one 
node  of  degree  1 available,  the  choice  is  made  by  means  of  the  following 
prioritization  scheme  based  upon  node  type  ("preferred  ground  node"  or  not) 
and  branch  class  (3,^  or  5): 


Branch  Class 


Node  Type 

3 or  4 
[KB  - 0] 

5 

[KB  - +1] 

"preferred  ground  node" 

2 

1 

[MNOD  - -1] 

not  a 

"preferred  ground  node" 

3 

H 

[MNOD  - 0] 

Priority  classes  for  removing  a node/branch  combination 

Given  this  prioritization  scheme,  the  node/branch  combination  in  the 
highest  priority  class  is  selected  for  defoliation.  In  the  event  that  there 
is  more  than  one  node/branch  combination  in  the  highest  priority  class,  the 
one  with  the  lowest  value  of  p (see  eqn.  (F.5.16)  above)  is  selected  if  the 
node  is  a "preferred  ground  node"  while  the  highest  value  of  p (cf.  equation 
F.5.16)  is  selected  if  the  node  is  not  a "preferred  ground  node." 

B. **  The  algorithm  described  above  will  have  achieved  a successful  set  of 
doublet  matching  assignments  provided  the  following  conditions  are  satisfied 

(i)  all  "matching  corner  point"  branches  (branch  class  5)  are 

included  in  the  spanning  tree  T. 

(ID  a "preferred  ground  node"  is  never  assigned  to  a class  5 branch 

(i.e.,  priority  class  1 is  never  selected.) 

(iii)  the  ground  node  actually  selected  for  a tree  T is  a "preferred 
ground  node,"  if  any  appear  in  T. 


(*) 

Note  that  a completely  exhaustive  examination  of  all  possible  matching  assign- 
ments possible  for  a connected  graph  G would  involve  (n  . s)  separate  cases, 
where  n is  the  number  of  nodes  in  G and  s is  the  number  of  spanning  trees. 
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F.6  Gap-Filling  Panels 

Whenever  a gap  whose  size  is  greater  than  the  user-specified  to  erance 
distance  occurs  between  portions  of  two  or  more  network  edges  which  form  an 
abutment ,°gap-f i 1 1 i n^panel s are  defined.  The  placement  o grilling  panels 
is  illustrated  for  an  abutment  containing  two  network  edges  g 

We  now  briefly  outline  the  process  by  which  panels  are 

constructed,  first  considering  the  case  of  two  network  edges.  » 

edge  in  the  abutment  is  '-parametrized."  That  is  each  pane  corner  po  n on 
the  edae  is  assigned  a real  number  t between  0 and  1 inclusive,  where  t is  tne 
‘ratio  o?  two  distances.  The  first  distance  is  the  sum  o the  lengths  of  the 
panel  edges  between  the  starting  point  of  the  abutment  and  the  panel  corner 
point  in  question,  while  the  second  distance  is  the  sum  of  the  lengths  of  an 
?he  panel  edges  on  a' network  edge.  Thus  t represents  the  proportion  < °fJ 
ent i r^edge  length  which  one  has  traveled  in  proceding  from  the  start  oi the 
abutment  to  the  panel  corner  point  in  question.  In  figure  F.9,  each  pane 
corner  point  is  given  a value  t. 


Now, 

edges  are 
0 = t, 


suppose  the  distinct  values  of  t which  occur  for  the  two  network 


< tl 


1 1 , 


where 


.< 


t n = 1 


(F.6. 1) 


abutment.UPFor  ea?hPIn^e9e?^!a^!^^a^!eth^q^ad5ilate?a^1  ^ion  jith  corner 
points  lying  on  ^e^wo^networ^edges,  with  . ; 

coFner  point  (hr  instance,  .30  is  not  the  parameter  value  of  any  cornerpoint 
on  network  A in  figure  F.9),  linear  interpolation  between  corner  points  s 
used  to  find  the  point  on  the  panel  edge  with  that  value, 

or  more  of  the  four  edges  of  this  quadrilateral  region  have  length  greater 
than  the  user-specified  tolerance  distance  e,  a gap-filling  panel  is  defi  e . 

m’llgSr^:  rerr^&Seln*  t imes‘the  abutment  fe^gth  seve^ 

verv  small  gap-filling  panels  are  never  defined  is  that  numerica  difficult  es 
S d Silr9?S  measuring  the  influence  of  these  pane  Is  or i control  points.  It 
is  not  known  at  this  time  under  which  circumstances  the  result  g 
discontinuity  might  be  significant. 

Next  we  address  the  question  of  how  to  define  the  doublet  strength  on  the 
qap-n  Ing  pane  f o the?  doublet  continuity  is  attained  The  edge  splines 
constructed  ?n  append!*  I assure  that  if  one  edge  is  * 

Other  then  the  doublet  strength  matches  at  points  on  the  two  networx  e 
with  the  same  parameter  value  t.  Thus  we  want  the  dou  e ction  of- 

constant  on  the  panel  along  the  direction  perpendicular  to  the  direction 

the  abutment. 


We  illustrate  this  in  figure  F.18  The  four  corner  points  of  the  panel 
are  Pi  and  Pj+i  on  edge  A and  pj  and  p}+i  on  edge  B.  We  then 
define  Mi  as  the  midpoint  of  the  segment  Pi  P-j+i,  and  Mi'  similarly. 

Then,  since  Pi,  Pj+i,  and  Mi  each  has  the  same  parameter  value  as  its 
primed  counterpart,  it  also  has  the  same  doublet  strength,  namely  u,  ui+i, 
or  u|  respectively.  Thus,  we  have  defined  u at  six  of  the  nine  panel 
defining  points,  and  we  define  u at  the  remaining  three  panel  defining  points 
in  the  natural  way. 

This  defines  u uniquely  on  the  whole  panel  (see  section  5.5).  Further,  it 
insures  continuity  of  u on  the  whole  edge  Pi  P-j+i  and  the  whole  edge 
P Pj+1»  since  these  two  gap-filling  panel  edges  are  subsets  of 
ordinary  panel  edges.  Thus  the  doublet  strength  on  the  network  edges  is 
defined  by  a single  quadratic  function  in  one  variable,  and  therefore  agrees 
with  the  doublet  strength  on  the  gap-filling  panel  edge  everywhere,  since  it 
agrees  at  three  points. 

Finally  we  must  consider  the  case  of  three  or  more  network  edges  meeting 
in  an  abutment,  as  illustrated  in  cross-section  in  figure  F.19.  There, 
network  Eq  is  the  most  densely  paneled  network  edge,  and  so,  if  the  user  has 
followed  the  paneling  rules,  it  is  a refinement  of  edges  Ei  and  Ej.  We 
construct  gap-filling  panels  as  illustrated  in  order  to  fill  the  gap  in  the 
abutment. 

It  still  remains  to  be  decided  how  to  define  the  doublet  strength  on  the 
gap  filling  panels.  We  want  the  doublet  strength  to  be  continuous  across 
edges  Ej  and  E?,  while  at  E0  we  want 

uo  “ u(l)  ” u(2)  3 0 ( F .6.2) 

where  u(i)  is  the  doublet  strength  on  the  gap-filling  panel  spanning  the  gap 
from  E0  to  E-j.  On  the  other  hand,  the  doublet  edge  splines  and  matching 
boundary  conditions  insure 


u 0 — u i - u2  = 0 (F.6.3) 

where  ^ is  the  doublet  strength  on  edge  E-j.  Thus  the  specification 

u(l)  = ui 

u(2)  3 ^2  (F.6.4) 

insures  doublet  continuity  (in  the  form  (F.1.1))  everywhere. 

Thus  the  general  procedure  used  by  Pan  Air  for  gap-filling  panels  in 
abutments  with  three  or  more  network  edges  is: 

a.  choose  the  most  densely  paneled  edge  (which  should  be  a refinement  of 
all  the  other  network  edges), 

b.  define  gap-filling  panels  in  the  gap  between  the  finest  edge  E0 
and  each  other  edge  E, , just  as  if  this  were  an  abutment  with  only 
two  edges,  and 


F.6-2 


c. 


define  the  doublet  strength  on  the  gap-filling  panels  to  be  equal  to 
the  doublet  strength  on  the  edge  E^. 


Note  that  this  procedure  works  even  if  there  are  only  two  edges  in  the 
abutment.  Further,  it  insures  that  the  equation 


Ss-j  ui  =0 

is  imposed  along  all  network  edges. 


(F.6.5) 
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Network 


Figure  F.l  - Impermissible  network  intersection 
(in  cross-section) 


region  where  viscous 
effects  dominate 


Figure  F.2  - Leading  edge  vortex  (in  cross-section) 
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Figure  F.5  - Each  network  edge  is  a refinement  of  the  other 
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Figure  F.6  - Edge  1 is  a refinement  of  edge  2 
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Figure  F.  18  - Gap-filling  panel 


Nl 

Figure  F.  19  - Gap-filling  panels  on  an  abutment  with  3 network  edges 


G.O  Control  Point  Locations 


In  fiqure  G.l  we  illustrate  the  possible  location  of  points  on  J network, 
called  control  points,  at  which  boundary  conditions  are  defined.  These 
locations  are  independent  of  the  source  type  or  doublet  type  of  the  network, 
however  we  will  see  in  Appendix  H that  meaningful  boundary  conditions  are  not 
necessarily  imposed  at  all  control  points  (for  instance,  on  wake  networks, 
boundary  conditions  are  only  imposed  along  one  edge). 

Note  that  controls  points  are  illustrated  as  being  located  near,  but  ndt 
directl v on  midpoints  of  panel  edges  lying  on  network  edges.  This  due  t0 
the  disastrous  results  which  would  occur  from  attempting  to  measure  t 
velocity  or  potential  at  a control  point  that  lies  directly  on  a pane  9 

(see  section  J.UJ.  Later  in  this  section  we  describe  the  procedure  used  to 

recede  control  points  from  the  panel  edge. 

When  a network  edge  is  divided  into  distinct  portions  belonging  to 

these  control  points  as  for  ordinary  control  points. 

In  order  to  determine  its  location,  a control  point  is  placed  in one  of 
three  categories:  panel  center  control  points,  edge  midpoint  control  points, 

and  oanel  corner  control  points.  The  latter  two  categories  are  only  defined 
along  the  network  perimeter.  The  control  point  is  defined  by  prescribing  a 
"hypothetical  location"  (the  center  point,  edge  midpoint,  or  corner  point  a 
wMch  the  control  point  would  ideally  be  located),  and  a "recession  vector" 
which  describes  the  extent  to  which  the  control  point  is  receded  into  a 
subpanel  from  its  hypothetical  location. 

The  size  of  the  “recession  vector"  has  been  determined  experimentally. 
Basically  it  has  been  chosen  as  small  as  possible  without  causing  severe 
numer  i cal  * error? S Se  refer  to  figure  G.3  in  defining  Recession  vectors. 
There  we  show  an  edge  control  point  as  Pr  and  a corner  point  at  P1  ’ ■. 

Sol  point?  at  other  points  or  edge  midpoints  the  procedure  is  identical. 

Panel  center  control  points  are  only  receded  very  slightly  from  the  center 
point  Pg  since  the  doublet  distribution  is  differentiable  and  the  source 
distribution  is  continuous  at  Pg  ; as  a result  (see  *®£tion  J.  * well 

potential  and  velocity  induced  by  the  singularity  distributions  are  very  well 
T . i + n it  k <•  1 1 1 1 npcp^sarv  to  recede  the  control  point  sngntiy, 

S because  ^influencecoefficientsc  an  not  be  computed  for  a point  lying 

directly  on  a sub-panel  edge,  because  the  calculations  yield  singular  results 
there.  So,  we  choose  the  recession  vector  to  be 


- (Pg  - Pg)  + (P7  - P9) 

R _ m 


(G.O. 1) 
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Edge  control  points  are  receded  considerably  further  because  of  the 
discontinuities  in  doublet  derivative,  surface  slope,  and  source  strength 
which  occur  at  network  edges.  Thus,  for  the  control  point  located  at  P5,  we 
define  its  recession  vector  to  be 


R = 6 


f_jV5 
I l?8-^l  * 


(pg  p5)  + 


P9-P5 


8 " r5l  I P9  ' P5 


Pn  - Pr  I + I - P 


(P8  - V 


8 '5  9 5 


(6.0.2) 


where 


"p  _ p 

8 *5 

"p  _ p 

9 k5 

} if  lpi  - Pel 

I 1 3 

in  1 n 1 > 

« = i 


9 _ 5 


1/10 


otherwise 


(G.0.3) 


Th£  recession  vector  R bisects  the  angle  between  the  vectors  (Pg  - P5)  and 
(pg  ~ £5)*  If  <5  were  unity,  the  head  of  the  recess ionjvector J(  emanating  from 
point  Pg  would  lie  on  the  line  segment  joining  points  Pg  and  Pg.  If  edge  1 
is  collapsed  as  in  figure  G.4,  then  6 is  taken  to  be  a tenth.  _JTie  recession 
vector  R would  also  be  used  for  any  control  points  located  at  P]i  and  Po  in 
this  case.  If  edge  1 is  not  collapsed,  then  6 will  be  at  most  a tenth  and 
possibly  less,  if  the  panel  is  skewed.  The  recession  vectors  for  other  edge 
midpoint  control  pointy  are  defined  analogously,  control  points  whose  hypothetical 
locations  are  Pg,  P7,  Pg  being  withdrawn,  respectively,  into  triangles  6,  7, 
and  8. 


For  the  corner  control  point  located  at  P^  which  does  not  lie  on  a collapsed 
edge  the  recession  vector  is 


This  particular  construction  provides  the  recession  vector  R with 
properties  similar  to  the  edge  control  point  recession  vector  in  (G.0.2). 

Note  that  the  recession  vector  in  (G.0.4)  lies  in  subpanel  1.  The  recession 
vectors  for  other  corner  control  points  are  handled  in  a similar  fashion. 

Some  geometric  quantities  in  addition  to  location  and  hypothetical 
location  are  computed  by  the  program  for  each  control  point.  One  of  these  is 
the  subpanel  on  which  the  control  point  actually  lies.  This  is  needed  later 
(see  section  J.8)  to  insure  that  an  average  potential  and  velocity  are 
computed  correctly  in  measuring  the  influence  that  the  sub-panel  on  which  the 
control  point  lies  exerts  on  the  control  point. 


G.0-2 


Also,  for  each  edge  or  corner  control  point  at  which  a matching  boundary 
condition  is  imposed,  a set  of  "extra  hypothetical  locations"  and  their 
associated  sign  is  computed.  These  arise  from  the  matching  boundary  condition 

(see  section  F.l) 


£ s-j  ui  - 0 


(6.0.5) 


where  the  u-j  are  the  values  of  doublet  strength  on  different  networks. 

In  fiqure  6.5,  we  illustrate  an  abutment  containing  three  network  edges. 
Although  the  control  point  is  receded  from  the  edge,  the  matching  boundary 
condition  involves  singularity  strengths  at  the  edge;  in  this  example  (G.0.5) 
becomes 


Si  u(Hi)  = 0 


(G.0.6) 


i = 0 


where  H0  is  the  (default)  hypothetical  location  of  the  control  point,  while 
Hi  and°H2  are  extra  hypothetical  locations. 

In  Appendix  F we  indicate  how  the  signs  Si  are  computed;  here  we 
describe  the  computation  of  the  extra  hypothetical  locations.  Hypothetical 
locations  are  computed  one  abutment  at  a time  by  parametrizing  the  abutment 
(see  section  F.4),  a process  that  assigns  to  each  panel  corner  point  or  edge 
midpoint  P on  that  portion  of  a network  edge  belonging  to  an  abutment  a real 
number  t(P)  between  0 and  1. 

In  figure  G.6,  we  illustrate  an  abutment  with  two  network  edges.  Given 
the  control  point  and  default  hypothetical  location  H0  , we  compute  the 
extra  hypothetical  location  Hi  as  follows.  Parametnzation  of  the  abutment 
gives  us  t(H0),  and  also  assigns  a value  t to  every  panel  corner  point  and 
edge  midpoint  on  the  edge  of  network  1. 

By  interpolation  between  these  points,  we  find  Hi  as  the  point  satisfying 


t(Hi)  = t(H0) 


( G • 0 • 7 ) 


In  addition  to  the  coordinates  of  the  extra  hypothetical  locations,  the 
program  determines  the  panel  and  subpanel  on  which  each  extra  hypothetical 
location  lies,  so  that  the  doublet  strength  can  be  computed  there  later. 

Our  discussion  of  matching  boundary  conditions  has  assumed  we  are  dealing 
with  doublet  matching.  In  the  case  of  a source  matching  boundary  condition 
(which  may  occur  on  the  edge  of  a source  design  network) 


£*i 


= 0 


(G.0.8) 


and  extra  hypothetical  locations  and  signs  are  computed  as  before. 
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There  are  two  final  pieces  of  geometric  data,  associated  with  control 
points,  which  we  have  not  yet  discussed.  These  are  the  normal  and  conormal  of 
the  subpanel  on  which  the  control  point  lies.  The  normal  is  needed  in 
post-processing  to  compute  velocity  from  the  potential  and  the  normal  mass 
flux  (see  Appendix  N),  while  the  conormal  n is  needed  to  compute  the  normal 
mass  flux  from  the  velocity  influence  coefficient  matrix  by  the  formula 

v ' n = w ' n (G.0.9) 

The  computation  of  the  normal  is  described  in  section  D.2,  while 

n = n (G.0.10) 

where 

[B0]  = 1 + (SB2  - 1)  c0  cj  (G. 0.11) 

by  equation  (E.3.9) . 
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Figure  G.2  - Division  of  network  edge  into  two  abutments 


H.O  Boundary  Conditions  and  Onset  Flows 

Tn  this  aooendix  we  describe  the  processing  of  the  user- input  boundary 

however,’ user-specified  boundary  conditions  are  over-ridden  by  the  progra  . 
In  section  H.l,  we  discuss  the  standard  boundary  condition  equation. 


aA  WA  * " + CA  *A  + *A  * V A 


+ aQ  o + cD  m 


+ t. 


V4  = b 


(H.0.1) 


and  describe  how  the  program  computes  the  coefficients  of  the  left  hand  side 
of  the  equation.  In  Section  H.2,  we  discuss  program  overrides  of  the 
user  specified  boundary  conditions.  In  section  H. 3,  we  discu 
coraputatlonof  the  right  hand  side  of  (H.0.1)  via  onset  flows. 


H.0-1 


H.l  Standard  Forms  for  Boundary  Conditions 

H.l.l  Reduction  of  User  Specified  Boundary  Conditions  to  Standard  Form 

The  program  user  usually  defines  two  boundary  conditions  at  each  c°"trol 
point.  Generally  this  is  done  on  a network-wide  basis  (especi jjjly  ™ ( 9 
the  left  hand  side  of  (H.0.1)),  but  it  may  be  done  on  a point-by-point  basis. 
The  User's  Manual  (section  3)  explains  how  to  define  the  boundary  condition 
coefficients;  for  standard  cases  it  is  done  automatically  by  the  program.  I 
anv  case  the  user-input  boundary  condition  can  be  much  more  general  than 
(H.0.1);'it  can  be  of  the  form  (though  almost  all  coefficients  would  genera  y 

be  zero); 


au  *u  - " * CU  * *U  • vu  * eu  VU  • " 


* “l  • S * CL  *1  * *L  • *L  * *L  VL  • " 


A "A 


+ aD  ° + CD  u + *D  ‘ u + eD  VD  * ° 


= b 


(H.1.1) 


Here  the  subscripts  U,  L,  A,  D refer  to  upper,  lower,  average,  and 
difference,  while  the  superscript  I specifies  that  these  are  user-input 
quantities. 

Letting  X stand  for  any  of  the  quantities  w,  or  v,  we  have,  by 
definition, 


XA  = 2 {XU  + XL^ 

(H.l. 2) 

X 

1 

ZD 

X 

II 

o 

X 

Inverting  (H.l. 2)  we  have 

XU  = XA  + 7 XD 

(H.l. 3) 

XL  55  XA  ‘ 7 XD 

Thus,  + aL  XL  = (ay  + aL^  XA  + 7 (°U  “ aL)  XD 

(H.l. 4) 

where  and  aL  are  any  real  numbers. 

Substituting  (H.l. 4)  into  (H.1.1),  we  have 
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UU  * aL  * aA>  "a  • " * (cU  * CL  * Ca’  "a 

’ (tj  * t')  . Me'  *e‘)  vA  . S 

* (7  aU  ' 7 aL  * aD>  ° 

* <7C{  -7cf  * CD>  « 

* <7*U  -7‘l  * *d>  • *» 

* (7  eU  " 7 eL  * eD*  *D  • " * b 


(H.1.5) 


Here,  we  have  used  the  facts  that  a = wD  . n and  „ = 0Q.  So  we  have  replaced 

upper  and  lower  flow  quantities  In  (H.1.1)  with  average  and  difference 
quantities.  But  in  order  to  put  the  equation  In  the  non-redundant  form 
(H .0.1 ) , we  still  have  to  eliminate  the  normal  velocity  terms  which  may  be 
selected  by  a program  user  In  place  of  normal  mass  flux. 


Now,  we  have  already  shown  (see  5.4.16a)  that 

w ' n = v * " (H.1.6) 

where  n is  the  co-normal.  Now,  assuming 

n • " ^ 0 (H.1.7) 

(n  . n = 0 Is  the  case  of  a forbidden  "Mach-inclined"  panel),  we  have  the 
Identity 


n 


where 


and  so  r is  In  fact  a tangent  vector  or  zero. 
Thus,  by  (H.1.8), 


(H.1.8) 


(H.1.9) 


(H.1.10) 


n = 


n + 


v = 


n + 


(H.1.11) 
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Substituting  (H.1.11)  into  (H.1.5),  we  obtain 

(a‘  * sl‘  * “a1  * T*-:  <ei/  * 6l‘  * 'a'"  =A  • fi 


n . n 


* <V  * cl‘  * ca!)  "a 

* (V  * V * V * leu’  * eLI  * eA!)  ?)  • 

* <7  *u‘  - 7 V * 87=  ' * "l1  * e“ln  0 


* <J  cu*  • I CL*  * C0  * “ 


= b 


(H.1.12) 


Thus,  (H.1.5)  is  of  the  form  (H.0.1),  with 
*A  a aU 


a.  = a..1  - a 1 ♦ a 1 ♦ ^ (e^  + eL 

«-  n n n 


n . n 


CA  * cu‘  * Cl‘  * Ca’ 


) (fi  - 


A ~ 

n . n 


‘a  - ‘u1  * V * 1a‘  * (eu’  * ei  * eA! 

a0  ■ 7 V • 7 *L!  * *0'  * (7  eU  ' 7 eL  * e0  * 

VrV  -?V  * V * (7eu'  -K1  * eD‘»  (!l  - sTs 


n) 

(H.1.13) 


H.i.2  Classification  of  Control  Points 

The  correct  implementation  of  symmetry  in  PAN  AIR  requires  that  the 

point  lie: 

0 Away  from  a plane  of  symmetry 
0 On  a plane  of  symmetry 

0 In  a plane  of  symmetry 


H.l-3 


In  appendix  K we  show  that  when  a configuration  has  two  planes  of  symmetry, 
these  two  planes  of  symmetry  are  characterized  by  the  specification 

pi  = { q I (nif  q - pQ)  = 0 } (H.1.14) 

= i-th  plane  of  symmetry 

Here,  pQ  is  any  point  lying  on  the  intersection  of  the  two  planes  of  symmetry 
while  n^  denotes  the  unit  normals  for  symmetry  plane  . The  unit  normals 
nj , r>2  satisfy  the  conditions 


where  cQ  is  the  compressibility  axis. 

With  this  notation  developed,  we  can  now  define  our  concepts.  Let  p be 
the  position  vector  for  the  hypothetical  location  of  a control  point  and  let  n 
be  the  unit  normal  to  the  singularity  surface  at  p.  Then,  p Is  said  to  lie 
away  from  any  plane  of  symmetry  If  p e P^,  that  is,  if 

(away)  (p  - pQ,  n^  4 0 (H.1.15) 

Next,  p is  said  to  lie  on  P^  if  p e P^,  that  is, 

(p  on  Pf)  (p  - p0,  n^ ) = 0 (H.1.16) 

Notice  that  It  is  posslble^for  p to  lie  on  two  planes  of  symmetry. A Finally, 
p Is  said  to  lie  i£  P^  If  p e P^  and  in  addition  n Is  parallel  to  n^.  Thus 

(p  in  P|)  (p  - pQ,  n ^ ) = 0,  (n,  r^)  = 1 (H.1.17) 

Because  of  the  extra  condition  that  n be  parallel  to  n.,  it  is  impossible  for  a 

control  point  to  lie  i£  two  planes  of  symmetry.  1 

In  practice  these  distinctions  are  modified  slightly.  In  the  actual 
implementation  of  PAN  AIR,  the  only  control  points  that  are  recognized  as 
lying  in  a plane  of  symmetry  are  those  control  points  in  a network  such  that 
the  whioTe  network  lies  in  a plane  of  symmetry.  If  a control  point  does  not 
lie  in  a plane  of  symmetry,  the  only  way  by  which  It  will  be  recognized  as 
lying  on  a plane  of  symmetry  is  if  (i)  it  Is  a network  edge  control  point  and, 

(11)  tEe  network  edge  abuts  a plane  of  symmetry.  Of  course  if  the  network 

edge  abuts  both  planes  of  symmetry,  the  control  point  will  be  recognized  as 
lying  on  both  planes  of  symmetry.  Finally,  If  a control  point  Is  not  found  to 
He  either  on  or  in  a plane  of  symmetry  by  these  tests,  it  Is  said  to  lie  away 
from  the  planes  of  symmetry. 

H.1.3  Boundary  Condition  Symmetry  Types  for  Networks  Lying  in  a Plane  of 
symmetry 


When  a user  has  specified  that  a configuration  has  a plane  of  symmetry, 

PAN  AIR  assumes  that  the  boundary  condition  to  be  Imposed  at  p1  the  image  of  a 
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control  point  p has  the  form,  (compare  with  equation  (H.0.1)) 
aA  wA  (p*  > . Rj  n + cA  *A  (p1 ) + vA  (p)  . Rj  tA 
+ aDa(p')  ♦ cDll  (p1)  ♦ V u (P* ) • Rj  tQ  * b*  (H.1.18) 

where  R1  denotes  the  usual  reflection  matrix  defined  by  the  normal  nx  to  the 
plane  of  symmetry,  (cf.  Dahlquist,  Bjorck,  ref.  H.l,  p.  212) 

Rx  * I - 2 nl  fij1. 

Now  when  a control  point  lies  in  the  plane  of  symmetry,  so  that  p is  Identical 
with  o'  the  concept  of  an  image  control  point  breaks  down  and  we  find  that 
different  side  conditions  must  be  imposed  upon  the  boundary  conditions  in 
order  to  decompose  the  original  boundary  value  problem  Intc >1t.  sy^jetr  1 and 
antisymmetric  parts.  In  appendix  K it  is  shown  that  a doublet  network  lying 
ina  plane  of  symmetry  must  have  an  antisymmetric  boundary  condition  of  the 

form: 

Antisymmetric  Boundary  Condition 

aA  *A  (P)  * " + CD  m + V » (P>  ‘ *D  = b (H.l. 19) 

while  a source  network  lying  in  a plane  of  symmetry  must  have  a symmetric 
boundary  condition  of  the  form: 

Symmetric  Boundary  Condition 

aQ  o (p)  + cA  0A  (p)  + vA  (p)  • tA  = b (H.l. 20) 

These  restrictions  on  the  form  of  boundary  conditions  for  networks  lying  in  a 
nlane  of  symmetry  should  be  regarded  as  the  proper  extension  of  the 
restriction  (H.1.18)  imposed  upon  boundary  conditions  at  image  control  points. 
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H.2  Boundary  Condition  Overrides  and  Boundary  Condition  Selection 

We  discuss  here  all  of  the  considerations  that  lead  to  the  selection  of 
the  appropriate  boundary  conditions  to  be  imposed  at  a control  point.  Two 
basic  problems  must  be  addressed. 

First,  the  specification  of  a boundary  condition  on  the  upstream  surface 
of  a superinclined  panel  leads  to  an  ill -posed  boundary  value  problem. 
Consequently,  if  by  user  error  or  inadvertence  this  situation  should  occur, 
the  user  specified  boundary  conditions  will  be  modified  by  PAN  AIR  in  a 
prescribed  fashion  so  as  to  eliminate  the  difficulty.  This  modification 
process,  to  be  described  presently,  is  quite  straightforward. 

Second,  at  some  control  points  more  boundary  conditions  may  be  available 
for  use  than  are  actually  required. 

This  situation  may  arise  in  two  possible  ways: 

(i)  On  a composite  network,  one  typically  specifies  two  boundary 
conditions  at  every  control  point.  However,  there  are  always  some 
control  points  (typically  on  the  boundary  of  the  network)  which 
require  only  one  boundary  condition. 

(ii)  PAN  AIR  is  capable  of  internally  generating  boundary  conditions  that 
take  priority  over  all  user  specified  boundary  conditions.  These 
internally  generated  boundary  conditions  include  the  following 

a A *S 

o Degenerate  boundary  conditions  of  the  form  a = 0 or  u =0  for 
networks  lying  in  a plane  of  symmetry 

o Doublet  matching  conditions 

o Velocity  jump  matching  conditions  (also  known  as  the  vorticity 

matching  Kutta  condition) 

o Closure  conditions 

o Source  matching  conditions 

The  problem  to  be  addressed,  then,  is  to  determine  which  boundary  conditions 
are  to  be  imposed  when  more  than  enough  are  available.  Any  response  to  this 
problem  must  address  separately  the  different  cases  indicated  by  figure  H.l. 
Thus  we  must  distinguish  whether  a control  point  is  interior  to,  on  the  edge 
of,  or  on  the  corner  of  a network.  Additionally,  we  must  distinguish  the 
cases  for  which  the  control  point  lies  away  from,  on  or  in  a plane  of 
syranetry.  Finally,  we  remark  that  whenever  a control  point  lies  on  or  in  a 
plane  of  symmetry,  boundary  condition  assignments  must  be  done  separately  for 
each  symmetry  condition.  The  reason  for  this  last  requirement  is  that 
whenever  a control  point  lies  on  a plane  of  symmetry,  there  is  the  possibility 
that  a degenerate  boundary  condition  is  being  Imposed  nearby,  and  this  fact 
can  crucially  affect  the  assignment  of  matching  conditions,  depending  upon  the 
symmetry  condition. 

The  approach  that  PAN  AIR  uses  to  resolve  the  dilemma  of  too  many  boundary 
conditions  is  to  define  a boundary  condition  hierarchy.  Thus,  by  defining  a 
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prioritization  of  the  available  boundary  conditions,  PAN  AIR  is  able  to  select 
the  top  one  or  two  in  accordance  with  its  needs.  This  particular  resolution 
of  the  dilemma  should  not  be  regarded  as  the  only  possible  or  even  the  only 
reasonable  resolution.  In  fact,  we  shall  see  that  it  is  not  even  adequate  and 
requires  some  modification  when  the  control  point  lies  in  a plane  of 
symmetry.  Alternative  approaches  that  could  also  be  used  include: 

(i)  The  boundary  conditions  required  by  PAN  AIR  could  be  tagged  "source 
type"  or  "doublet  type,"  the  basic  idea  being  that  "source  type" 
boundary  conditions  are  applied  at  source  boundary  condition  points 
while  "doublet  type"  conditions  are  applied  at  doublet  boundary 
condition  points  (see  figures  D.l,  D.2,  D.3).  In  addition,  the  DQG 
generated  boundary  conditions  could  also  be  typed  in  this  way.  For 
example,  we  would  define 

£ 

Degenerate  doublet,  u = 0, 

Degenerate  source,  oA  = 0, 

Doublet  Matching 
Source  Matching 
Velocity  Jump  Matching 
Closure 


Doublet  type 
Source  type 
Doublet  type 
Source  type 
Doublet  type 

Doublet  type  (If  "no  doublet 
matching") 

Source  type  (if  "no  source 
matching") 


Finally,  the  two  user  specified  boundary  conditions  would  be  typed, 
one  "source  type"  and  the  other  "doublet  type"  (this  Is  the  tricky 
part).  Then,  during  boundary  condition  assignment,  a "doublet  type" 
DQG  boundary  condition  would  replace  a "doublet  type"  user  boundary 
condition  while  a "source  type"  DQG  boundary  condition  would  replace 
a "source  type"  user  boundary  condition. 


For  this  scheme  to  work,  we  would  have  to  ensure  that  a "doublet 
type"  ("source  type")  DQG  boundary  condition  never  be  requested 
unless  a "doublet  type"  ("source  type")  boundary  condition  Is 
actually  needed  at  that  point.  In  addition,  for  class  4 and  class  5 
boundary  conditions,  it  would  almost  certainly  be  necessary  to 
require  that  the  user  specify  the  singularity  type  of  each  of  his 
boundary  conditions. 


( i 1 ) The  program  could  proceed  just  as  it  does  now  in  terms  of 

prioritizing  internally  generated  boundary  conditions,  but  Impose 
upon  the  user  the  requirement  that  he  assign  boundary  condition 
priorities  to  the  boundary  conditions  that  he  provides.  (Section 
H.2.7  summarizes  PAN  AIR's  current  prioritization  of  Internally 
generated  boundary  conditions.) 
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H.2.1  Super-inclined  Panel  Override 

In  describing  the  program  override  which  occurs  on  superincl ined  panels, 
that  is,  those  for  which 

(H.2.1) 


A 

n 


n < 0 


we  will  assume  for  convenience  that  the  "upper"  surface  of  the  panel  is  the 
"upstream"  surface,  that  is,  that 

(H.2.2) 


A 

n 


A - 

c < 0 
o 


where  cQ  is  the  compressibility  vector. 

This  assumption  is  not  made  within  the  program,  of  course,  but  is  merely 
used  here  to  simplify  the  discussion.  Under  this  assumption,  any  uPPe,\ 
surface  specification  is  ill -posed,  or  very  nearly  so.  Neverthe nL 
boundary  condition  could  accidentally  occur  if  a panel  significantly  inclined 
to  the  freestream  becomes  superincl ined  as  the  Mach  number  is  increase  . 

We  say  that  an  upper  surface  condition  has  been ^stands 
coefficients  of  XL  's  are  zero,  where  XL  is  defined  in  (H.1.3),  and  X 

for  w . n,  <6,  or  v.  Using  (H.1.3),  we  see  that 

XA  - 1/2  XQ  = XL  (H.2.3) 

Now,  an  upper  surface  boundary  specification  has  occurred  if 


aL  = 0 

cL-° 


and 


(H.2.4a) 


that  is,  if 


aA  " 2 aD 


CA  = 2 CD 


(H.2.4b) 


Whenever  (H.2.4)  occurs,  the  boundary  condition  (H.0.1)  is  replaced  by  the 
revised  boundary  condition 


wL - n = wA  - n - 1/2  o = 0 

or,  if  this  boundary  condition  has  already  been  specified  as  the  other 
boundary  condition  at  the  control  point,  (H.0.1)  is  replaced  by 


H.2-3 


(H.2.7) 


Finally,  If  the  boundary  condition  ( H .0*1 ) is 
a = b 


the  program  assumes  this  to  be  an  indirect  upper  surface  boundary  condition 
associated  with  Interior  perturbation  stagnation,  and  thus  replaces  this  with 
either  the  boundary  condition  (H.2.5)  or  (H.2.6)  as  appropriate. 

Once  this  override  of  the  user  specified  boundary  conditions  has  been 
performed,  PAN  AIR  proceeds  with  its  analysis  treating  the  new  boundary 
conditions  exactly  as  if  they  had  been  directly  specified  by  the  user. 

H.2.2  Boundary  Condition  Selection 


The  selection  process  for  boundary  conditions  consists  of  four  stages: 


(1)  The  number  of  nontrivial  boundary  conditions  to  be  imposed  at  a 

control  point  is  determined.  Denote  this  number  by  N^TgC.  (If  the 

control  point  lies  in  a plane  of  symmetry,  these  boundary  conditions 
must  also  be  classified  as  to  symmetry  type,  symmetric  or  anti- 
symmetric (cf.  section  H.1.3).  In  this  case,  two  numbers  are 
S A 

determined,  N^g^  and  N^g^,  the  number  of  symmetric  and  antisymmetric 

boundary  conditions  to  be  Imposed.)  Figures  D.l,  D.2  and  D.3  describe 
the  locations  of  nontrivial  boundary  conditions  for  the  various  network 
types. 

(ii)  The  Internally  generated  boundary  conditions  to  be  Imposed  at  a 

control  point  are  determined.  If  the  control  point  lies  on  or  In  a 
plane  of  symmetry,  both  the  number  and  nature  of  these  boundary 
conditions  mey  vary  from  one  symmetry  condition  to  another.  (For 
control  points  lying  in  a plane  of  symmetry,  these  conditions  are 
classified  as  to  symmetry  type.) 

(iii)  The  user  boundary  conditions  associated  with  a control  point  are 
determined  and  then  ranked  in  a hierarchy.  (Again,  if  the  control 
point  lies  in  a plane  of  symmetry,  these  boundary  conditions  must  be 
classified  as  to  symmetry  type.) 

( 1 v ) Finally  a list  of  all  available  boundary  conditions  Is  constructed. 

The  internally  generated  boundary  conditions  are  ranked  according  to 
the  prioritization 

1.  Degenerate  boundary  condition 

2.  Doublet  matching/velocity  jump  matching 

3.  Closure 

4.  Source  matching 


Following  these,  the  list  of  user  specified  boundary  conditions 
developed  in  part  (Hi)  is  appended.  Then,  the  first  N^g^.  boundary 


conditions  (cf.  part  (1))  are  selected  for  imposition  at  the  control 
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point.  If  the  combined  list  contains  fewer  than  NNTBC  boundary 
conditions,  the  program  terminates  with  an  error  message. 

(If  the  control  point  lies  In  a plane  of  symmetry,  two  lists  must  be 
prepared,  one  containing  symmetric  boundary  conditions  and  the  other 

containing  antisymmetric  boundary  conditions.  Letting  NNTBC>  nnjbc 
denote  respectively  the  number  of  symmetric  and  antisymmetric  boundary 
conditions  to  be  imposed,  we  select  NjjTBC  boundary  conditions  from 
the  symmetric  list  and  nJtbc  boundary  conditions  from  the  anti- 
symmetric list.  If  an  insufficient  number  of  boundary  conditions  of 
tire" correct  symmetry  type  is  available,  the  program  terminates  with  an 

error  message.) 

When  a control  point  lies  away  from  any  plane  of  symmetry,  the  above  procedure 
Is  Carried  out  SnlJ  once,  sink  the  boundary  conditions  to  be  mposed  are 
Independent  of  symktry  condition.  However,  whenever  a control 
or  in  a plane  of  symmetry,  the  procedure  must  be  repeated  for  each  symmet  y 

condition. 

In  the  remainder  of  this  subsection  (H.2.2),  we 
of  the  above  procedure.  Part  (ii)  Is  covered  In  three  sections,  (H. 2. 3)  on 
degenerate  boundary  conditions,  (H.2.4)  on  source  and  do«b1et  matching 
conditions  and  (H.2.5)  on  closure  boundary  Part  (lin^  th 

boundary  condition  hierarchy,  is  discussed  In  section  (H.2.6).  Part  ^ ^ 
discussed  in  section  (H.2.7)  where  it  is  shown  that  there  will  never  J"0  e 

than  two  Internally  generated  boundary  ^"^t^^-^f^kfkkl^rktwork. 
network,  and  never  more  than  one  on  a source  alone  or  doublet  alone  neiwor*. 

Let  us  now  consider  the  method  by  which  the  program  determines  NNTBC,  the 

balance  between  x's  and  o's  in  figures  D.l,  0.2,  and  0.3. 

S A 

Consider  then  the  following  procedure.  Define  NNTBC  and  NNTBC  by 

(1  if  the  control  point  location  Is  a boundary  condition 
NS  = j location  for  the  network's  source  type 

NTBC  [ o otherwise  ( H .2 .8a ) 

if  the  control  point  location  Is  a boundary  condition 
location  for  the  network's  doublet  type 
otherwise  (H.2.8b) 

For  the  purposes  of  this  computation,  the  boundary  condition  location  points 
are  alven  bv  figure  H.2  for  source  networks  and  figure  H.3  for  doublet 
networks.  The  total  number  of  nontrivial  boundary  conditions  Is  the  sum  o 

these  two  counts. 


NTBC 


1 

> 0 
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(H.2.9) 


MNTBC  = NNTBC  + ^NTBC  * 

Notice  that  this  procedure  also  provides  us  with  the  numbers  N^Tnr  and  NA  r 

of  symmetric  and  antisymmetric  boundary  conditions  to  be  imposed  at  control 
points  lying  in  a plane  of  symmetry. 

If  a control  point  is  an  "extra"  control  point,  the  procedure  given  above 

must  be  modified  slightly.  Here  we  set  NjjTnr  = 0 always,  and  define  NA  r by: 

n i dc  NTBC 

(extra  control  point  case) 


1 if  the  extra  control  point  lies  on  a doublet  analysis 
or  doublet  forward  weighted  network  or  else  on  a 
, matching  edge  of  a doublet  wake  1 or  doublet  design 

network 

* 0 otherwise,  or  If  the  extra  control  point  appears  on  an 
edge  marked  "no  doublet  edge  matching" 

(H.2.10) 


H.2.3  Degenerate  Boundary  Conditions 


If  a control  point  lies  In  a plane  of  symmetry,  then  for  each  symmetry 
condition  a degenerate  boundary  condition  may  be  Imposed  by  PAN  AIR.  The  form 
and  type  of  the  various  degenerate  boundary  conditions  Is  given  In  figure  H.4a, 
for  configurations  with  one  plane  of  symmetry  and  In  figure  H.4b  for 
configurations  with  two  planes  of  symmetry.  In  addition  to  giving  the  actual 
form  of  the  degenerate  boundary  conditions,  these  figures  also  give  the 
symmetry  type.  In  the  sense  defined  in  section  H.1.3.  The  reason  this  is 
necessary  is  that  when  a control  point  lies  in  a plane  of  symmetry,  one  must 
construct  two  boundary  condition  hierarchies,  one  for  symmetric  and  another 
for  antisymmetric  type  boundary  conditions  (cf.  the  boundary  condition 
selection  procedure  described  in  section  (H.2.2)). 


To  be  specific  consider  the  case  of  a composite  network  lying  In  a plane  of 
symmetry,  the  whole  configuration  having  just  one  plane  of  symmetry.  We 
suppose  that  the  user  specified  boundary  conditions  are: 


bc^:  a = b1  (symmetric  type) 

bc2:  WA  • n = 0 (antisymmetric  type) 

The  formulation  of  boundary  value  problems  for  symmetry  conditions*  0S  and 
then  leads  to  the  following  hierarchies.  (We  Ignore  here  any  matching  or 
closure  boundary  conditions.)  The  formulation  procedure  that  leads  to  these 
hierarchies  is  discussed  in  appendix  K.3. 


* The  symmetric  and  antisymmetric  parts  of  the  potential,  iS  and  are 
defined  by  equation  (K.3.22).  When  we  treat  the  formulation  of  the 

Integral  equation  for  (resp.  ^A)  we  say  that  we  are  dealing  with  the 
(resp.  0A)  symmetry  condition.  These  concepts  extend  to  the  case  of  two 
planes  of  symmetry  in  the  obvious  way.  See  eqn.  (K.4.22)  for  JSS,  etc. 
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b.c.  hierarchy  for 
b.c.'s  of  symmetric  type 

b.c.  hierarchy  for 

b.c.'s  of  antisymmetric  type 

AC 

0b 

o symmetric  part  of  bc^: 

o 0s  = 0 (degenerate) 

aS  h 

o = 

o symmetric  part  of  bc2:  0=0 

b.c.  hierarchy  for 
Kr  'c  nf  symmetric  tYQ6 

b.c.  hierarchy  for 

b.c.'s  of  antisymmetric  type 

AA 

P 

o oA  = 0 (degenerate) 

o antisymmetric  part  of  bc2: 

o antisymmetric  part  of  bc^: 

(WA  . n)  = 0: 
A 

O 

II 

O 

Thus  setting  up  the  two  hierarchies  definitely  avoids  the  imposition  of  a 
«nd1«Pon  of  the  form  (0  . r.h.s.)  which  would  utggMg.  ao 

would^ead  to  the  boundary  conditions: 


5s : ;S  . 0.  0 . 0 


CA.  AA  n 

0 : a = u. 


-♦A  A, 

(Wj  . n)  = 0 


These  selections,  which  include  the  singular  boundary  condition  0 = 0,  are  to 
be  contrasted  with  the  boundary  conditions  actually  selected. 


AS 

0b: 


AS  h 

o = b^ , 


aS  0- 
H = U, 


JA:  SA  . 0,  (U*  • S)  - o 


This  example  also  serves  to  Illustrate  the  distinction  between  s^njetr*. 

th4  SL&FSfV®  “potential 

ds  has  both  a syranetrlc  tSS  = bj)  and  an  antisymmetric  (u  - 0)  boundary 
condition  imposed  upon  It. 

H.2.4  Doublet  Matching.  Velocity  Jump  Matching  and  Source  Matching  Boundary 
Condi ti ons 

Each  abutment  (cf.  appendix  F)  In  the  configuration  will  have  associated 
with  It  a doublet  matching  boundary  condition  of  the  form  (cf.  eqn.  (F.5.UI 


(H .2.11a) 

Here,  the  sum  ranges  over  those  networks  involved  In  the  abutment  and  Is 


1 s1  Ui  = 0 
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the  doublet  strength  on  the  1-th  network.  The  coefficients  S|  a * 1 or  0 are 

obtained  by  comparing  the  orientation  of  the  abutment  with  the  intrinsic 
orientation  of  the  edge  on  the  i-th  network: 


/ ♦ 1 


If  the  edge  on  the  1-th  network  is  aligned  with 
the  abutment's  orientation 

if  the  edge  on  the  1-th  network  Is  opposed  to  the 
abutment’s  orientation 

If  the  edge  on  the  1-th  network  Is  marked  "no 
doublet  edge  matching." 


In  general,  this  matching  condition  may  be  assigned  to  any  network  Involved  in 
the  abutment  for  which  the  doublet  edge  type  Is  neither  "null"  nor  "no  doublet 
edge  matching."  The  procedure  by  which  a network  receives  a matching  boundary 
condition  Is  treated  in  detail  In  appendices  F.4  and  F.5.  In  appendix  F.4,  we 
have  described  the  procedure  by  which  a network  Is  selected  to  receive  the 
doublet  matching  condition  along  the  Interior  of  the  abutment.  Having  made 
the  selection,  condition  (H.2.11a)  Is  Imposed  at  each  edge  midpoint  control 
point  of  the  selected  network.  In  appendix  F.5  we  have  described  the 
procedure  by  which  matching  condition  assignments  are  performed  at  an  abutment 
Intersection.  One  finds,  in  general,  that  when  n abutments  come  together  at 
an  abutment  Intersection  (n-1)  of  the  doublet  matching  conditions  are  assigned 
to  appropriate  corner  control  points. 


Velocity  jump  matching  conditions  may  be  Imposed  along  a network  edge 
abutting  the  leading  edge  of  a DW1  wake  network.  These  boundary  conditions 
have  the  form: 


t . ( I s1  i V|  } = 0 


(H. 2.11b) 


where  s^  are  the  same  as  for  the  doublet  matching  conditions,  t is  a vector 

pointing  downstream  along  the  wake  and  the  velocity  jump  avj  on  the  1-th 

network  of  the  abutment  is  given  by  the  Helmholtz  relation  (cf.  eqns. 

(B. 3. 29-31 ) ) , 

a v o n/(n.v)  + Vtu  (H.2.12a) 

Vt  u - (nx  Vu)xv/(n.\T)  (H.2.12b) 

The  velocity  jump  condition  (H.2.11b),  which  Is  also  called  the  vorticity 
matching  condition,  helps  Impose  the  Kutta  condition  in  the  neighborhood  of 
the  abutment  (cf.  appendix  B).  This  condition  Is  Imposed  only  on  the  Interior 
of  an  abutment  and  only  on  some  network  other  than  the  network  that  performs 
doublet  matching  for  the  abutment.  Because  of  this  restriction,  no  conflict 
can  occur  between  doublet  matching  and  velocity  jump  matching.  For  this 
reason,  there  Is  no  problem  with  assigning  velocity  jump  matching  the  same 
position  as  doublet  matching  in  any  boundary  condition  hierarchies  that  we 
construct. 

When  t Is  chosen  to  point  downstream  along  a wake,  parallel  to  the 
compressibility  axis,  the  condition  (H.2.11b)  Implies  the  matching  of  upper  and 
lower  surface  pressure  coefficients  (linear  Cp  rule)  for  both  a thick  and  a 

thin  trailing  edge.  We  Illustrate  these  facts  with  two  examples. 
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Consider  first  the  thin  trailing  edge  configuration  Illustrated  by  figure 
H.5a.  Assuming  t to  be  parallel  to  the  compressibility  axis  cQ.  we  find  that 

(H.2.11b)  implies 


co  * A vwake  co  * A vw1ng  " ® 
Now  on  the  wing  surface, 

1 'wing  ■ (,,i)u  ' |V<I)L 
while  on  the  wake  surface, 

» \,ake  * C.  fi/tfi.v)  * Vt  »lwake 

Since  o = 0 on  the  wake,  we  find 


c0  . a vwake  = c0  . Vt  u * c0  . [( n x V u)xv]/(n.v) 


cQ  . [Vy  - n (v,  V u)/(n,v)] 


- £o  ‘ V “ 

since  c .n  = 0.  But  because  the  doublet  splines  are  constructed  so  thatj* 
will  be°constant  In  the  streamwlse  direction  along  the  wake,  cQ  . v u = t.Vw 
This  implies  cQ  . a vwa(ce  = 0.  Consequently  we  find 


s 0. 


0 - c0  • * 7w1ng  3 S * (v,i)u  ‘ £o  * (V0)L 

1 r11n  1 Jin 

• “ ICp,U  7CP,L 

since  the  formula  for  linear  pressure  coefficient  is  just 

Clin  = .2cn.V0 
P 0 

This  gives  us  the  result  we  require,  that  upper  and  lower  surface  linear 
pressure  coefficients  match. 

The  r,ea  of  a thick  trailing  edge  Is  handled  essentially  the  same  way. 
Consider' the  « se  offlgSreilSS.  ?ho  etching  condition  (N.I.UM  Oeco«S, 
in  light  of  the  Helmholtz  relation,  (eqn.  H.z.izj 


t.  ( (+1)  [ounu/(nu,  vu)  ^7tuu] 


(-1)  CoL  nL/(nL.  »L)  * “L1 


■ Ml  C 7t'w 


) I 
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Again,  because  of  the  construction  of  the  wake  splines,  (constant  streamwlse), 
we  have 


Because  of  the  stagnation  condition  0 * 0 In  the  Interior  of  the  airfoil,  we 
have 

A A 

a n / ( n , v ) + v.  u = (vd) 
u u u u vt  ' ^;u 

aL  \/^L’  + vt  UL  x 

Since  t points  In  the  downstream  direction  cQ,  we  observe  that  (t  .7)  = (cQ  .7  ) 

Putting  all  these  results  together,  we  obtain 

(♦1)  cQ  . ( 7 0)u  + (-1)  cQ  . (70)l  , 0 

which  clearly  Implies, 

r11n  _1 in 
cp.u  ■ cp.l 

as  we  wished  to  prove. 

Source  matching  conditions,  which  are  much  less  Important  than  doublet 
matching  conditions,  may  be  Imposed  along  an  abutment  and  have  the  form 

I y , » 0 (H.2.13) 

This  expression  Is  interpretted  very  much  the  same  as  (H.2.11a)  with  the 
understanding  that  denotes  the  source  strength  on  the  1-th  network.  Since 

source  matching  can  only  be  Imposed  along  a source  matching  edge  of  a design 
network,  relatively  few  abutments  have  these  conditions  Imposed.  Usually, 
only  one  of  the  network  edges  Involved  In  an  abutment  Is  a source  matching 
edge,  so  that  It  Is  clear  which  network  should  receive  the  source  matching 
condition.  If  two  or  more  edges  In  an  abutment  are  designated  source  matching 
edges,  then  a selection  process  Is  performed  that  is  quite  similar  to  the 
process  performed  for  doublet  matching. 

It  is  pertinent  to  remark  that  source  matching  along  an  abutment  Involving 
three  or  more  edges  Is  highly  questionable  In  light  of  the  definition  of  o as 
the  jump  In  the  normal  component  of  the  mass  flux  w.  In  fact,  source  matching 
makes  sense  only  along  those  abutments  at  which  just  two  networks  join 
smoothly  with  a continuous  surface  normal.  Considerations  of  this  sort  lead 
to  the  further  conclusion  that  the  only  abutment  intersection  at  which  one  can 
reasonably  expect  to  Impose  source  matching  conditions  are  those  of  the  form 
illustrated  by  figure  H.6,  for  which  the  graph  Is  either  a ring  or  a partial 
ring.  (See  section  F.5  for  a full  discussion  of  the  construction  of  the  graph 
associated  with  an  abutment  Intersection.)  Selecting  matching  assignments  for 
graphs/abutment  intersections  of  this  form  Is  quite  a simple  task  and  Is 


H.2-10 


accomplished  very  much  the  same  way  as  doublet  matching  is  accomplished. 

The  procedures  outlined  above  work  quite  well  as  long  as  the  abutment 
along  which  matching  is  to  be  enforced  lies  away  from  any  plane  of  symmetry. 

If  an  abutment  lies  on  a plane  of  symmetry,  special  procedures  (fully 
described  In  appendix  F)  must  be  followed  in  order  to  obtain  correct  matching 
condition  assignments.  If  a network  lying  in  a plane  of  symmetry  should  be 
assigned  a matching  boundary  condition,  then  It  is  important  that  we  know  the 
symmetry  type  (in  the  sense  of  section  H.1.3)  of  the  matching  condition.  This 
is  necessary  In  order  that  the  matching  condition  be  entered  into  the  correct 
hierarchy.  The  symmetry  types  of  the  various  matching  conditions  are  given: 

(I)  Doublet  matching  is  of  antisymmetric  type,  and  may  only  be  Imposed  on 

an  abutment  lying  on  a plane  of  symmetry  for  symmetry  conditions  % 
antisymmetric  with  respect  to  that  plane  of  symmetry. 

(II)  When  velocity  jump  matching  Is  Imposed  along  an  ^“STitollv  If  the 
plane  of  symmetry,  a symmetry  type  will  be  defined  for  It  only  if  the 

vector  t (In  equation  (H.2.11b) ) Is  either  parallel  to  or^pe^endlcular 
to  n,  the  plane  of  symmetry  normal.  If  t Is  parallel  to  n,  av 

matching  will  have  symmetric  type;  if  t is  perpendicular  to  n,  (very 

much  more  the  usual  case)  av  matching  will  have  antisymmetric  type. 

If  neither  of  these  conditions  holds  the  basic  problem  cannot  be 
decoupled  into  symmetric  and  antisymmetric  parts,  and  a fatal  error 
results. 

(Ill)  Source  matching  Is  of  symmetric  type,  and  may  only  be  Imposed  on  an 

abutment  lying  on  a plane  of  symmetry  for  symmetry  conditions  i 
symmetric  with  respect  to  that  plane  of  symmetry. 

H.2.5  Closure  Boundary  Conditions 

Closure  boundary  conditions  arise  when  one  particular  edge  of  a source  or 
a doublet  design  network  (SD1,  SD2,  DD1,  DFW)  Is  designated  as  a closure 
edge"  by  the  program  user.  Then,  for  each  edge  midpoint  control  point  on  the 
closure  edge,  the  boundary  condition 


// 


<-*A  WA 


aD  * 


) dS 


(H.2.14) 


Is  Imposed,  where  C Is  the  row  or  column  of  panels  headed  by  that  control 
point,  as  Illustrated  In  figure  H.7.  The  coefficients  aA,  aQ,  and  b are 

user-suDolled.  and  once  again  can  be  redundantly  defined  In  term  of  upper, 

1 wer^average  /anddl  f f erence  terms.  We  will  explain  (H.2.14)  by  means  of  a 
simple  example. 

In  figure  H.8,  we  Illustrate  a thick  wing  on  the  upper  surface  of  which  we 
desire  a specified  pressure  distribution  (see  Appendix  C for  a discussion  of 
the  design  process).  Now,  after  solving  the  potential  flow  problem  and 
relofting  the  surface,  we  obtain  a relofted  surface,  whose  trailing  edge  may 
or  may  not  coincide  with  the  unchanged  trailing  edge  of  edqes 

The  closure  boundary  condition  can  be  used  to  insure  that  the  trailing  g 
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coincide  after  relofting,  that  Is,  that  the  airfoil  "closes." 
But  now,  suppose  the  boundary  condition 


n dl  3 0 


(H.2.15) 


Is  satisfied,  where  A and  B are  shown  In  figure  H.8.  Then  clearly  a mass  flux 
streamline  originating  on  the  wing  upper  surface  at  A will  end  up  at  B.  It 
can  not  end  up  "above"  B,  since  then  a streamline  starting  slightly  below  A 
would  end  up  slightly  above  B,  and  thus  the  Integral  of  the  mass  flux  through 
the  surface  would  be  non-zero  (see  figure  H.9).  3 


Now,  a wing  Is  a 3-dlmenslonal  object,  and  thus,  in  order  to  Insure  that 
any  streamline  originating  at  the  leading  edge  of  the  design  network  will 
arrive  at  the  trailing  edge  of  the  design  network,  equation  (H.2.15)  must  be 
Imposed  on  a dense  set  of  Integration  contours  originating  at  the  leading 
edge,  and  following  the  wing  surface  In  a streamwlse  direction  to  the  trailing 
edge.  Then  the  relofted  surface,  which  Is  required  to  be  impermeable,  must 
necessarily  be  the  surface  defined  by  the  streamlines  originating  at  the 
leading  edge  and  ending  at  the  trailing  edge.  So,  the  Imposition  of  (H.2.15) 
on  a dense  set  of  integration  lines  would  Insure  that  the  trailing  edge  of  the 
relofted  surface  agrees  with  the  trailing  edge  of  the  design  network. 


Now,  a panel  method  being  a discretization  method,  we  do  not  Impose 
(H.2.15)  at  a dense  set  of  lines,  but  Instead  on  a set  of  narrow 
two-dimensional  surfaces  aligned  streamwlse,  namely,  rows  or  columns  of 
panels.  Thus  we  Impose  the  boundary  condition 


a 


n dS  s 0 


(H.2.16) 


Now,  * V*  ♦ wjj 


(H.2.17) 


wA  . n + 1/2  o 


(H.2.18) 


and  wL  = 0 


(H.2.19) 


because  of  the  perturbation  stagnation  boundary  conditions  (A  = 0).  Thus 
(H.2.16)  can  be  written  L 


JJ 


(o  ♦ Yoo 


n)  dS  = 0 


(H.2.20) 


or 


// 


a dS  s b 


(H.2.21) 


which  Is  of  the  form  (H.2.14),  with  aQ  * 1,  aA  = 0.  The  more  general  form  of 
f H.2.14)  Is  available  for  program  users  solving  non-standard  problems. 
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In  order  that  there  not  be  an  excessive  number  of  internally  generated 
boundary  conditions,  the  user  Is  required  to  specify  whether  closure  overrides 
a source  matching  or  a doublet  matching  boundary  condition.  Thus,  If  the  user 
specifies  that  closure  override  doublet  matching  on  a particular  network  edge, 
then  none  of  the  edge  midpoint  control  points  on  that  network's  edge  will  be 
used  for  doublet  matching.  Notice  however  that  this  override  feature  has  no 
effect  on  corner  control  points,  since  closure  boundary  conditions  are  not 
Imposed  at  such  points.  Consequently,  this  override  requirement  does  not 
introduce  any  extra  complication  into  the  treatment  of  abutment 
Intersections.  (Remark:  There  Is  some  danger  that  specifying  that  closure 

override  doublet  matching  could  result  In  doublet  matching  not  being  Imposed 
on  some  abutment,  a potentially  disastrous  event.  Usually,  however  there  will 
be  some  network  avallabl-e  to  accept  the  abutment's  matching  condition.) 

If  a design  network  happens  to  lie  In  a plane  of  symmetry,  then  its 
closure  boundary  condition  cannot  have  tfie  general  form  (H.2.14).  Rather  It 
must  have  either  the  form 

antisymmetric  type,  JJ 

overrides  doublet  matching  C 

or  else  the  form 

symmetric  type,  J] 

overrides  source  matching  C 

If  the  closure  condition  has  the  first  form,  (H.2.22),  then  It  must  override 

the  doublet  matching  condition.  If  on  the  other  hand  It  has  the  second  form, 
(H.2.23),  then  it  must  override  the  source  matching  condition. 

This  completes  our  discussion  of  closure  boundary  conditions  at  this 
time.  In  section  K.1.3  we  describe  the  manner  In  which  equation  (H.2.14)  Is 
transformed  Into  a linear  equation  Involving  the  singularity  parameters. 


a.  w.  . n dS  = b (H.2.22) 

A A 

aD  a dS  3 b (H.2.23) 


H.2.6  User  Boundary  Condition  Hierarchy 

In  this  section  we  describe  the  hierarchical  ranking  of  the  user  specified 
boundary  conditions.  As  observed  in  section  H.2.2,  the  reason  this  ranking  Is 
necessary  Is  that  there  are  sometimes  more  boundary  conditions  available  at  a 
control  point  than  are  actually  needed.  When  this  happens,  a hierarchical 
list  of  all  available  boundary  conditions  Is  constructed  and  the  required 
number  of  boundary  conditions  Is  selected  from  the  top  of  the  list. 


In  PAN  AIR,  the  hierarchical  ranking  of  user  boundary  conditions  was 
motivated  by  the  following  considerations: 

(a)  potential  and  doublet  strength  are  quadratlcally  varying,  while 
source  strength  and  velocity  are  linearly  varying;  therefore  the 
former  should  be  specified  rather  than  the  latter,  since  quadratic 
functions  are  not  amenable  to  extrapolation,  but  need  to  be  pinned 
down"  at  network  edges. 

(b)  tangential  velocity  boundary  conditions  are  less  stable  than  normal 
velocity  ones,  therefore  the  latter  should  be  specified,  given  a 
choice,  and 
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(c)  there  are  fewer  source  parameters  than  doublet  parameters  on  a 
network.  In  general,  so  specifying  source  strength  (especially  on 
network  edges)  risks  overspecification  and  a singular  AIC  matrix. 

Based  on  these  considerations,  six  categories  of  user  boundary  conditions 
are  identified  by  a hierarchy  ranking  as  indicated  by  figure  H.10.  In  the 
second  part  of  figure  H.10  we  present  a logical  chart  of  the  6 boundary 
condition  categories  that  clearly  Indicates  two  facts:  (1)  the  categories  are 

mutually  exclusive  and  (11)  every  nontrivial  boundary  condition  falls  into 
some  category.  This  chart  also  Indicates  that  category  1 and  4 boundary 
conditions  should  not  be  specified  on  a "null  doublet"  network  while  category 
6 boundary  conditions  should  not  be  specified  on  a "null -source"  network.  If 
these  considerations  are  violated,  it  Is  very  likely  that  a singular  AIC 
matrix  will  result. 

If  a control  point  lies  _^n  a plane  of  symmetry,  we  must  further  categorize 
the  user  boundary  conditions  according  to  symmetry  type.  In  the  sense  of 
section  H.1.3.  In  figure  H.ll,  we  present  an  augmented  version  of  figure  H.10 
that  Indicates  the  symmetry  types  of  the  various  terms  of  the  general  boundary 
condition  equation  (H.0.1)  together  with  the  extra  restrictions  Imposed  when  a 
control  point  lies  In  a plane  of  symmetry.  Again,  It  Is  easy  to  see  that  the 
boundary  condition  categories  are  disjoint  and  complete  provided  the  given 
boundary  conditions  are  of  purely  symmetric  or  antisymmetric  In  type.  We 
emphasize  again  here  that  the  user  must  provide  symmetric  boundary  conditions 
for  a source  network  and  antisymmetric  boundary  conditions  for  a doublet 
network,  whenever  the  network  lies  In  a plane  of  symmetry.  The  justification 
of  these  restrictions  is  given  near  the  end  of  appendix  K.3. 

In  concluding  this  discussion,  we  remark  that  the  definitions  and  ranking 
of  the  boundary  condition  categories  cannot  be  rigorously  justified.  Rather, 
the  boundary  condition  hierarchy  Is  a heuristic  construct,  based  upon  example 
and  the  general  considerations  outlined  at  the  beginning  of  this  section. 

H.2.7  The  Complete  Boundary  Condition  Hierarchy 

We  are  now  in  a position  to  describe  the  construction  of  the  complete 
boundary  condition  hierarchy.  In  describing  this  construction,  we  will  treat 
In  a case  by  case  fashion  the  8 cases  Indicated  by  figure  (H.l).  In  addition, 
for  each  case  we  will  show  that  all  of  the  Internally  generated  boundary 
conditions  selected  by  PAN  AIR  are  actually  imposed. 

Interior  Control  Point,  away  from  any  plane  of  symmetry 

In  this  Instance,  PAN  AIR  will  not  produce  any  internally  generated 
boundary  conditions  so  that  the  boundary  condition  hierarchy  contains  just  the 
user  specified  boundary  conditions,  ranked  in  the  order  described  in  section 
H.2.6. 
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Edge  Control  Point,  away  from  any  plane  of  symmetry 

The  Internally  generated  boundary  conditions  that  can  be  r*1 because 

edge  include  doublet  matching,  closure  and  source  match ing*.  »™f*'*h*ercause 

thl  program  than  two  internally 

genfrateS  boiniafy^ondUions.  The  various  hierarchies  that  can  arise  when 
closure  is  imposed  are  indicated  below 


Composite 
Network , 
Closure 
Overrides 
u-matching 

Closure 

[a  matching] 

user  b.c. ‘s 


Composite 
Network , 
Closure 
Overrides 
a -matching 

[n  matching] 

Closure 

user  b.c. 1 s 


Source 

Doublet 

Alone, 

Alone, 

Closure 

Closure 

Overrides 

Overrides 

q-matchlng 

u-matching 

Closure 

Closure 

user  b.c.'s 

user  b.c.' 

(H .2.24) 

M^orSmayPnot1appear^raThetnumberCoferequ1redl>boundaryCcond1tions! 

described  in  section  H.2.6  and  Illustrated  by  figures  H.10  and  H.U. 

If  closure  is  not  a consideration  along  the  edge,  the  various  hierarchies 
that  are  possible  are  as  follows: 


Source  Alone 
[o  matching] 
user  b.c.'s 


Doublet  Alone 
[u  matching] 
user  b.c.'s 


(H.2.25) 


Composite  Network 
U matching] 

[a  matching] 
user  b.c. 's 

Corner  Control  Point,  away  from  any  plane  of  symmetry 

Here  the  boundary  condition  hierarchies  that  can  arise  are  the  ^me  as 
for  an  edge  control  point  at  which  closure  is  not  Imposed  (cf.  (H.2.25)  above), 

* PAN  AIR  can  also  gener.te  a veloc1ty  jump  ^abth^ng  c°nd1tion  at  an^edge 

Sfssfe  ssssss  ast* 

as'that'playe^by  LMhllX  - explicit  discussion  of  the  velocity 
jump  matching  condition  is  unnecessary. 
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Edge  Control  Point,  on  a plane  of  symmetry 

When  a control  point  lies  on  a plane  of  symmetry,  the  boundary  condition 
hierarchy  must  be  constructed  separately  for  each  symmetry  condition  (e.g. 

A ^ ^ A 

^ » 0 etc.).  Aside  from  this  extra  little  complication,  these  control  points 
are  no  different  from  edge  control  points  away  from  a plane  of  symmetry,  the 
possible  hierarchies  being  given  by  (H.2.24)  and  (H.2.25).  Of  course  it  will 
generally  happen  that  a different  hierarchy  is  constructed  for  each  symmetry- 
condition.  As  a simple  example,  consider  an  edge  control  point  on  a doublet 
alone  network.  It  is  entirely  possible  that  the  two  hierarchies  shown  below 
would  be  constructed: 

AC  * 11 

0 hierarchy  0 hierarchy 

user  b.c.'s  u matching 

user  b.c.  s 

Here,  doublet  matching  would  never  be  imposed  on  0S  since  doublet  matching 
is  automatically  satisfied  for  any  abutment  lying  on  an  active  plane  of 
symmetry.  (Remark:  Notice  that  a single  hierarchy  Is  constructed  for  each 
symmetry  condition.  When  we  treat  control  points  lying  in  a plane  of 

symmetry,  we  will  have,  for  each  symmetry  condition  0S  or  0A,  both  an  [S]  and 
an  [A]  hierarchy.) 

Corner  Control  Point,  on  a plane  of  symmetry 

The  boundary  condition  hierarchies  that  can  arise  for  a control  point  on  a 
plane  of  symmetry  are  the  same  as  for  a corner  control  point  away  from  any 
plane  of  symmetry,  and  are  given  by  (H.2.25).  Of  course,  a separate  hierarchy 
must  be  constructed  for  each  symmetry  condition. 

We  now  address  the  issue  of  a control  point  lying  In  a plane  of  symmetry. 
Our  actual  discussion  will  treat  only  the  case  of  one  pTane  of  symmetry,  so 

A Q A A 

that  only  two  symmetry  conditions,  0 and  0 , need  be  considered.  The  exten- 
sion of  our  procedures  to  a situation  with  two  planes  of  symmetry  is  fairly 
straightforward  in  principle,  but  intricate  in  implementation.  In  order  to 
illustrate  the  basic  principle,  consider  the  case  of  a control  point  lying  in 
the  second  plane  of  symmetry.  In  this  case,  we  assign  boundary  conditions  to 

ASS  AAS 

symmetry  conditions  0 and  0 in  essentially  the  same  way  as  we  assign 

AC 

boundary  conditions  to  0 for  problems  with  just  one  plane  of  symmetry. 

ASA  AAA 

Similarly,  0 and  0 are  to  be  handled  very  much  the  same  as  0M  is  handled 
for  problems  with  one  plane  of  symmetry. 

In  the  discussions  that  follow,  we  distinguish  the  symmetric  and 
antisymmetric  user  specified  boundary  conditions  by  the  notations  bcc  and 

S ^ 

be..  The  symmetric  part  of  bc_  is  denoted  bc_  while  the  antisymmetric  part  of 

bc^  is  denoted  bc^.  One  can  also  form  bc^  and  bc^,  with  the  obvious 

definitions.  However,  boundary  conditions  of  this  form  are  singular  boundary 
conditions  in  the  sense  that  they  generate  a zero  row  in  the  AIC  matrix. 
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Finally  we  remark  that  when  a control  point  lies  in  a P1a"® 
two  hierarchies  are  constructed  for  each  symmetry  condition,  one  with  symmetry 

type  [S3  from  which  Nj^  conditions  are  selected,  and  another  of  symmetry 
type  [A]  from  which  N^  conditions  are  selected. 

Interior  Control  Point » in  a plane  of  symmetry 

Here  the  only  possible  Internally  generated  boundary  conditions  are  just 
those  degeJerate  on  s sunmarl ted  by  figure  H.4,  neither  matthlng  nor  closure 
being  loosed  at  the  Interior  of  a network.  Consequently  we  obtain  the 
following  boundary  condition  hierarchies. 


iiiui  ai  uii 
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Network 

Doublet 

Alone 

Source 
Al  one 

[S3  [A] 

[A3 

[S3 

bCj  HS=0 

Hs=o 

s 

bcs 

— b€v- 
A 

••fcof— 

A 

dA  hierarchies. 

interior  control  point 

in  a plane  of  symmetry 

Composite 

Network 

Doublet 

Alone 

Source 
Al  one 

[S3  [A3 

[A3 

[S3 

SA=  0 bcA 

bcA 

SA=0 

— bev-- 

"*4- 

(H.2.26) 


(H.2.27) 


Notice  that  the  singular  boundary  conditions  be*  and  bcj>  are  always  outranked 
by  an  appropriate  degenerate  boundary  condition. 

Edge  control  point,  in  a plane  of  symmetry 

Here  we  have  the  possibility  that  closure  may  5e2l7,°re(lHa2023)thwee«st 

-4s?K 

closure  condition  is  imposed  along  the  edge*  Fo  tr 

isnresent  the  various  possible  hierarchies  are  summarized  by  fig.  H.12.  It 
closures' not  present,  ?he  possible  hierarchies  are  given  by  fig.  H.13. 
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Corner  control  point,  in  a plane  of  symmetry 


In  this  case,  the  only  possible  Internally  generated  boundary  conditions 
are  the  degenerate  ones  summarized  by  figure  HA  and  source  and  doublet 
matching.  The  hierarchies  that  can  arise  are  the  same  as  for  an  edge  control 
point  when  closure  Is  absent  and  are  sunmarlzed  In  fig.  H.13. 


. / “r^ul  Perusal  of  (H.2.26),  (H.2.27)  and  figures  (H.12)  and  (H.13) 
leads  to  the  observation  that  when  a control  point  lies  in  a plane  of 
symmetry,  no  boundary  condition  hierarchy  contains  more  than  one  Internally 

rnnHi*t^nn  Sin' ^ S'*00"?1  *1°"*  Consequently,  an  internally  generated  boundary 
condition  will  always  be  Imposed  provided  an  AIC  row  exists  for  the  associated 
control  point  and  symmetry  type.  associated 
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H.3  Onset  Flows 


Equation  (H.0.1)  is  the  most  general  possible  equation  in  0 and  its 
derivatives,  but  it  is  often  inconvenient  for  the  user  to  evaluate  the  scalar 
b on  the  right  hand  side  of  (H.0.1).  The  most  common  example  arises  from  the 
boundary  condition 

Uu-fi  . 0 l”-3-1* 

where  vT  is  total  mass  flux.  Since 
W = w + V« 
equation  (H.3.1)  becomes 

Wy-  n = - V n = b 


(H.3. 2) 
(H.3. 3) 


The  scalar  b could,  of  course,  be  computed  by  the  user  at  every  control  point, 
but  much  labor  is  saved  by  having  the  program  do  so. 

Similarly,  consider  the  tangential  velocity  boundary  condition 

t[j  . vjj  » 6 (where  6 is  user-specified), 

which  becomes 

t U * VU  = ® — V»’ 


(H.3.4) 
(H.3. 5) 


Finally,  suppose  a program  user  wishes  to  define  total  internal 
stagnation,  as  opposed  to  perturbation  stagnation.  The  b°undary  condi ti°ns 
be  imposed  should  therefore  indirectly  (that  is  by  specifying  potential) 
specify 


WL  = 0 

(H.3. 6) 

Thus,  we  specify 

O 

II 

_J 

(H.3. 7) 

where  5 is  defined  by 

w=vt 

(H.3. 8) 

on  the  surface,  as  illustrated  in  figure  H.14. 

Note  that  i £ ♦ , where  V 

Now,  we  prove  that  up  to  a constant,  (H.3. 8)  requires  that 

$ (x)  = 1—  [to  > "*]  + *(*) 

S02 


(H.3. 9) 
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We  now  prove  (H.3.9).  We  use  reference  coordinates.  By  (5.2.4) 

[B0]  ii  — — (X  , x] 


[\L.  x]  = Z 

j 

= (by  (E.2.4)) 


3Xj 


(H.3.10a) 


1 CBo]  ij 
j »k,m 


3Xj 


( { V^}  ^ [C0]  km  xm) 


Not 


ing  that  ifeo  and  [C0]  are  independent  of  xj,  while 


(H.3.10b) 


3 X ■ 


( Xm  ) =6 


jm 


(the  Kronecker  delta),  we  have 

it  , t]  = 


(H.3.11a) 


Z [B0]ij  (Vco)  k [C0]km  6jm  = 

J > k,m 

CBolij  [Colkj  {v®}k  (H. 3 . lib ) 

Now,  applying  (E.2.9)  to  B0  and  C0,  and  noting  by  (E.3.9)  that  C0  is  its 
own  transpose, 

V [to  , t]  = SB2  to  (H.3.12a) 

Thus, 

7 (— V-  , x]  + 0 (t))  = ^ + V0  = "W 

SB2  (H. 3 .12b) 

which  implies  (H.3.9). 

So,  the  boundary  condition  (H.3.7)  is  equivalent  to 


0|_  (x)  = it  > x] 

SB2  (H.3.13) 

The  right  hand  side  quantities  of  equations  (H.3.3),  (H.3.5),  and  (H.3.13)  are 
automatically  computed  in  PAN  AIR  for  user  convenience.  But,  in  fact,  PAN  AIR 
offers  more  general  right  hand  side  options  which  have  a rather  empirical 
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justification  for  existence.  These  options  arise  from  the  introduction  of  an 
"onset  flow"  T0  with  the  assumption 

W = u0  + w (H.3.15) 

Now,  there  is  nothing  empirical  about  (H.3.15)  unless  we  make  the  assumption 
’Jj’  ^ ( H. 3. 16) 

where  vU  is  the  uniform  freestream,  aligned  with  the  compressibility 
direction  c0. 


Even  so,  at  Mach  zero,  the  boundary  condition 


W-n  = 0 


(H.3.17) 


combined  with  (H.3.15) , where  U0  is  a uniform  vector  fi®ld£- 
parallel  to  t (see  figure  H.15)  is  still  theoretically  valid  si  nee  the 
Prandtl-Glauert  equation  reduces  to  Laplace's  equation,  and  therefore  has  no 
preferred  direction. 

Now,  at  non-zero  Mach  number,  it  is  still  possible  for  the  small 
at  multiple  angles  of  attack  which  only  differ  slltft  jr  to  varying  the  «J 


The  advantage 
x may  be  used 


a l mu<  uipic  any  m-j  ~ ~ - ^ £ 

onset  flow  without  varying  the  compressibility  direc^1°nm^P^ 
is  that  as  long  as  Too  = c0  is  not  varied,  the  same  AIC  matri 
each  time,  thus  saving  on  computation  time. 

If  the  perturbation  to  the  freestream  defined  by  the  onset  flow  is  small, 
it  need  not  be  uniform.  Consider  the  case  of  a propeller  slipstream  (see 
figure  H.16).  The  action  of  the  propellers  causes  an  increased  How  which 
does  not  arise  from  the  solution  of  Prandtl-Glauert  equation.  Thus  the 
appropriate  boundary  condition  to  impose  is  (H.3.17)  where 


W = V.  + AUi  ♦ w 


(H.3.18) 


and  AUi  is  the  "local  incremental  onset  flow  , in  this  case  the 
flow  due  to  the  action  of  the  propellers.  Once  again,  we  can  put 
form  (H.3.15)  by  setting 


U0  - Voo 


AUi 


(H.3.19) 


As  a third  example,  we  consider  a case  in  which  the  o^etflowUnota 
email  oerturbation  of  the  freestream,  but  is  so  in  the  neighborhood  °f  the 
configuration.  Consider  the  case  of  an  airplane  undergoing  a small  rolling 
motion  of  magnitude  lul  In  a "right  handed"  rotation  about  an  axis  with 
direction  IT  through  a point  P0  (see  figure  h.i/j. 

Computation  of  the  magnitude  lul  from  a particular  roll  rate  [J"  ™d]*ns  per 
unit  time)  is  discussed  in  section  7 of  the  User  s Manual. ( This  is  an 
unsteady  phenomenon,  but  we  simulate  it  (calling  the  flow  quas  -s  e y 
defining  an  onset  flow 


U0  (P)  = Urn  * u X (P 


Pn) 


(H.3.20) 


H.3-3 


(H.3.21) 


where  P is  the  control  point,  and  imposing  the  boundary  condition. 

w* n = -U0*  n 

Note  that  U0  is  unbounded  as  fp  - f0|  becomes  large,  and  thus  a 
rotational  onset  flow  is  never  a "small  perturbation"  in  all  of  space,  no 
matter  how  small  the  rotation  rate.  Thus  no  theoretical  justification  for  the 
use  of  rotational  onset  flows  exists,  and  so  rotational  onset  flows  must  be 
used  with  extreme  caution.  The  use  of  a rotational  onset  flow  is  generally 
valid,  however,  if  the  perturbation  it  induces  is  small  in  the  neighborhood  of 
the  configuration,  and  may  be  used  to  estimate  aerodynamic  derivatives  due  to 
steady  roll,  pitch,  and  yaw  rates. 

PAN  AIR  provides  for  all  these  right  hand  side  boundary  condition  options 
by  permitting  an  arbitrary  linear  combination  of  the  options  described.  Thus, 
in  general,  the  user  may  define  an  arbitrary  onset  flow  at  a control  point  P by 

uo  (P)  = U.  + aUi(P)  + *x  (P*-  Pq)  (H.3.22) 

where  the  user  defines  Ueo  , a U-j  , u>,  and  P0.  The  vector  UU  is  defined 
by  a magnitude  |Uoo|  , an  angle  of  attack  a and  angle  of  sideslip  8,  such 
that  (compare  with  (E.3.1)) 


Uoo  = 


I LU  I 


COS  a COS  e 

i -sin  b 
sin  a COS  8 


(H.2.23) 


The  vector  AU(P)  is  specified  by  the  user  on  a control  point  by  control  point 
basis  either  as  a vector  in  reference  coordinates,  or  by  specifying  a 
magnitude  U] , and  angles  a],  and  si  (1  stands  for  local)  such  that 


U]  - 1L+  U,  = Ui 


COS  a]  COS  8] 

" —sin  si  ► 

sin  a]  COS  8] 


(H.3.24) 


Now,  the  general  right  hand  side  expression  which  may  be  defined  by  a user 
for  a boundary  condition  is 


b(P)  =*  b0  - bn  U0-n  -TrU0  - J^L  [4,P] 

SB2  (H.3.25) 

where  b0,  bn,  tj  and  b^  are  user-defined  quantities.  We  mention  in 
passing  that  various  default  options  are  available  to  define  the  standard 
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combinations  which  occur.  These  options  are  described  in  the  PAN  AIR  User  s 
Manual . 

This  concludes  our  discussion  of  boundary  conditions  for  the  present.  In 
appendix  K,  we  present  a detailed  description  of  how  boundary  conditions  are 
transformed  into  AIC  constraints.  In  particular,  the  many  complications 
caused  by  symmetry  considerations  are  thoroughly  discussed. 
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Remark  1 For  each  case,  the  DQG 1 boun  y -n  a plane  of  symmetry, 

case  are  listed.  For  contr  p H 1 31  for  these  boundary 

h]°r  M> 

Remark 

doublet  matching 

Remark  4 ^ 

See  figure  H.4  and  appendix  x.a  »or  «« 

Figure  H.l  - Su-ary  of  the  separate  cases  that  must  be  handled  during 
boundary  condition  select 
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a)  Source  analysis 


b)  Source  design/1 


c)  Source  design/2 


Figure  H.2  - Boundary  condition  locations  for 


(Arrows  show  default 
directions  of 
increasing  row  Index  M 
and  colunn  index  N) 


source  networks 
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a.  Doublet  analysis /Doublet  forward  weighted 


b.  Doublet  wake  1 


(Arrow  show  default 
directions  of 
Increasing  row  index 
M and  colwn  Index  N) 


c.  Doublet  wake  2 
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(cf . sec.  ( H.1.3)) 


Figure  H.4a  - Degenerate  boundary  conditions  for  configurations 
with  one  plane  of  symmetry 
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Control  point  lies  in  first  plane  of  symmetry 
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Figure  H.4b  - Degenerate  boundary  conditions  for  configurations 
with  two  planes  of  symmetry 
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Figure  H 


Figure 


.5a  - The  velocity  jump  matching  condition  at  a thin  trailing  edge 
(Vorticity  matching) 


H.5b  - The  velocity  jump  matching  condition  at  a thick  trailing  edge 
(Vorticity  matching) 
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Abutment  Intersection  Configurations 


Associated  Graphs  ( cf.  appendix  F.5) 


Figure  H.6  - Types  of  abutment  intersections  at  which  source 
matching  is  a reasonable  boundary  condition 
Notation:  A|<  * Abutment  k 

N j * Network  j 
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Figure  H.8  - Design  of  upper  surface  of  thick  wing 


streaml ines 


Figure  H.9  - Pattern  of  streamlines  on  imposition  of 
a closure  boundary  condition 
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Figure  H.10  - User  boundary  condition  hierarchy 
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Figure  H.ll  - User  boundary  condition  hierarchy  for  control 
points  lying  in  a plane  of  symmetry 
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(a)  Case:  Closure  condition  of  the  form  (H.2.22) 

Note  - this  closure  condition  is  of  type  [Aj,  and  must 
override  doublet  matching  along  the  edge. 

The  network  must  have  a non-null  doublet  type 
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Figure  H.12  - Possible  boundary  condition  hierarchies  for  an  edge  control 
point  in  a plane  of  symmetry,  closure  is  present 


H. 4-13 


H.4-14 


Continued 
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Figure  H.13  - Boundary  condition  hierarchies  for  edge  and  corner  control 
points  in  a plane  of  symmetry  (no  closure) 
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Figure  H.14  - Total  internal  stagnation 


Voo  = freestream  aligned  with  compressibility  vector 
Uoo  = uniform  onset  flow 


Figure  H.15  - Onset  flow,  not  parallel  to  compressibility  direction 


V 


direction  of  roll 


Figure  H.17  - Airplane  undergoing  small  rolling  motion 
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1.0  Singularity  Splines 


Singularity  splines  define  the  source  and  doublet  distributions  on  the 
entire  configuration  in  terms  of  the  source  and  doublet  singularity 
parameters.  These  distributions  are  defined  by  a col  lection  of  matrices. 

First  the  source  and  doublet  distributions  on  a subpanel  (recall  from  section 
5.5  that  a panel  is  partitioned  into  eight  subpanels)  are  each  defined  y 
"subDanel  spline  matrix"  (denoted,  respectively,  SPSPL  and  SPSPL  ) (( 

terms  of  five  "panel  source  parameters"  and  nine  "panel  doublet  parameters. 
Thus  there  are  eight  of  each  of  these  matrices  associated  with  each  panel. 

Next,  the  panel  source  and  doublet  parameters  are  defined  by  outer  spline 
matrices"  (denoted,  respectively,  by  B and  B ) in  terms  of  singu  ari  y 

parameters  located  in  the  neighborhood  of  the  panel.  E*CJ  PJJ®1  source 
associated  with  it  a continuous  doublet  spline  matrix  a co^tinuou 
spline  matrix  and,  possibly,  a discontinuous  source  spline  matr  . 

The  subpanel  spline  matrices  are  defined  by  equation  (5.5.7).  That  is, 
[SPSPL^]^X^  relates  the  three  coefficients  oQ,  o^,  (which  define  a 
linear  source  distribution  on  the  subpanel)  to  the  five  panel  source 
parameters  (that  is,  the  source  strengths  at  the  five  points  on  the  panel 
illustrated  in  figure  I. la).  Similarly,  [SPSPL0]6*9  relates  the.six 
coefficients  v...,  unn  (which  define  a quadratic  doublet  distribution  on 
the  subpanel)  to  the  nine  panel  doublet  parameters  (whose  locations  are 
illustrated  in  figure  I. lb). 


The  outer  spline  matrices  are  defined  by  equation  (5.5.8).  That  is, 

[BS]  defines  the  five  panel  source  parameters  in  terms  of  the  ne  ghbonng 
source  singularity  parameters  (generally  nine  in  number),  while  LB  J defines 
the  panel  doublet  parameters  in  terms  of  the  neighboring  doublet  parameters 
(generally  21  in  number). 

The  subpanel  and  outer  spline  matrices  are  used  in  the  influence 
coefficient  calculations.  The  subpanel  spline  ^atnees  are  u^tions 

order  to  compute  "panel  influence  coefficient  (PIC)  matrices  (see  s 
4 4 2 and  J 1),  and  the  PIC  matrices  are  multiplied  by  the  outer  spline 
matrices  to  obtain  potential  and  velocity  influence  coefficient  matrices 

([tflC]  and  [VIC])  which  give  the  perturbation  in  the 

point,  in  terms  of  all  singularity  parameters,  due  to  all  the  panels  in 

configuration  (see  sections  4.2.3  and  5.9.1). 

In  section  1.1  we  discuss  the  construction  of ou‘«r  ,1“*: 

While  their  construction  is  simple  in  principle,  based  on  a least  square 

orocedure  in  practice  it  is  quite  involved  because  there  are  many  special 
procedure,  in  Practice  L ^ „ed  spline"  is  used  near  network  edges, 

which*  in  con junction’with  the  doublet  matching  boundary  conditions  discussed 

iS  Appendix  F Results  in  precise  matching  of  doublet  strength  along  network 

edges?  In  section  1.2  we  describe  the  construction  of  subpanel  spline 

matrices. 
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In  section  1.3  we  discuss  full  panel  and  half  panel  spline  matrices. 

These  matrices  define  source  and  doublet  distributions  specified  by  single 
polynomials  over  the  whole  panel  or  half  the  panel,  respectively,  also  in 
terms  of  the  panel  singularity  parameters.  The  distributions  are  rough 
approximations  to  the  8 subpanel  distributions  defined  by  the  subpanel 
splines.  They  are  used  in  "intermediate  field"  influence  coefficient 
calcul ation. 

Next,  in  section  1.4,  we  discuss  "far  field  moments",  matrices  describing 
integrals  of  the  singularity  strength  over  a panel  in  terms  of  the  panel 
singularity  parameters.  The  matrices  are  used  in  far  field  influence 

coefficient  calculation.  Finally,  in  section  1.5,  we  discuss  the  theory  of 
the  least  squares  procedure. 

We  now  briefly  discuss  the  reasoning  behind  the  subpanel  and  outer  spline 
construction  techniques.  First  (cf.  section  C.3),  we  require  the  spline  to  be 
stable:  the  disturbance  in  the  singularity  distribution  caused  by  a 

perturbation  of  a boundary  condition  should  die  off  quickly. 

Second,  the  source  spline  should  be  linearly  accurate  and  the  doublet 
spline  quadratically  accurate.  That  is,  if  the  source  parameters  are  defined 
by  a linear  function,  the  source  distribution  defined  by  the  spline  matrices 
should  be  exactly  that  linear  function.  An  analogous  property  should  hold  for 
the  doublet  splines.  The  justification  for  using  a linear  source  and 
quadratic  doublet  distribution  is  given  in  section  B.5. 

Third,  the  spline  must  be  local  in  nature.  That  is,  the  singularity 
distribution  on  a panel  must  depend  on  a reasonably  small  number  of 
singularity  parameters.  This  is  due  to  the  storage  problems  which  would  occur 
otherwise.  That  is,  too  much  core  and  disk  storage  would  otherwise  be 
required  for  each  panel. 

Fourth,  the  doublet  strength  should  be  continuous  (see  section  B.4).  It 
would  be  preferable  to  have  continuously  differentiable  doublet  strength, 
continuous  source  strength  and  smooth  geometry  as  well,  since  these  conditions 
would  permit  a further  integration  by  parts  of  the  influence  coefficient 
integrals,  reducing  their  singularity.  Unfortunately,  these  goals  are  not 
achievable  without  an  unacceptable  increase  in  the  cost  of  evaluation  of 
influence  coefficient  integrals.  Moreover,  while  it  is  a fairly 
straightforward  matter  to  achieve  a continuous  source  distribution,  it  has 
been  found  that  without  smooth  geometry,  continuous  source  splines  induce 
significant  errors  in  the  total  source  strength  on  a network,  seriously 
degrading  the  accuracy  of  the  aerodynamic  influence  coefficient  matrix. 

Finally,  the  entries  of  the  PIC  matrices,  which  are  defined  as  sums  of 
integrals,  should  be  computable  in  closed  form.  That  is,  numerical 
integration  should  not  be  required  for  the  evaluation  of  the  integrals.  The 
reason  for  this  requirement  is  one  of  simplicity.  The  integrands  in 
(5.6.9-10)  are  far  too  singular  to  be  integrated  numerically  as  they  stand. 

It  might  be  possible  to  partition  the  integral  into  a regular  part,  integrable 
numerically,  and  singular  part,  integrable  in  closed  form,  but  such  a method 
has  not  yet  been  developed. 
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It  is  the  avoidance  of  numerical  integration,  in  combination  with  the 
maintenance  of  geometric  continuity,  that  causes  much  of  the  complexity  of  the 
spline  construction.  Geometric  continuity  between  panels  can  be  maintained 
either  by  breaking  up  a panel  into  flat  subpanels,  or  by  defining  a single 
curved  panel.  The  integrals  over  the  curved  panel  are  not  computable  in 
closed  form  in  supersonic  flow,  however. 

Once  one  has  decided  to  use  flat  subpanels,  a minimum  of  five  planar 
regions  (those  of  figure  5.2)  is  mandated  to  achieve  geometric  continuity 
while  avoiding  any  kink  in  the  surface  near  a panel  center  control  point.  The 
use  of  eight  subpanels  has  been  chosen  because  it  offers  a convenient  method 
of  defining  a continuous  doublet  distribution,  while  not  requiring  polynomials 
of  degree  greater  than  two.  An  explicit  polynomial  distribution  has  been 
chosen  rather  than  a parametric  distribution  because  the  integration  in 
parametric  coordinates  can  not  be  performed  in  closed  form. 
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1.1  Outer  Splines 


There  are  two  basic  methods  that  are  used  for  the  construction  of  outer 
splines  corresponding  to  the  cases  in  which  the  resulting  singu  ar  ty 

M?*  M ! onawhi,e  both 

tvSes  of  ou?er  spline  are  constructed  for  the  source  distribution.  The 

sir  x 

its  inability  to  conserve  total  source  strength  led  to  the  t d t the 

discontinuous  source  splines  in  the  solution  portion  ottneco 

post-processing  modules  had  built  into  them  the  assu  p rptAined  for 

strength is  single  valued,  the  continuous  source  splines  were  retained  for 

these  essentially  less  demanding  functions#) 

me 

enriched  grd  point  in  the  network  as  a linear  combination  of  surrounding 

comb^nations^ofdvaluesSofnsingularity  parameter^ in  the  neighborhood  of  the 
panel . 

Thus  the  matrices  [Bs]  have  five  rows  while  the  [B°]  have  nine  rows, 
sinc^e?ou  c%  strenth  iSbno:eSe^o^aes?§m^??/tSr^u^^  KSU 
is  defined  at  nine  points  by  ^vectors  <^*^.1  „ii»r  of 

*** 

;?oredConrdi!k!  single  panel  are  being 

vectors  are  then  amalgamated  into  a single  matrix  B-1  (or  b j Dy 

in  this  section  the  discussion  of  continuous  outer  spline  computation  will 

2S’SK  •“ 

fit  the  general  rules. 
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The  construction  of  a discontinuous  source  outer  spline  matrix  is  also 
performed  in  two  steps.  First,  a linear  function  of  the  form  on+or  S+o  n 
is  obtained  by  performing  a least  squares  fitting  procedure  thatformal Ip  uses 
the  values  of  the  qlobal  source  parameters  in  the  neighborhood  of  the  panel. 
(Here,  the  variables  i and  n are  local  coordinates  on  the  mean  panel.) 
Second,  this  linear  function  is  evaluated  at  the  five  panel  source  parameter 
locations,  each  evaluation  generating  a row  of  the  source  spline  matrix,  B^. 


1.1.1  Source  Splines  for  Analysis  Networks 

1. 1.1.1  Source  Spline  Vectors  for  Continuous  Splines 

Computing  the  row  vector  describing  the  source  strength  at  the  center  of  a 
panel  in  an  analysis  network  is  particularly  simple,  since  a source 
singularity  parameter  is  located  there.  Thus  the  source  strength  is  just  the 
singularity  parameter  value;  that  is, 

09  = xk  = Llj  xk  (I. 1.1a) 

or  LSPSj  = l 1 J (1. 1.1b) 

the  row  vector  of  length  1 with  unit  value. 


I. 1.1.2  Neighboring  Singularity  Parameters 

Next,  to  find  the  source  strength  at  a panel  corner,  we  perform  a 
bilinear  fit"  (a  process  to  be  described  below)  to  the  four  surrounding 
source  parameter  values.  In  Figure  1.2,  we  show  the  variety  of  cases  which 
may  occur  in  the  course  of  determining  the  four  neighboring  source  parameter 
locations.  In  the  “standard"  case  (A),  the  four  source  parameters  are  the 
obvious  adjacent  ones.  In  cases  (B)  and  (C),  the  network  edge  precludes  the 
existence  of  some  of  the  obvious  choices,  and  neighboring  parameters  must  be 
obtained  by  reaching  toward  the  interior  of  the  network.  The  logic  used  for 
points  B or  C,  however,  when  extended  to  0,  results  in  a large  number  of 
neighboring  source  parameters.  To  keep  storage  to  a minimum,  we  choose  (in  a 
fairly  arbitrary  manner)  from  this  set  of  points,  those  points  which  are  as 
far  as  possible  in  index  from  the  uncollapsed  edges  of  the  network. 


I. 1.1.3  Computation  of  a Local  Coordinate  System 

Next  we  compute  the  source  strength  at  a panel  corner  in  terms  of  the  four 
surrounding  singularity  parameter  values,  once  we  have  in  fact  located  these 
four  parameters.  The  first  step  is  to  form  a local  coordinate  system  whose 
( S,  n)  plane  is  the  one  in  which  the  source  strength  is  to  vary  linearly. 
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The  four  singularity  parameter  locations  determine  (generally 
non-orthogonal ) basis  vectors  v,  and  v„,  connecting  pairs  of  panel  edge 
midpoints,  for  this  coordinate  System  as  follows.  Let  PQ  be  the  grid  po 
at  which  we  wish  to  find  the  source  strength.  Then  for  any  point  P on  the 
network,  we  want  to  be  able  to  determine  coordinates  L(P),  n(P),  C(P).  sucn 

that 


(P  - po) 


C(P)  V + 


(P)  V, 


C(P)  V. 


(1.1.2) 


The  (5,  n,  O coordinates  used  here  (in  section  I. 1)  are  not  related  to  the 
coordinate  system  (also  denoted  ( 5,  n,  O at  times)  used  in  Appendix  E a^n 
section  1.2.  Here,  v-  is  a vector  perpendicular  to  jthe  pUne  spanned  by 
and  "vn.  Such  a vector  is,  of  cours£,  a multiple  of  vr  x vn,  but  a simp  e^ 
dimensional  argument  shows  that  if  v^  is  to  be  independe 

coordinates  (that  is,  if  ^ is  to  be  doubled  when  every  point  coordinate  in 
the  network  is  doubled),  we  must  have 


vf  x v n 
v{  x v. 


(1.1.3) 


Now,  to  find  the  functions  which  define  C,  n,  and  C,  let  us  first  take  the 
cross  product  of  (1.1.2)  with  v£  on  the  left,  and  then  the  dot  product  with 
v"  . Next,  we  take  the  cross  product  with  vn  on  the  right,  and  then  take 
dot  product  with  v^.  Since 

vE  x V5  = o = vn  x Vn 


VVC 


- 0 “ vn*vc 


^ X V ? ) • vc 


= 0 


(\  x Vn)  . ^ 


we  obtain 


Vj.  x (P  - P0) 
(P  - PQ)  x 7n 

(P  - Pq)  * \ 


= n 


(p)  (VF  X vj 


C(P)  (v5  x vn) 

?(p)  (v^) 


(1.1.4) 


(1.1.5) 


Dotting  the  first  two  equations  with  , we  have 

v,  x (P  - P0)  = n (P)  x %)  . \ = n (P)  | ^ x vr 


3/2 

(1.1.6) 


Thus,  5(P)  = — .1  V 

IV  X Vn 


C(P)  = 


(P  - Pq)  * 

Iv.  X vj 


(1.1.7) 
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I. 1.1.4  The  Bilinear  Fit  at  Panel  Corner  Points 

Now,  let  P.,...,P.  be  the  four  source  parameter  locations  for  any  of 

the  cases  illustrated  in  figure  1.2,  and  let  x^  = o ( P i ) denote  these 
source  singularity  parameters.  Then  these  four  values  of  source  strength 
define  a "bilinear"  function  in  C and  n,  that  is,  a function 

a(£,  n)  = Oq  + + c>2  n + a3  ^ n (1.1.8) 

(where  the  symbol  aQ  as  used  in  section  1.1  has  a different  meaning  than  in 
section  5 or  the  remainder  of  Appendix  I),  which  takes  on  exactly  these  four 

values.  The  function  o ( 5 , n)  is  defined  by  the  fitting  condition 


The  points  are  not  coplanar  in  general,  and  thus  computing 

o(  e ,n)  by  (1.1.10)  in  terms  of  surrounding  source  parameters,  ignores  the 
C -component  of  the  parameter  locations;  in  other  words,  we  project  the 
parameter  locations  to  the  plane  defined  by  "v  and ‘v^.  This  is  justifiable 
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in  view  of  the  fact  that  a reasonable  number  of  panels  should  be  used  in 
defining  a geometric  surface,  and  thus  the  distortions  due  to  curvature  can  be 

neglected  local ly. 


Now,  by  (1.1.7),  C(P0)  = n(P0)  = 0,  and  thus  by  (1.1.8), 

o(P0)  = °o 

Thus  by  (1.1.10), 


(1.1.11) 


o(P0) 


= L1  0 0 0j  [BL] 


-1 


l4  J 


(1.1.12) 


Setting 


LSpSJ 


we  see  that 


= L1  0 0 0j  [BL] 


-1 


®(Pq)  - LspSJ 


S'! 


l4  J 


(1.1.13) 


(1.1.14) 


tCfahrify  W “SitrucA  for 

This  concludes  the  discussion  of  continuous  source  spline  construction  for 
source  analysis  networks  Two  speci aliases,  "dfs^u^|dW^ht0hne'Li"nte^ance 
document3 ( s e^sec t ion”)- 1. ^and  SUBROUTINE  ONDFIT  of  the  DQG  module). 


I. 1.1.5  Discontinuous  Source  Analysis  Splines 


The  construction  of  a 
required  for  computation 
coefficients  o0,  a.,  on 


nanel's  discontinuous  source  analysis  spline, 
f influence  coefficients,  is  achieved  by  solving  for 
,f  the  weighted  linear  least  squares  problem 
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min  G 


o 


o’V° 


n 


where  the  quadratic  form  G is  defined  by 


G = 


E 


i=l 


[wi(oo  + a^i  + % ni 


2 


is  a global  source  parameter  at  some  point  pf 


Here,  w.  denotes  a weight  and  xb 

in  the  neighborhood  of  the  panel.  The  coordinates  (Ci,  ni)  are  obtained 
by  performing  a length  preserving  projection  of  ^ onto  the  panel's  mean 

^^nw-f0Il0wed.by  a transformation  of  this  projected  point  into  the  mean  plane 
coordinate  system.  Passing  over  for  the  present  the  selection  of  wi  and 

V we  observe  that  the  minimization  problem  we  have  posed  has  a solution  of 


the  form 


— 

r > 

* " 
ao 

A 

ae 

► = 

+ 

A 

◄ 

^2 

a 

n 

. j 

i 

- 

- 

n 

L J 

Here,  we  have  used  the  conventional  notation  A+  to  denote  a matrix 
pseudo-inverse.  Now,  letting  (£k,  nk),  k = 1,...,5  denote  mean  plane 
coordinates  of  the  projection*  of  the  five  panel  source  parameter  locations 
onto  the  mean  plane,  we  may  evaluate  the  five  panel  source  parameters  by 

°k  = CTo  + l k + °n  nk 

This  evaluation  process  induces  an  expression  for  ok  in  terms  of  xf , 
providing  a definition  for  [Bs],  the  source  outer  spline. 


r > 
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~1 
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A 

<5 

A 
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* 

- [8s] 

-► 

X 

* This  projection  is  performed  in  scaled  coordinates. 
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We  now  return  to  the  problem  of  selection  of  weights  and  global  source 
parameters  to  be  used  in  the  fitting  process.  In  Figure  1.3  we  illustrate 
the  variety  of  cases  which  may  arise  when  identifying  the  neighboring  source 
parameters  to  be  used  in  spline  construction.  For  any  given  panel,  the 

are  selected  as  indicated.  The  weights  w-j  are  chosen  as  follows 


parameters 


xS 

1 


w . = 


1 if  Xs  does  not  lie  on  the  panel  for  which  B is 

bein<3|  computed 


10000  if  lies  on  the  panel 

The  choice  of  a very  large  weight  for  the  panel's  own  source  parameter  is 
crucial  in  that  it  is  this  condition  that  causes  total  source  strength  for  the 
panel  to  be  correct  to  sufficient  accuracy. 

The  foregoing  procedure  will  fail  to  provide  enough  data  points  if  the 
network  in  which  the  panel  lies  has  only  one  row  or  column  of  panels.  When 
this  happens,  points  pi  are  selected  as  indicated  in  Figure  1.4.  The  value 

of  x*  used  for  points  "p.  that  are  not  global  source  parameter  points  is  just 
the  value  of  source  strength  at  the  panel  center. 


1.1.2  Doublet  Spline  Vectors  for  Analysis  Networks,  Doublet  Forward 
Weighted  Spl i nes 

Doublet  spline  vectors  SPD  are  more  complex  to  compute  for  a vJrl^y  of 
reasons.  First,  the  requirement  of  quadratic  accuracy  forces  the  dou 
strenqth  at  a qrid  point  to  depend  on  a greater  number  of  singularity 
Diameters  than  the  source  strength.  Second,  to  insure  doublet  continuity 
across  network  edges  on  non-smooth  abutments  (along  which  boundary  conditions 
specifying  the  matching  of  doublet  strength  are  imposed)  we  require  that  the 
doublet  strength  at  any  point  on  a network  edge  depend  only  on  the  singularity 
parameters  located  on  the  network  edge.  The  example  of  a thin  wing  with  a 
curved  planform  illustrates  the  need  for  this  requirement  cf.  Figure  x .5). 

The  doublet  strength  is  zero  at  the  singularity  parameter  locations  on  the 
free  network  edge.  If  the  doublet  strength  at  a panel  corner  point  on  the 
edge  depended  on  singularity  parameters  in  the  interior  it  could  not  be  zero, 

independent  of  conditions  in  the  network  interior, as  we  w i Tt  is  zero 
by  insisting  that  it  only  depend  on  edge  parameters,  we  insure  that  it  is  zero. 

A third  cause  of  increased  complexity  in  determining  doublet  spline  row 
vectors  is  the  introduction  of  "smooth  abutments.1  These  are  abutments 
consisting  of  portions  of  two  distinct  network  edges,  along  which  splines 
rather  than  boundary  conditions  are  used  to  enforce  continuity  of  doublet 
strength. 

For  grid  points  which  do  not  lie  on  a network  edge,  obtaining  the  row 
vector  SPD  which  describes  the  doublet  strength  at  each  grid  point  in  terms 

of  surrounding  singularity  parameters  is  a two  step  Pr°ce  • doublet 

of  surrounding  singularity  parameters  is  determined.  Second  the  doublet 
strength  at  the  grid  point  is  determined  in  a quadratical ly  accurate  mann 
terms  of  the  neighboring  singularity  parameters. 
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Doublet  forward  weighted  (DFW)  spline  vectors  are  calculated  in  the  same 
manner  as  the  doublet  analysis  spline  vectors.  The  only  difference  being 
weighting  factors  used  in  the  least  squares  fit.  A description  of  the 
different  weighting  scheme  is  given  in  section  I. 1.2.4. 


I. 1.2.1  The  Quadratic  Least  Squares  Fit  for  Panel  Corners  or  Panel  Edge  Midpoints 

This  quadratics] ly  accurate  procedure  is  somewhat  more  complex  than  the 
bilinear  fit  employed  for  source  splines.  While  there  is  generally  a bilinear 
function  which  exactly  fits  values  at  four  points  (unless  three  of  the  four  lie  on 
a line,  which  is  unlikely  if  they  are  panel  centers),  a quadratic  function  is  less 
well  behaved.  There  is  a unique  quadratic  through  six  points,  unless  these  points 
all  lie  on  two  lines.  With  very  regular  paneling,  however,  it  is  quite  likely 
that  six  center  points  chosen  as  neighbors  of  a grid  point  will,  in  fact,  lie  on 
two  lines.  Thus,  the  procedure  we  choose  for  the  quadratic  fit  is  a "least 
squares"  procedure. 

That  is,  we  choose  an  excessive  number  of  neighboring  singularity  parameters, 
and  find  the  quadratic  function  which  takes  on  the  values  of  the  closest 
singularity  parameters  exactly,  while  taking  on  the  the  values  of  the  remaining 
singularity  parameters  in  a "least  squares"  sense.  The  row  vector  SPD  for  the 
grid  point  is  determined  by  the  value  the  fitting  function  takes  on  at  the  grid 
point,  expressed  as  a linear  combination  of  the  neighboring  singularity  parameter 
values. 


We  now  describe  this  least  squares  procedure  more  precisely.  Let 

( x 9 , i = l,...,k)  be  the  singularity  parameters  (in  the  neighborhood 

of  the  selected  grid  point)  to  which  we  fit  the  quadratic  function  exactly. 

Let  (\^,  i = k + 1,...,  k-hn)  be  the  remaining  neighboring  singularity 

' n 

parameters.  Let  x.  be  located  at  (C^ , c-),  where  the 

computation  of  these  coordinates  will  be  discussed  shortly.  Once  again, 
however,  this  is  not  the  local  (C,  n,  5 ) coordinate  system  denoted  X1  in 
Appendix  E. 


Let  A be  the  matrix 


I 

E1 

nl 

1/2  C* 

5j 

1/2 

1 

*k 

nk 

1/2 'k 

ck  nk 

1/2  n2. 

This  is  the  matrix  for  which  any  function 

f(t,  n)  = f 1 + f 2*  + f3  n + 1/2  f4  t2  + f5  *n  + 1/2  f6  n2 


(1.1.15) 


(1.1.16) 


1.1-8 


taking  on  the  values 


f(  n-j ) - x? 

satisfies 


i = 1,...,  k 


(1.1.17) 


[A] 


kx6 


1 


' xD' 


ll 

D 


(1.1.18) 


Now  whenever  k < 6 , as  it  will  be  in  the  current  applications,  equation 
(1.1.18)  does  not  fully  specify  the  coefficients  of  f.  The  coefficients  are 
completely  specified  by  requiring  the  minimization  of 


I = 


k+m 

E 

i=k+l 


w-  [f  (Cj*  ni ) - ^ -j °32 


(1.1.19) 


where  w.-  is  a "weight",  to  be  discussed  shortly,  which  depends  on  the 
relative  locations  of  the  singularity  parameter  and  the  grid  point. 

If  we  write 


"1 

^k+1  nk+l 

1/2  *k+l 

*k+lnk+l 

l/2^+i 

[Al]mx6  = 

_ 1 

*k+m  nk+m 

1/2  ij^n 

*k+mnk+m 

(1.1.20) 

equation  (1.1.19) 

becomes 

k+m 

i - £ 
i=k+l 

2 

Wi 

( E (A'i-k,s 

V s-1 

)fs  - xi° 

J 

(1.1.21) 

The  method  by  which  we  minimize  (1.1.21),  subject  to  the  exact  conditions 
(1.1.18),  is  called  a "constrained  least  squares"  procedure,  and  is  discussed 
in  section  1.5.  The  result  of  performing  this  procedure  is  a (6  x (k+m)) 
matrix  LSQ  such  that 
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r " 

fl 

• 

► 

= [LSQr 

r x ^ ' 

• ► 

V.  J 

> 

^ K+m 

Now,  we  will  construct  our  (t,  n,  C)  coordinate  system  such  that  at  the  grid 
point  P0  we  have 

«(P0)  = 0 

n(P0)  = 0 (1.1.23) 

Thus, 


f(p0)  - f, 


(J-SQ^  > -j 


'x  D ' 

A1 

x0 

L X k+mj 


(1.1.24) 


But  we  required  the  row  vector  SP^  to  define  the  value  at  P0  of  the 
quadratic  function  f which  satisfied  (1.1.18)  while  minimizing  (1.1.21),  and 
thus 


lSPDj  = LSQ1,.j  (1.1.25) 

that  is,  SP^  is  the  first  row  vector  of  the  matrix  ISQ  defined  by  the 
constrained  least  squares  procedure. 

In  describing  the  construction  of  SP^  for  a grid  point  in  a network 
interior,  we  have  deferred  the  discussion  of  three  items.  These  are  the 
determination  of  the  set  of  neighboring  singularity  parameters,  their 
(C.  n,  4)  coordinates,  and  the  corresponding  weights  w-j . We  will  discuss 
them  in  order  as  follows. 


I. 1.2.2  Neighboring  Points  for  Least  Squares  Fit 

Figure  I. 6a  illustrates  the  location  of  neighboring  singularity  parameters 
for  grid  points  which  do  not  lie  near  a network  edge.  Note  that,  since  a 
singularity  parameter  is  located  at  each  panel  center,  the  spline  vector 
SpD  for  a panel  center  point  is  (like  the  spline  vector  SP^)  a vector  of 
length  1 with  a unit  entry. 

Now,  if  the  grid  point  (panel  corner  or  edge  midpoint)  lies  near  (but  not 
on)  a network  edge,  the  set  of  neighbors  must  include  singularity  parameters 
on  the  network  edge.  Actually,  we  fit  a quadratic  function  to  neighboring 
grid  points,  where  these  grid  point  need  only  be  singularity  parameter 
locations  when  they  are  in  the  interior  of  the  network.  The  value  of  doublet 
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strength  at  those  grid  points  which  lie  on  the  network  edge  depends  in  turn  on 
a small  number  of  singularity  parameters  located  on  the  network  edge.  This  is 
a procedure  which  is  defined  in  detail  in  the  maintenance  document  (see 
section  4-1). 

Figure  I. 6b  illustrates  the  neighboring  points  we  use  for  the  quadratic 
fit  to  obtain  a spline  vector  for  a grid  point  which  lies  near  (but  not  on)  a 
network  edge  which  does  not  belong  to  a smooth  abutment.  Recall  that  only  one 
singularity  parameter  is  located  on  a collapsed  edge  of  a network. 

Figure  :.6c  illustrates  the  set  of  neighboring  points  when  the  grid  point 
in  question  lies  near  a smooth  abutment.  In  this  case,  we  see  that  the  set  of 
"neighboring  points"  may  lie  in  two  distinct  networks.  This  is  because  the 
singularity  parameters  on  the  network  edges  on  the  smooth  abutment  (though  no 
at  the  corner  points  at  the  ends  of  the  abutment)  have  been  removed  for 
reasons  of  economy.  The  neighboring  points  in  the  same  network  as  the  point 
p are  chosen  in  the  usual  manner  (see  Figure  I. 6a)  while  those  in  the 
adjacent  network  are  chosen  as  illustrated.  The  precise  method  by  which  the 
latter  points  are  picked  is  described  in  the  maintenance  document  (section 
4-1. 2. 1.2) . 


I. 1.2.3  Construction  of  a Local  Coordinate  System 

Next  we  discuss  the  construction  of  a ( C,  n,  O coordinate  system.  This 
system  is  similar  but  not  identical  to  that  of  section  I. 1.1. 3,  and  totally 
distinct  from  the  X'  coordinate  system  X'jDf  Appendix  E or  section  I.2.2.6. 
First,  we  construct  basis  vectors  % and  vn  as  illustrated  1,1  FJ9^e  :./ 
That  is,  vL  and  "v  span  pairs  of  enriched  grid  points  adjacent  to  the  base 
point  PQ.  *Next,  we  define  v“  by  (1.1.3).  Then,  analogously  to  (1.1.17),  we 

define 


C(P)  = 


(P  _ Pq)  x v 


I! — n(P) 


= Vf  x Z F(p)  = (p  - Pq)  * v; 


vc  x v„  3/2 


-*■  3/2 

V X Vn 


\ x % 


(1.1.26) 


The  bars  indicate  that  these  are  preliminary  coordinate  values  which  will 
be  adjusted  to  account  for  surface  curvature.  Consider  a cylindrical  sur^a^, 
as  illustrated  in  Figure  1.8  If  we  use  the  coordinates  C and  n above,  we  are 
essentially  projecting  the  surface  down  to  the  tangent  plane  at  the  point 
p When  the  surface  is  highly  curved,  this  makes  the  points  A and  D appear 
to  be  closer  to  Pn  than  they  really  are,  since  we  are  dealing  with  their 
projected  images  A'  and  D\  The  points  B1  and  C*  are  also  closer  to  the  grid 
point  than  B and  C,  but  not  in  the  same  proportion. 

We  rectify  this  by  scaling  the  l and  n coordinates  of  a point  according  to 
its  height  above  the  tangent  plane.  We  define  a scaling  factor 


A(P) 


= - C(P 


)2  + n(P)2  + C 


:(p)2_ 


I(P)2  + n (P) 2 


(1.1.27) 
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Then  we  define 


A(P)  C(P) 
A(P)  T?(P) 


(1.1.28) 


%(P)  = 
n(P)  = 

This  coordinate  scaling  assures  that  the  contribution  of  distant  points  is 
more  accurately  measured.  Note  that  the  denominator  of  A(P)  is  non-zero 
provided  P ^ PQ  . 


I. 1.2.4  Weights  for  the  Least  Squares  Fit 

Next  we  consider  the  weights  w-j  for  the  least  squares  procedure. 

In  order  to  provide  stability,  we  would  like  to  fit  more  closely  to  nearby 
singularity  parameters  than  further  ones.  This  is  done  in  part  by  fitting  the 
quadratic  function  exactly  to  the  nearest  parameters,  as  illustrated  by  Figure 
1.6. 


A second  consideration  in  determining  weights  is  the  desire  to  give 
heavier  weights  in  supersonic  flow  to  points  which  are  upstream  of  the  grid 
point  than  to  those  which  are  downstream.  This  weighting  has  been  found 
experimentally  to  reduce  instabilities  which  arise  at  high  Mach  numbers.  In 
recognition  of  these  requirements,  we  set  w-j  = w(P)  where 


w(P)  . 1 * HMJ1  - c0  . (P  -%)!  1 P - Pp|) 

(1  + 2 kMJ  (1.1.29) 

The  constant  k is  set  to  zero  in  subsonic  flow  in  view  of  the  lack  of  a 
preferred  upstream  direction.  That  is,  the  compressibility  direction  c0  may 
be  replaced  by  -c0  without  changing  the  solution  to  the  equation.  In 
supersonic  flow,  k has  been  chosen  by  experiment,  and  has  order  of  magnitude  1. 

Since  the  dot  product  of  unit  vectors  lies  between  -1  and  1,  the  numerator 
of  (1.1.29)  lies  between  1 and  (1  + 2k  Mw  ).  Thus  the  ratio  of  weight 
(neglecting  the  effect  of  distance)  at  a directly  upstream  point  to  that  at  a 
directly  downstream  point  is  1 + 2k  Mg,,  . For  = 3,  and  k = 1 (the 

provisional  choice  for  k),  this  ratio  is  7. 

The  weights  for  the  doublet  forward  weighted  splines  are  obtained  from 
equation  1.1.29  by  setting  k = 1 and  Moo  = 2.  Thus,  the  simple  expedient  of 
changing  the  weights  in  a least  squares  fit  transforms  a doublet  analysis 
spline  into  a doublet  design  spline  (DFW). 


I. 1.2. 5 Edge  Splines  for  Non-Smooth  Abutments 

Finally  we  consider  grid  points  (panel  corner  points  or  edge  midpoints) 
lying  on  a network  edge.  A network  edge  is  divided  into  distinct  portions 
belonging  to  different  abutments.  A doublet  parameter  is  located  at  the  grid 
points  which  form  the  endpoints  of  the  portion  of  the  edge  belonging  to  the 
abutment  (if  such  an  endpoint  is  not  a network  corner  point,  the  doublet 
parameter  is  an  "extra"  singularity  parameter  (see  figure  5.13)).  Doublet 
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parameters  are  also  located  at  the  panel  edge  midpoints  unless  the  abutment  is 
a smooth  one,  in  which  case  the  parameters  are  removed  (doublet  parameters 
located  at  abutment  endpoints  are  retained  for  simplicity). 

We  discuss  first  the  case  of  a non-smooth  abutment.  In  that  case,  the 
value  of  doublet  strength  at  a grid  point  depends  only  on  singularity 
parameters  located  on  the  network  edge. 

Consider  the  abutment  illustrated  in  Figure  I. 9a,  with  one  network  edge 
panelled  more  finely  than  the  other  and  with  a panel  corner  on  the  more  finely 
paneled  network  located  wherever  the  more  coarsely  paneled  network  edge  has  a 
panel  corner.  The  goal  is  to  find  a splining  method  such  that  the  impositio 
of  doublet  matching  boundary  conditions  of  some  or  all  of  the  control  points 
on  the  edge  results  in  the  exact  matching  of  doublet  strength  on  the  whole 

edge. 

Experimentation  with  1 east-squares-type  splines  shows  that  they  cannot 
satisfy  the  above  considerations.  Let  us  consider,  on  the  other  han  , a 
differentiable  spline.  Let  the  edge  be  divided  into  n intervals,  as 
illustrated  in  Figure  1. 9b.  It  is  reasonable  to  ask  how  many  differentiable 
functions  exist,  defined  by  a single  quadratic  on  each  of  th®  " 

Now  there  are  3n  linearly  independent  quadratic  functions  altogether  (since  a 
quadratic  function  on  an  interval  has  3 coefficients),  and  requiring 
continuity  at  P?,...,Pn_i  yields  (n-1)  constraints  on  the  set  of 
functions,  while  requiring  continuity  of  derivative  at  these  points  provides 
(n-1)  additional  constraints.  Thus,  there  are  (n+2)  linearly  independent 
piecewise  quadratic  functions  with  continuous  derivatives. 

But  this  is  equal  to  the  number  of  control  points  on  the  edge,  and  so 
there  is  a unique  differentiable  function  which  takes  on  a prescribed  set  of 
(n  +2)  values  at  the  midpoints  of  the  intervals  and  the  endpoints  of  the  edge. 

We  can  apply  this  result  to  the  situation  i llustrated  by  Figure  1. 9a  The 
doublet  distribution  on  the  edge  1 will  consist  of  some  differentia  e 
function  defined  by  a single  quadratic  on  each  interval  of  edge  1.  If  we  now 
impose  doublet  matching  boundary  conditions  at  the  control  points  of  edge  , 
wePobtain  on  edge  2 the  unique  differentiable  doublet  distribution. defined  as 
a single  quadratic  on  each  interval  of  edge  2,  which  agrees  with  the  doub  e 

distribution  on  edge  1 at  the  specified  points.  But, ^i^th^doublet6™ 
edge  2 is  a subset  of  a corresponding  interval  on  edge  1,  the  double 
distribution  on  edge  1 satisfies  the  above  criterion  too.  So,  since  the 
distribution  is  unique,  the  doublet  distributions  on  edge  1 and  edge  2 are 

i denti cal . 

Summari zing , we  have  shown  that  if  edges  1 and  2 form  an  abutment,  and  the 
paneling  on  edge  2 is  a "ref inement11  of  the  paneling  on  edge  1 (that  is,  every 
corner  point  of  edge  1 is  also  a corner  point  on  edge  2,  though  edge  2 may 
have  additional  corner  points),  then  the  imposition  of  doublet  matching  at  the 
control  points  of  edge  2 results  in  exact  matching  of  doublet  strength  along 
the  entire  abutment.9  Generalizing,  if  several  network  edges  meet  in  an 
abutment  and  one  edge  is  a refinement  of  each  of  the  other  edges,  then  the 
imposition  of  doublet  matching  boundary  conditions  on  that  edge  forces  t e 
alternating  sum  of  the  doublet  strengths  to  zero: 


£si 


ni 


= 0 


(1.1.30) 
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where  s-j  = + 1. 

Unfortunately,  the  differentiable  edge  spline,  while  leading  to  doublet 
continuity  under  a greater  variety  of  circumstances,  does  not  permit  forward 
weighting  in  supersonic  flow.  As  a result,  the  differentiable  edge  spline  is 
insufficiently  stable  and  cannot  be  used  in  Pan  Air.  This  fact  was  determined 
fairly  late  in  the  development  of  Pan  Air,  and  thus  a discussion  of  the 
differentiable  edge  spline  has  been  included  in  this  document. 

The  spline  which  is  actually  implemented  in  Pan  Air  is  a one  dimension 
quadratic  least  squares  fit.  Consider,  for  instance,  a network  edge  as 
illustrated  in  figure  1. 9b.  The  points  Pi,...,  Pn+i,  and  M-j , 
i=l, ...,n,  are  singularity  parameter  locations,  ana  the  doublet  strength 
there  is  defined  to  be  equal  to  the  value  of  the  singularity  located  there. 
Thus  the  doublet  spline  vector  SPD  for  each  of  these  points  is  a unit  vector 
of  length  one,  as  it  is  for  panel  center  points  in  a doublet  analysis  network. 

Next,  the  doublet  strength  at  the  points  P-j , i=2,...,n-l,  is  obtained  by 
a constrained  least  squares  analgous  to  that  described  in  section  I. 1.2.1,  but 
in  one  dimension.  That  is,  the  quadratic  function  f(t)  (t  a variable  defining 
distance  along  the  network  edge)  is  found  such  that 

f(  Mk)  . „(Mk)  = xk°  k _ (>1+1 

and  f ( My ) = y(My)  = \y  y _ i—i^  i +2 

in  a least  squares  sense. 

Then  the  row  vector  SP^  which  defines  u(P)  in  terms  of  the  singularity 

D 1 

parameters  (xk,  k=  i-1,...,  i+2),  is  such  that 

u(Pi)  = f(Pi)  (1.1.31c) 

We  now  discuss  the  differentiable  edge  spline  which  is  not  implemented  in 
Pan  Air.  First  we  must  compute  the  spline  matrices  which  correspond  to  this 
differentiable  piecewise  quadratic  distribution.  It  can  be  shown  numerically 
that  such  a function,  if  it  has  a non-zero  value  at  one  panel  center,  and  is 
zero  at  all  other  panel  centers  and  the  endpoints  of  the  edge,  is  never 
identically  zero.  Rather,  it  behaves  as  illustrated  in  Figure  I. 10; 
oscillating  with  an  amplitude  which  diminishes  rapidly  but  never  reaches 
zero.  Thus,  the  spline  is  stable  under  doublet  specification  boundary 
conditions;  however,  it  is  not  local,  since  the  doublet  strength  on  an 
interval  depends  weakly  on  the  doublet  strength  at  a panel  center  far  away. 

In  order  to  avoid  storing  lengthy  spline  vectors,  we  must  redefine  our 
doublet  parameters  to  make  the  spline  local.  That  is,  a doublet  parameter  on 
a network  edge  will  not  have  as  its  value  the  doublet  strength  at  its 
location.  For  this  purpose,  consider  the  interval  [-1,  1]  on  which  we 
define  the  quadratic  function 


(I. 1.31a) 
(I. 1.31b) 
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u(x)  = a + bx  + cx2 

Now,  u(-l)  = a-b+c 

u(l)  = a + b + c 

du_  ( _i ) = b - 2c 

dx 

dy  (1)  = b + 2c 

dx 

Thus, 

u(_l)  + dy  . (_i)  = a - c = y(l)  - (1) 

dx  dx 


(I. 1.32a) 


(I. 1.32b) 


(1.1.33) 


(1.1.34) 


Generalizing  (1.1.34)  to  the  interval  [P, , PH1  ™ Fi9ure  1. 9b,  we 

have 

wCPi)  + 1/2  u(Pi ) (Pi+1  - Pi) 

u(Pi+1)  + 1/2  y(Pi+l)  (Ri  ' Pi+1)  (I 


We  thus  define 

X.°  = y(Pi)  + 1/2  Vy(Pi)  • (Pi+1  - Pi) 

i “ 1 > • • • » ^ 

x,D  - g(Pf),  1 * °-  "n 

Now,  by  (1.1.35) 

x?-l  * “(pi>  + 1/2  ?u(Pi>  • (Pi-l  ' V 

i = 2, . . . , n+l 


(1.1.36) 

(1.1.37) 


(1.1.38) 


Combining  (1.1.40)  and  (1.1.42),  and  noting  that 


■yu  is  continuous,  we  have 
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<pi  -pi-i>  * (pin  - pi>  S_i° 


(P,  - pm)  U(P,)  - 1/2  Sr (Pf)  (Pin  - P^  (P,  -Pi.jl 


du 


(1.1.39) 


Thus, 


- P,)  u(Pi 

,)  + 

1/2 

HU  (P-)  (P- 

dx  ' l ' v i 

I Pi  - 

Pi-1 

1 

xD 

lpi  - pui| 

+ 

Pin 

-M 

~ Pi| 

! 1 

|Pi+l  - 

• Pi 

i 

f 

X?  . 

pi  -Pi-i 

: + 

|^i+l 

-Pi 

1 1 

(1.1.40) 


This  defines  the  spline  vector  for  P-j  as  computed  with  the  differentiable 
edge  spline,  which  is  not  implemented  in  Pan  Air. 


Now,  we  wish  to  evaluate  u(M-j),  i = 1 ,n.  Again  consider  a function 

u(x)  on  [-1,  1]  defined  by  (1.1.31). 

Then 


u(-l)  = a - b + c 
u(l)  = a + b + c 

u(-l)  + ^u_  (-1)  = a - c 

dx  (1.1.41) 

So, 

u(o)  = a = 

1/4  „(-l)  + 1/4  y(l)  + 1/2  [u(-l ) + (-1)] 

dx  (1.1.42) 

Applying  this  to  Figure  I.9b,  we  see 

u(M.)  = 1/4  „(P.)  + 1/4  y(u.+1)  + 1/2  X° 

i = 1, . . . ,n  (1.1.43) 
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This  defines  the  spline  vector  for  M-j. 


Equations  (1.1.37),  (1.1.41),  and  (1.1.43)  together  describe  u at  gr 
points  which  lie  on  a network  edge  belonging  to  a non-smooth  abutment  as 
linear  combinations  of  neighboring  singularity  parameters  on  the  edge, 
again  point  out  that  this  procedure  is  not  implemented  in  Pan  A r. 


i d 
We 


I. 1.2.6  Edge  Splines  for  Smooth  Abutments 

We  now  describe  the  computation  of  spline  vect0^s/°l"1p^1  ^t^gnath  we1"9 
smooth  abutments.  Once  again,  to  obtain  matching  strength  we 

require  that  one  network  be  paneled  as  a refinement  of  the  other,  as 
pxamDle  of  Fiqure  I.9a.  Then,  spline  vectors  for  grid  points  on  the  more 
coarsely  paneled  edge  are  computed  first,  followed  by  spline  vectors  for  g 
points  on  the  more  finely  paneled  edge. 

Spline  vectors  for  grid  points  on  the  coarser  edge  are  also  computed  by  a 

constrained  least  squares  procedure,  even  though  again  the  n®19  orin^  ■. 
Mints"  lie  in  two  networks.  Figure  1. 11a  shows  some  representative  examples 
which  illustrate  the  procedure  for  choosing  the  set  of  neighboring  points. 

The  method  is  described  precisely  in  the  Maintenance  Document  (see  Appen  ix 

of  section  4) . 

Now  continuity  of  doublet  stength  along  a smooth  abutment  is  insured  by 

h t-hAt  ic  ac«;i crnina  to  each  qrid  point  a real  number  t,  0 < t < 1, 

“Reifies  ?heaSpro9portln  of  the  total  ^TLenT^MsV'ocJu " is 
point  is  distant  from  the  starting  point  of  the  abutment,  ^his  procedure  s 
discussed  in  more  detail  in  the  maintenance  document  (see  SUBROUTINE  PRMEUb  or 

the  DQG  module). 

Figure  I.llb  illustrates  the  parametrization  of  an  abutment.  Now  some 
grid  point  P'-j  on  the  fine  network  will  have  parameter  value  i» 

(1.1.44) 

tj  < t i < t j+1 

i -i  c the  corresponding  point  on  the  coarse  network  i s 

z ^ , p»«  - - 

obtain  M(P' 1 ) as  a linear  combination  of  w(Pj)»  u(Pj+l)»  and  pIKj+2; 

Now,  it  follows  from  (1.1.31-32)  that  on  an  interval  [-1,  1], 


u(x)  = a + bx  + cx2  = 

y ( 0 ) + ( 1 / 2u ( 1 ) + 1/2  w(-l))x 
+ [1/2  y (1)  + 1/2  u(-l)  - u(0)]x2 
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We  can  apply  this  to  the  interval  in  Figure  1 . 11c  by  making  the 
transformation 


t - t 


tj+2  - tj 
x = 2x  * - 1 


(1.1.46) 


2t  tj+g  - tj 


tj+2  - tj 


(1.1.47; 


Equation  (1.1.46)  maps  the  interval  in  Figure  1 . 11c  to  [0,  1],  which  in 
turn  is  mapped  to  [-1,  1]  by  (1.1.47). 


Substituting  (1.1.47)  in  (1.1.45),  we  obtain 
v(t)  = u(Pj+i)  + [1/2  u ( P j +2 ) - 1/2  u(Pj)] 

+ [1/2  u(Pj+2)  + 1/2  u(Pj)  - u(Pj+i)3 


- tj>2  - tj 
tj+2  " 

2t  - tj+2  ~ tj 


tj+2  - 


(1.1.48) 


Setting  t = t 1 -j , we  have  u(P-j)  as  a linear  combination  of  u(Pj), 
u(Pj+l),  and  u(Pj+2): 


w(P'i)  = (-1/2  + 1/2  l2)  w(Pj) 

+ (1  - t2)  u(Pjn)  + (1/2  + 1/2  t2)  u(Pj+2)  (1.1.49) 

where  T = ^ ^ i ~ *j+2  ~ 

tj+2  - tj  (1.1.50) 

This  concludes  our  discussion  of  spline  vector  construction  for  doublet 
analysis  networks.  We  have  now  discussed  the  computation  of  doublet  spline 
vectors  for  all  enriched  grid  points  in  a doublet  analysis  network.  In 
practice,  these  vectors  are  all  computed  and  stored  on  a disk.  Then,  within  a 
loop  over  panels,  the  spline  vectors  corresponding  to  the  nine  panel  defining 
points  are  retrieved  from  the  disk,  and  merged  into  an  outer  spline  matrix 
B°  by  VECUNM. 
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1.1.3  Doublet  Spline  Vectors  for  Wake  Networks 

Singularity  parameter  locations  for  doublet  wake  networks  are  illustrated 
in  Fiqure  D.3.  In  addition,  if  the  edge  of  the  wake  I networks  on  which 
singularity  parameters  are  located  forms  part  of  more  than  one  abutment,  an 
extra  singularity  parameter  is  located  at  the  abutment  endpoints  lying  in  the 
interior  of  the  edge. 

The  purpose  of  a doublet  wake  1 network  is  to  model  a wake  surface  on 
which  the  doublet  strength  is  constant  in  the  streamwise  direction.  Thus, 
spline  vectors  for  grid  points  are  constructed  as  follows.  First,  spline 
vectors  are  constructed  for  each  grid  point  on  the  edge  containing  singularity 
parameters,  just  as  though  the  edge  were  part  of  a non-smooth  abutment  of  an 
analysis  network  (it  should  be  noted  in  passing  that  smooth  abutments  are  only 
permitted  between  analysis  networks).  Then,  the  spline  vector  constructed  for 
a particular  grid  point  on  the  edge  is  also  used  for  every  grid  point  lying  in 
the  column  or  row  of  points  emanating  in  an  indicially  perpendicular  direction 
from  the  edge.  This  produces  a doublet  strength  which  is  constant  in  one 
indicial  direction,  as  desired.  In  general  this  direction  is  the  direction  of 
increasing  row  index,  though  this  program  default  may  be  overridden  by  the 
user.  See  section  7,  record  N12,  of  the  User's  Manual. 

Doublet  wake  2 networks  are  used  to  define  a constant  strength  doublet 
sheet,  whose  strength  is  the  value  of  the  one  singularity  parameter  in  the 
network.  Thus,  the  identical  spline  vector  is  constructed  for  every  grid 
point  on  the  network;  namely  the  row  vector  of  length  one  with  unit  entry. 


1.1.4  Source  Splines  for  Design  Networks 


I. 1.4.1  Source  Design  1 

Only  one  type  of  source  outer  spline,  a continuous  one,  is  used  for  source 
design  1 networks.  Singularity  locations  for  source  design  networks  are  given 
by  Figure  D.l.  Since  a source  parameter  is  located  at  every  panel  corner,  the 
spline  vectors  for  these  grid  points  are  just  unit  vectors  of  length  1. 

Spline  vectors  for  panel  centers  are  also  straightforward  to  compute: 

SPS  = L 1 / 4 1/4  1/4  l/4j  (1.1.51) 

That  is,  the  source  strength  at  a panel  center  is  defined  as  the  average 
of  the  source  strengths  at  all  the  panel  corners. 


I. 1.4.2  Source  Design  2,  Discontinuous  Source  Splines 

For  source  design  2 networks  source  parameters  are  located  at  those  edge 
midpoints  on  edges  parallel  to  the  matching  edge.  To  reduce  the  complexities 
of  splines  PAN  AIR  imposes  two  restrictions  on  source  design  2 networks:  They 
may  not  have  collapsed  edges  and  they  may  not  have  just  one  column  or  one  row 
of  panels. 
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The  discontinuous  source  spline  for  a source  design  2 network,  used  for 
influence  coefficient  computation  and  boundary  condition  evaluation,  is 
computed  by  means  of  a three  stage  process.  First,  spline  vectors  are 
computed  for  the  panel  centers  and  for  those  panel  edge  midpoints  that  are  not 
source  parameter  locations.  (See  figure  D.lc  for  an  illustration  of  the 
source  parameter  location  on  a source  design  2 network.)  Second,  the  five 
source  values  on  the  panel,  (the  panel  center  and  four  edge  midpoint  values) 
are  fitted  to  obtain  a source  distribution  function  of  the  form  oQ  + K + n- 

Third,  this  distribution  is  evaluated  at  the  five  panel  source  parameter  locations. 

This  process  can  be  summarized  by  the  equation 
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Here,  each  stage  of  the  process  is  represented  by  a matrix. 


The  first  stage  of  this  process  requires  further  explanation.  First  the 
source  strength  at  the  panel  center  is  taken  to  be  the  average  of  the  two 
global  source  parameters  that  lie  on  the  boundary  of  the  panel.  Next,  the 
extra  panel  edge  midpoint  source  strengths  are  obtained  by  means  of  a bilinear 
fit  of  neighboring  global  source  parameter  data,  as  illustrated  in  figure 
1.12.  The  bilinear  fit  performed  here  is  essentially  the  same  as  the  bilinear 
fit  described  in  sections  I. 1.1.3  and  I. 1.1. 4 in  connection  with  continuous 
source  analysis  splines. 


I. 1.4.3  Source  Design  2,  Continuous  Source  Splines 

The  continuous  source  spline  for  a source  design  2 network,  used  by  PAN 
AIR's  post  processing  modules  for  pressure,  force  and  moment  calculations,  is 
generated  by  computing  spline  vectors  for  the  panel  center  and  corners. 

Taking  the  source  strength  at  the  panel  center  to  be  the  average  of  the 
panel's  two  global  source  parameters,  we  have 

SPS  = il/2  1 / 2 j 

The  panel  corner  spline  vectors  are  obtained  by  means  of  the  usual  sort  of 
bilinear  fit  using  global  source  parameter  data  as  indicated  by  figure  1.13. 
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1.1.5  Doublet  Splines  for  Design  Networks 

Figure  D.2  shows  the  location  of  singularity  parameters  on  a doublet 
design  network.  For  grid  points  in  the  interior  of  the  network,  spline 
vectors  are  computed  by  fitting  to  neighboring  points,  as  illustrated  in 
Fiqure  I. 14a  For  grid  points  on  the  "matching  edges"  (which  have  singularity 
parameters  located  at  the  panel  edge  midpoints),  the  doublet  analysis  edge 
spline  of  section  I. 1.2.5  is  used. 

The  only  unusual  aspect  of  doublet  design  splines  is  the  edge  spline  for 
non-matching  edges.  The  doublet  parameters  are  located  at  pane  corners  a ong 
these  edges  (rather  than  panel  edge  midpoints)  for  stability,  since  e 
boundary  conditions  in  the  vicinity  of  non-matching  edges  tend  be  doub  e 
gradient  boundary  conditions.  For  nonmatching  edges,  as  for  matching  edges,  a 
differentiable  edge  spline  and  a least  squares  edge  spline  are  available, 
though  once  again  the  least  squares  spline  is  implemented  in  ™ AlJ’  . 'J®  . 

least  squares  spline  is  similar  to  that  for  matching  edges,  except  that  now  it 
is  at  panel  edge  midpoints  that  the  doublet  strength  is  defined  by  eas 
squaring  to  the  four  surrounding  edge  doublet  parameters,  while  at  pane 
corners  the  doublet  strength  is  defined  by  a unit  spline  vector. 

We  now  discuss  the  construction  of  the  differentiable  edge  spline.  Let 

be  the  value  of  the  doublet  parameter  located  as  a panel  corner  as 

illustrated  in  Figure  I. 14b  We  define  a row  vector  » 0 < ijn  (n  the 
number  of  panel  corners  on  the  network  edge)  of  length  n as  follows.  ^We 
define  Yn  and  Yn  to  be  row  vectors  with  the  entries  1 in  the  first  entry 
and  the  nth  entry,  respectively,  and  otherwise  zero.  For  1 < i < n i,  we 
obtain  Yi  by  performing  a one-dimensional  least  squares  fit  to  the  4 tor  u, 
if  i=l  or  n-1)  neighboring  singularity  parameters  on  the  edge. 

Thus,  at  each  edge  midpoint,  and  at  the  endpoints  of  the  edge,  a row 
vector  Y-i  is  defined.  This  is  analagous  to  the  situation  for  the 
differentiable  doublet  analysis  edge  spline.  We  now  obtain  u at  corner  points 
and  edge  midpoints  by  using  the  doublet  analysis  edge  spline,  but  in  terms  of 
the  Yi  rather  than  the  singularity  parameters. 

For  example,  we  have,  analagously  to  (1.1.40), 
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(1.1.52) 


This  concludes  our  discussion  of  spline  vector  construction.  Details  of 
the  construction  are  contained  in  the  Maintenance  Document  (section  4-I.2.3). 
We  note  that  the  "RESERVE"  spline  discussed  there  is  in  fact  the  least  squares 
edge  spline  implemented  in  Pan  Air. 
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1.2  Subpanel  Splines 


The  subpanel  spline  matrices  define  the  coefficients  of  the  source  and 
doublet  distributions  on  a subpanel  in  terms  of  the  panel  singularity 
parameters.  The  panel  singularity  parameters  consist  of  the  source  strengths 
at  five  points,  aj,  o2,  a3,  a^,  og  and  doublet  strengths  at  nine  points  u^, 

...ng,  the  numbering  of  the  various  points  on  the  panel  being  illustrated  by 

figure  1.15.  The  relation  of  these  panel  singularity  parameters  to  the  global 
singularity  parameters  has  been  treated  in  depth  in  section  1.1.  In  this 
section  we  show  how  the  panel  parameters  define  the  source  and  doublet 
distributions  on  the  panel.  Specifically,  we  will  describe  the  construction 

of  matrices  SPSPLj^  and  SPSPI_k  such  that  the  singularity  distributions 

restricted  to  subpanel  Tk  are  given  by  the  expressions 


(1,  ( , n)  [SPSPLjJ]  { 


2 

a3 

a4 

°9 


(1,  t , n,  €2/2,  $n,  n2/2)  [SPSPL°] 


M1 

u2 


(1.2.1) 


(1.2.2) 


where  U,n)  are  local  coordinates  on  the  subpanel  Tk  (cf.  appendix  E). 


1.2.1  Basis  Functions  for  Interpolation  on  Triangles 

We  lay  some  groundwork  for  our  discussion  by  describing  the  construction 
of  the  basis  functions  for  polynomial  interpolation  on  a triangle. 

Consider  triangle  T for  which  the  coordinates  of  the  corners  Q.  are  denoted 
nj),  1 = 1.2,3.  Any  linear  function  f defined  on  this  triangle  is 
completely  specified  by  its  values  ffQ^)  at  the  three  corners,  and  can  be 
expressed  in  terms  of  these  values  by  the  formula 

f (Q)  = f (Qx ) LX(Q)  + f(Q2)  L2(Q)  + f(Q3)  L3(Q)  (1.2.3) 
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where  L^(Q)  denotes  a linear  function  of  (£,n)  taking  on  the  value  1 at  Q = 

and  zero  at  the  other  two  corners.  If,  for  a given  index  i,  we  define  j and  k 
by  the  condition  that  (i,j,k)  be  a positive  permutation  of  the  integers 
(1,2,3),  (cf.  figure  1.16),  then  l_.(Q)  can  be  explicitly  defined  by  the 

expressi on 
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with  the  obvious  definitions  to  be  given  for  the  coefficients  b-  c.j.  It  is 

an  easy  matter  to  check  that  these  functions  are  linear  in  f and  n and  further, 
that  they  satisfy  the  interpolation  conditions  (cf.  figure  1.17), 

LjlQj)  = 1 LflQj)  . L,<Qk>  = 0 (1.2.5) 


The  linear  basis  functions  Li (Q)  can  be  used  to  construct  quadratic  basis 

function  ( Q ) and  Bj (Q)  that  are  used  to  represent  quadratic  functions 

defined  on  T.  To  see  how  this  is  done,  let  Q-  denote  the  midpoint  of  the  edge 

lying  opposite  the  corner  point  Q.  (cf.  figure  1.18).  Then  any  quadratic 
function  g(Q)  defined  on  T can  be1 expressed  in  terms  of  the  corner  values 
g(Q. ) and  the  midpoint  values  g(Qj)  by  the  formula 


3 

g(Q)  = £ Cg(Q1 ) Bi(Q)  + g(Qj)  8j(Q)]  (I- 

i=l 

Here  the  quadratic  basis  functions  and  B^  are  defined  in  terms  of  the 
functions  by 

B.  = (2  L.  - 1)  L.  (I- 


b: 


4LoLk 


(i,j,k)  = positive  permutation 
of  (1,2,3) 


(1. 2. 7b) 


In  order  to  verify  the  validity  of  (1.2.6)  it  is  necessary  to  establish  the 
interpolation  conditions 
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B.(Q.)  = 1 Bi (Qj  ) = 0 Bi(Qk)  = 0 

Bj(Qj)  = 1 Bj(Qj)  =0  Bj(Qk)  = 0 

These  conditions  in  turn  follow  easily  from  the  interpolation  conditions 
(1.2.5)  together  with  the  observations  that 

L . (Q ! ) = 0 L,(Q!)  = L - (Qi! ) = 1/2  (I* 

11  1 J I IV. 


B.  (Q-j ) = 0 (1. 2. 8a) 

Bj(Q-|)  - 0 (1. 2. 8b) 


The  verification  is  strai ghtforward  and  is  left  to  the  reader. 


We  conclude  our  discussion  of  interpolation  on  triangles  ng  a 

cubic  polynomial  on  T interpolating  data  at  seven  points,  Qj * Qj 
triangle  midpoint  M, 


M 


■t'«i 


q3) 


(1.2.10) 


a unique  solution,  the  solution  we  present 
Gi ven  Val ues  of  a function  h(Q)  at  these 


While  this  problem  does  not  have 

has  certain  virtues  of  symmetry,  ..  , hx/ 

seven  points,  we  first  construct  a quadratic  function  h2(Q)  defined  by 


h2(Q)  = £ Ch(Qi  > B.(Q)  + h(Q!)B‘.(Q)]  (1.2.11) 

1=1 

and  then  patch  it  up  to  obtain  the  required  cubic  polynomial  on  T by  defining 
h3(Q)  = h2(Q)  + (h(M)  - h2(M))  C(Q)  (1.2.12) 

where  C(Q)  is  a cubic  polynomial  in  U,n)  defined  by 

C ( Q ) = 27  L^Q)  L2(Q)  L3(Q).  (1.2.13) 

It  is  a straightforward  matter  to  verify  that 

C(M)  = 1 C(Qi)  = 0,  C(QJ)  = 0.  (1.2.14) 

Me  find  as  a consequence  that: 

h3(Q.)  = h2(Q.)  + (h(M)  - h2(M))  C(Q.) 

= h(Q.)  ♦ (h(M) ) - h2(M))  . 0 = h(Qi) 

h (Qj)  = h2(Qp  + (h(M)  - h2(M))  C(Q!) 

= h(Qj)  ♦ (h(M)  - h2(M))  . 0 = h(Qi') 

h3(M)  = h2(M)  + (h(M)  - h2 (M) ) C(M)  = h(M) 
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thus  verifying  that  h^(Q)  satisfies  the  required  conditions. 
1.2.2  Source  Subpanel  Splines 


Given  the  results  of  the  previous  section  concerning  interpolation  on  a 
triangle,  it  should  be  clear  that  all  that  is  needed  to  define  a linear  source 
distribution  on  the  triangular  subpanel  is  to  relate  the  values  of  a at  the 

corners  of  to  the  panel's  source  parameters.  An  examination  of  figure 

(1.15)  immediately  shows  that  the  only  subpanel  corners  at  which  we  still  need 
to  define  the  source  strength  are  panel  points  5,  6,  7 and  8.  These  values 
are  defined  in  terms  of  the  panel  source  parameters  by  performing  linear 
interpolation  along  each  edge  of  the  panel  using  the  values  of  a at  the  panel 
corners.  This  procedure  leads  to  the  definitions 
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Given  these  relations  we  have  defined  a at  every  subpanel  corner  in  terms  of 
cj i a 2 og  and  consequently,  by  virtue  of  equations  (1.2.3)  and 

(1.2.4),  we  have  defined  the  distribution  of  a on  each  subpanel. 


$ 

To  illustrate  the  actual  construction  of  the  subpanel  spline  matrix  SPSPL^, 

we  consider  the  special  case  of  subpanel  3.  Referring  again  to  figure  1.15, 
we  observe  that  the  corners  of  subpanel  3 are  P^,  P7  and  Pfi.  Making  the 
identifications  ^ 

P^  = , local  coordinates  (1^  ) 

P-j  = Q2  , local  coordinates  (*2  n2) 


P6  ■ Q3  • 


local  coordinates  (£^  ng) 


and  writing  out  the  basis  function  ( Q ) in  the  form  (cf.  (1.2.4)) 

a.- 


Lj (Q)  = a^  + b.jf  + c^n  = (1.  ( » n) 


bi 


(1.2.16) 


we  observe  that  a(Q)  is  given  by 
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o(Q)  = alQj)  L^Q)  + o(Q2)  L2(Q)  + a(Q3)  L3(Q) 

= a(P3)  L1(Q)  + a(P?)  L2(Q)  + a(Pg)  L3 ( Q ) 

= L^(Q)  + -^(03  + a4^  *-2(Q)  + ^-(02  + a-j)  L3(Q) 

= (0,  i l2(q),  l1cq)  + ^ (l2(q)  + L3(Q)),  y l2(q),  0) 
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The  source  subpanel  spline  matrix  [SPSPL*]  is  then  identified  with  the  matrix 
appearing  in  the  right  hand  side  of  this  expression. 

1.2.3  Doublet  Subpanel  Splines 

We  now  discuss  the  construction  of  the  doublet  subpanel  splines  matrix 

[SPSPL^]  (cf.  equation  (1.2.2))  that  relates  the  coefficients  of  a subpanel's 

quadratic  doublet  distribution  to  the  panel's  panel  doublet  parameters, 

(n.  i-1 ,2, . . .9) . In  view  of  the  results  of  section  1.2.1  concerning  quadratic 

Interpolation  on  a triangle,  it  should  be  clear  that  all  that  is  needed  to 
completely  specify  the  quadratic  doublet  distribution  u on 

subpanel  Tk  is  to  give  its  values  at  the  corners  and  the  edge  midpoints  of  Tk 

(cf.  equation  (1.2.6)  with  the  substitution  g -mi).  The  relation  of 
coefficients  ^ % ...  unn  to  the  six  doublet  values  u(Qi).  u(Q1 ) « 91ven 

explicitly  by  the  following  equation  which  is  obtained  by  combining  (1.2.6) 
and  (1.2.7)  with  the  representation  for  L^Q)  given  by  (1.2.4): 
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Here  the  matrix  [B]  is  given  by 
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The 

relation 

of  the  six 

doublet 

values  y(Q1 ),  y 

{ Q i ) to  the  nine  doublet 

parameters  involves  the  consideration  of  a number  of  special  cases  and  is  some- 
times quite  complicated.  In  figure  1.19  we  have  drawn  a typical  panel  with  all 
of  its  subpanel  corners  denoted  by  • , and  subpanel  edge  midpoints  Qi  denoted 

by  the  various  symbols  o,  Q,  x . The  problem  of  defining  y(Q.),  y(Qj) 

then  reduced  to  the  problem  of  defining  y at  these  25  points  on  the  panel. 

The  definition  of  y at  these  points  takes  up  the  remainder  of  this  section, 
the  discussion  being  divided  into  the  following  parts: 

(i)  considerations  of  continuity,  leading  to  the  definition  of  y at 
points  marked  with  o and  □ , 

( i i ) the  definition  of  the  "*  quantity"  associated  with  a subpanel  edge, 

(iii)  the  computation  of  the  four  nontrivial  * quantities  *gg,  «gg,  * ^ 
and  *7g  leading  to  the  definition  of  y at  the  points  marked  with  x. 

Of  course  it  should  be  fairly  clear  from  an  examination  of  figure  1.19  that  the 
subpanel  corner  points  marked  with  • are  also  the  location  of  the  panel 
doublet  parameters.  Thus  the  definition  of  y at  these  nine  points  is  an 
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entirely  trivial  matter. 


I. 2. 3.1  Considerations  of  Continuity 

PAN  AIR  imposes  the  condition  that  doublet  strength  be  continuous  from 
panel  to  panel  as  well  as  continuous  within  a panel  in  order  that  the  line 
vortex  term  be  dropped  from  the  expression  for  perturbation  velocity.  We  now 
consider  what  consequences  this  requirement  imposes  upon  the  doublet  distri- 
bution along  edge  1 (consisting  of  points  P5,  P2)  of  the  panel  diagrammed 
in  figure  1.19. 

First,  observe  that  continuity  at  the  points  P^,  P5  and  P2  requires  that 

the  doublet  outer  spline  matrix  give  the  same  value  for  y at  these  points 
whether  they  are  considered  as  lying  on  the  panel  diagrammed  or  on  its 
neighbor  below.  This  requirement  is  satisfied  by  the  actual  construction 

process  of  B°  (see  section  I . 1 ) in  which  doublet  values  at  fine  grid  points 
(points  marked  • in  figure  1.19)  are  related  to  global  doublet  parameters 
without  consideration  of  which  panel  they  are  associated  with.  Now  if 
continuity  of  y at  points  Pp  P5,  P2  is  to  imply  the  continuity  of  y all  along 

the  edge,  then  the  distribution  of  y along  the  edge  must  be  determined  by  its 
values  at  these  three  points.  An  edge  distribution  of  y satisfying  this 
requirement  is  provided  by  a quadratic  distribution  of  \x  along  the  edge.  If 
edge  1 is  parameterized  by  a variable  t e [-1,  1]  with  the  correspondences 

t = -1  «-*  Pj_ 

t « 0 ~ P5 

t = +1  P2 

than  a suitable  quadratic  distribution  is  provided  by  the  expression 


w I = Ul[t(t-l)/2]  ♦ y5[l-t2]  + y2[t(t+l)/2]  (1.2.2: 

I edge  1 

By  setting  t = -1/2  (resp.  1/2)  in  this  expression,  we  can  compute  y at  the 
subpanel  edge  midpoint  (Q^  + Q5 ) /2  (resp.  (Qg+  Q2)/2).  We  obtain 


n 1 5 = u( (Qj^Qg)/2) 


Wl(3/8)  + y 5 ( 3/ 4 ) + y2(-l/8) 


(1. 2. 22a) 


^52  = y((Q5+Q2)/2) 


y t ( -1/8 ) + y 5(3/4)  + y2(3/8) 


(1. 2. 22b) 


By  repeating  this  process  for  the  other  edges,  we  can  define  the  doublet 
strength  at  all  the  points  marked  with  (0)  in  figure  1.19. 

Similar  considerations  of  the  requirement  that  y be  continuous  from  the 
top  half  to  the  bottom  half  of  the  panel  lead  us  to  define  y along  the  line 
(Pg,  Pg,  Pg)  by  a similar  quadratic  expression. 
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(P8,P9,P6' 


j [ t { t-1  )/2]  + ug[l-r]  ♦ u6[t(t+l)/2] 


(1.2.23) 


As  before  we  can  compute  u at  the  subpanel  edge  midpoints  along  the  line 
( P8 ’ P9  * P6  ^ * We  °^tai  n* 

Uqq  = uf (Pq  + Pq  ) / 2 ) = mq ( 3/8 ) ♦ u0(3/4)  + ufi(-l/8) 

(1. 2. 24a) 

line  = u ( ( Pq  + PJ/2)  = uq( -1/8 ) + uq(3/4)  + Ufi(3/8) 

yb  y b a y b (1. 2. 24b) 

By  repeating  this  process  on  the  line  (P,.,  Pg,  P^),  we  can  define  the  doublet 
strength  at  all  the  points  marked  with  ( □)  in  figure  1.19. 

I. 2. 3. 2 The  Definition  of  "Kappa"  Quantities 

We  begin  our  discussion  of  the  computation  of  u at  the  points  marked  x in 
figure  1.19  by  defining  a quantity  associated  with  a quadratic  function  a 

defined  on  a line  AB: 


«AB  = u ( A ) ♦ (1/2)  VU(A)  . (B-A) 


(1.2.25) 


If  the  line  AB  is  parameterized  by  a variable  te[-l,l]  by  the  expression 


P(t)  = [(l-t)/2]  A ♦ [(l+t)/2]B 

then  the  quadratic  function  u ( P ( t ) ) is  given  by 


(1.2.26) 


i(P(  t) ) = u(A)  [t( t-1  )/2]  ♦ m(M)  [1-r]  + u(B)  [t(t+l)/2] 


(1.2.27) 


where  M denotes  the  midpoint,  (A+B)/2.  Note  that 


ft  m(P( t) ) = V M(P(t) ) . (dP/dt)  = Vu(P(t))  . ( B-A )/2 


Setting  t=-l,  we  find  that,  since  P ( - 1 ) = A, 


(1/2)  V n(A)  . (B-A)  « 4*-  W(P( t) ) 


(1.2.28) 


| n(A)  ♦ 2 W(M)  - \ U(B) 


(1.2.29) 


Substituting  this  result  into  (1.2.25)  we  obtain 


*ab  = 2 n(M)  - j (u(A)  + u(B) ) 
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An  entirely  similar  calculation  shows  that 

= u(B)  + (1/2)  Vu(B)  . (A-B)  = k 


(1.2.31) 


Notice  that  if  *AB,  u(A)  and  „(B)  are  all  known,  then  U(M)  is  immediately 
given  by 


i(M)  = ^ + j u(A)  + ^ u(B)] 


(1.2.32) 


Since  all  that  remains  to  be  computed  are  the  values  of  u at  the  four 
Doints  marked  x in  figure  1.15,  we  only  need  to  compute  the  values  of  * 
associated  with  the  line  segments  PQP5,  P5P6,  PgP 7.  pyps"  In  describin9  1 

computation,  we  will  treat  in  detail  the  calculation  of  one  of  these 
quantities  (*35)  and  then  simply  quote  the  results  for  the  other  three. 

I. 2. 3. 3 Computation  of  the  Nontrivial  Kappa  Quantities 

The  computation  of  the  kappa  quantities  is  most  easily  described  if  we 
introduce  a skewed  coordinate  system  for  the  mean  panel.  This  coordinate 
system  is  essentially  similar  to  the  skewed  coordinate  systems  described  in 
section  1.1.  We  define  this  coordinate  system  as  follows. 

Let  «V  Pt  and  Pst  be  defined  by 

P5  =7  (P4  * ?!  - P2  - ?3>  (1.2-33) 

pt  . P2  . ?3  . ?4)  (1.2.34) 

?st-T(?l-f2*?3-?4>  n-2-35: 

and  let  N be  the  cross  product  of  P$  and  Pt: 

N = P$xPt  (I*2,36 

Note  that  the  panel  center  Pg  satisfies 


?9  = T (P1  + P2  + P3  + V 


We  define  the  skewed  coordinates  P'  of  a point  P by  the  equation 


P'  = 


(P  - P9) 


Since  Pi  = Pg  + Ps  + Pt  + Pst‘  we  find  thdt 
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pi  ■ 


1 * C1 

1 ♦ c. 


(1.2.39) 


where  skewness  parameters  Cp  c2,  are  defined 
C1  * pt  * 5 ■ pst/  i " I 2 

c9  = n x Pc  . p$t/  In!2 


N . Pst/  I N 


3/2 


(1. 2. 40a) 
(1. 2. 40b) 
(1.2.40c) 


In  an  entirely  similar  fashion  we  find 


P2  = 


-1  - C1 

-1  + C1 

" 1 - C1  " 

1 - c2 
-C3  _ 

P ' 

, k3  _ 

-1  + C2 
C3 

II 

IX 

-1  - c2 
-C3 

— 

(1.2. 39) 


Relations  of  the  form  Pg  = Pg  + Pt  lead  to  the  results 


P5 


P6 


P7 


P 1 
o 


0 
1 

L 0 

-1 

0 

L 0J 
0 

-1 

0. 


(1.2.40) 


Figure  1.20  is  a diagram  of  the  panel  in  this  local  coordinate  system  as  it 
appears  viewed  from  above. 

Projecting  the  panel  onto  the  s-t  plane,  we  are  now  ready  to  describe  the 
computation  of  «5g.  First  we  observe  that  V'n  can  be  computed  at  point  Pg 
provided  we  know  the  two  directional  derivatives: 


1.2-10 


(p;  - p2)  . v * ) = 2(1+0, , c,)  . v 1 u (p 


1*  v2 


(Pg  - P-j ) • v'u(Pg)  = 2(0,  1)  . V'w(Pc) 


(1.2.41) 


Each  of  these  quantities  is  easily  computed  using  the  fact  that  u is  a 
quadratic  along  the  lines  (Pj  P£  P£)  and  (P^  Pg  Pg).  We  obtain 

(Pj  - PJ)  . v'u(P')  = ux  - u2  C 

(Pjj  ~ P7  ) • V u(Pg)  = 3ug  - + \i-j 

Solving  the  equation 


1 C1  C2 

2 1 2 v' u (Pc ) 

0 1 J b 


3m5”4u9+u7 


for  v'n(P')  we  obtain 
b 


V1  u( Pg ) = 


1 r 1 1 

TT+cJT  L I Mi  ' 1 * 

3 o + 1 

? " 2m9  7 u7 


2 * C2(!  w5  " 2u9  + 7 li7)  ] 


Forming  using  the  definition 


= u5  + 2 *P8  " P5*  * v '•* 


= u5  + j (1,  -1)  V ' u (Pc ) 


we  obtain 


1 d+c2+Cl)  ^ 2 

= u5  + 4(l+c1)  {wl‘u2)  ‘ ITT+cjl  (2  u5'2m9+2  u7* 


4(1+0^  | ul'u2  + u5  (1"3c2+c1) 


U g AU  + Cj+Cg)  - U7(l  + C1+C2) 


A similar  calculation  based  upon  the  directional  derivative  formulae 
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(PJ  - P4)  . V*  u (Pq)  = 2 (cr  1 + c2)  v'u  (Pq) 

= Uj_  - U4 

(?8  - P6 } * (P8}  = 2 (1*  0)  (P8} 


= 3ug  - 4u9  + u6 


(1.2.47) 


leads  to  the  formula  for  V'u(Pg) 
V ' U ( Pg  ) = 


3 + 1 

2 Ug  - U9  2 u6 


1 _ r 1 
:2 


1 


3 

LPx7  C7  “l  ■ 7 u4  - C1  (7  ^8 


2u9  + 1 u6)l 


(1.2.48) 


Defining  the  quantity  *85  by 

*85  = u8  + 2 (P5  " P8^  ’ V u (fV 

= ug  ♦ \ (-1,  1)  V\(Pq)  (1.2.49) 

we  obtain  after  some  manipulation 

*85  = 4(lic^T  (U1  ' "4  + (1  " 3C1  + C2}  u8 

u9  4(1  + c.  + c2)  - u6  (1  + cx  * c2)j 

(1.2.50) 


Now,  clearly,  the  definition  we  use  for  «58  should  be  some  weighted 

average  of  the  two  values  we  have  calculated.  Further,  if  (l+c^)  or  ( 1 +c2 ) 

is  zero,  one  of  the  values  of  «gg  goes  to  infinity,  indicating  the 

impossibility  of  providing  a continuous  doublet  gradient  on  that  occasion 
(this  situation  occurs  whenever  the  panel  is  triangular).  Thus,  our  weighted 
average  should  be  such  that  zero  weight  is  given  to  an  infinite  value  of  *5Q. 
The  simplest  such  weighted  average  is  given  below: 


*58 


! + ci  _ 1 + c2  _ 

2 + c7  + c2  *58  + 2 ♦ cx  + c2  *85 


(1.2.51) 


Upon  substituting  (1.2.46)  and  (1.2.50)  into  (1.2.51),  «e  obtain  the  formula 
for  Kgg. 
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'58  ■ 4(24^7  (2  fj  * (1-3C2+C1)US  - »2 

( 1-3c1+c2 )Mg  + 8(Uc^c2)u9  - (1+c1+c2)u6 
-u4  - (1+Cl+C2)u7  + 0u3j 


(1.2.52) 


Similar  formulae  for  the  other  three  values  of  are  given  by 
*56  = 4(2+c!-c;T  i 2 u2  + (1"3C1'C2)  u6  ‘ u3 


1 2' 


( 1+3c2+c1  ) u5  + 8(1+0^02)  u9  - ( 1+C1_C2 ) ^7 
- ^ - (l+CrC2)  UQ  + 0 M4  } 


(1.2.53) 


67 


78  = 


4(2-c1-c27  I 2 “3  * <l*3C2-Cl)  “7  - “4 

{l+SC^-Cg)  U6  + 8(1-Cj-C2)  Ug  - (1-C1-C2)  U3 

-U2  - (1-crc2)ll5  + °n] 

1 j 2 u4  + ( l+3c  1+c2 ) u8  - uj 

4(2-c1+c2  > ’ 

(l-cr3c2)  U7  + Sd-Cj+Cg)  Ug  - (l-c1+c2)  U5 
-U3  - ( l“c1+c2 )u6  + °M2  } 


(1.2.54) 


(1.2.55) 
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1.3  Full  Panel  and  Half  Panel  Splines 

Measuring  the  influence  of  a panel  consisting  of  eigi Jt  s strata  subpane1  s 
is  quite  costly  in  terms  of  computing  effort.  Consequent  y,  P 

used  just  for  those  panels  lying  very  near  to  a control  point.  For  pane  s 

^?lce$  £ ?5*LK°S2ir .^5tr*b?t1on  H 

ss 

quasi  near  field  procedure  does  maintain  continuity  • far 

quasi  far  field  procedure  does  not.  Thus,  in  supersonic  » the^control 
fipld  Drocedure  is  never  used  unless  the  panel  lies  well  inside  the  control 

point's  domain  of  dependence,  (i.e.,  the  Mach  cone  eLc^doubTe t 

rontrol  Dointl  The  quasi-far  field's  replacement  of  the  exact  doublet 

distribution  with  a discontinuous  approximation 

the  boundary  of  the  Mach  cone. 

1.3.1  Full  Panel  Spline  Matrices 


The  full  panel  spline  matrices,  denoted  PSPLS  and  PSPL0  are  used 
eval uati on*  of  far  f iel d (cf.  appendix  J.9)  as  well. as  quasi-far 


in 

the  evaluation  of  far  field  (cr.  appendix  3.9)  . as  jell  as  JJJ^coef f icieits  of 
panel  influence  coefficients.  These  spline  matrices  give  the  coefficients  or 

a linear  source  distribution  a({, n)  and  a duaJ[*aJ19 ^^J^^Jane/source 
terms  of  the  panel's  singularity  parameters,  that  is,  the  5 panel  source 

parameters  and  9 panel  doublet  parameters  that  help  define  o(Q)  and  u(Q) 

the  panel . Thus  we  have  o and  u approximated  by 


a(£  ,n ) = 


€ 


(1.3.1) 


u(«.n)  = u0  + € + % * 


* 7 “«  {2  * “fs  {n  * ’ 


u n 
2 nn 


(1.3.2) 


where  the  polynomial  coefficients  are  given  by 
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r®i  ^ 

°0 

= [PSPLS] 

ct2 

rr 

a3 

n 

t j 

a4 

,a9  J 

. u0 

U1 

r * 

r ^ 

u2 

% 

, = [PSPL0]  < 

• 

• 

► 

• 

» 

Wfn 

t Unn^ 

. u9  J 

(1.3.3) 


(1.3.4) 


The  (£,n)  coordinates  used  in  these  equations  are  the  first  two  components  of 
the  average  panel  local  coordinate  system  defined  by  equation  (E.0.1),  using 
the  panel  center  as  the  origin  and  taking  n to  be  the  normal  to  the  average 
plane.  In  what  follows  we  will  use  the  notation  (f^,  n ^ ) , i=l 9 to 

denote  the  local  coordinates  for  the  nine  standard  points  on  the  panel  at 
which  panel  doublet  parameters  are  located. 

C 

The  source  panel  spline  matrix  PSPL  is  constructed  by  a constrained  least 
squares  procedure  in  which  we  enforce  the  constraint 


f(fo»  no)  = o , 


while  minimizing  with  respect  to  o^,  and  the  expression 


(1.3.5) 


£ U0  * ♦ on  - a,]2  (1.3.6) 

i=l 

Since  the  panel  center  is  the  origin  of  the  local  coordinate  system,  (£Q,  no)  = 
(0,  0)  and  equation  (1.3.5)  implies  that  y y 

°9  = a(«9,  n9)  = a (0,0)  = aQ  (1.3.7) 

Thus  aQ  = og  and  the  problem  of  minimizing  the  expression  (1.3.6)  can  be 
reformulated  as: 
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4 2 

min  £ *i  + % n1  ' (o1  " 
i=l 

V % 

The  normal  equations  for  this  problem  read 


(1.3.8) 


4 2 

2 «i 

i=l 

4 

2 

i=l 

*1 

r 4 
2 

1=1 

4 ' 

?1  °i  - a9  2 *1 

i = l 

4 

2 «1  ni  - 

1=1 

4 

2 

1=1 

2 

ni 

4 

0 

l n j 

► = < 

4 

2 

n.  i=l 

4 

i>i  o-j  - ag  2 ni 
i=l 

- 

(1.2.9) 

i * o 1/d  + p + p + P.)  is  the  origin  of  the  local 

Because  the  panel  center  Pg  = P2  v2  *V 

4 4 

..  . , -e  n - Q.  Usinq  this  fact  to 

coordinate  system,  we  have  that  £ fj  = 2 n1 

1.1  1=1 

simplify  the  right  herd  side  of  (1.3.9),  we  may  write  the  following  expression 
for  PSPLS. 


- 

- 

-1 

- 

— 

1 

0 0 

0 0 0 0 

1 

[PSPLS]  = 

0 

r-1 

C 

«!  «2  «3  f4 

0 

0 

n1  n2  n3  n4 

0 

- 

- 

— * 

Is  the  coefficient  matrix 

; of  (1.3.9): 

1 

4 

r 9 

4 

2 

: 

2 *1 

1= 

:1 

i=l 

C = 

4 

4 2 

9 

i h 

ni  2 ni 

i: 

=1 

i=l 

(1.3.10) 


(1.3.11) 


shed 
necessary 


to  introduce  the  Isoparametric  representation  of  a eaneK 

The  isoparametric  representation  of  a panel  consists  of  a mapping  5<s,t) 
from  the  standard  square  I: 
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(1.3.12) 


I = { ( s , t)  | -1  < s,t  <_  1} 

= C-l.l]  x [-1,1] 

onto  the  approximate  panel  H.  The  mapping  q(s,t)  that  defines  the  approximate 
panel  H is  constructed  by  performing  bilinear  interpolation  on  I using  the 
data  (cf.  figure  1.21) 


q(l.l)  = Px 

q(-i.D  = p2 

q(-l.-l)  = P3 

qd.-i)  = p4 


(1.3.13) 


The  resulting  mapping  is  given  explicitly  by 


q(s,t) 


(l+s)(l+t)£  , 

— ? P1 


(l-s)(l+t)£ 
4 P2 


+ (l-s)(l-t)? 
4 K3 


* (l+s)(l-t)S 

4 P4 


(1.3.14) 


Writing  this  as  a polynomial  in  (s,t)  yields 
q(s.t)  = % * \ s * qt  t * qst  St 

where  the  coefficients  are  given  by 


1 

6°  + 
l 

i 

i 

i 

i 

pi 

-► 

qs 

i 

= * 

i 

-i 

-i 

i 

P2 

-► 

qt 

i 

i 

-i 

-i 

P3 

1 

4-> 

</> 

tcr 

1 

i 

-i 

i 

-i 

! 

4* 

L 

(1.3.15) 


(1.3.16) 


-►  ■> 

Note  that  qQ  = Pg,  the  panel  center.  The  parameter  space  I and  the  mapping 
q(s,t)  up  to  the  approximate  panel  H are  illustrated  by  fig.  1.21. 


The  approximate  panel  H lies  quite  close  to  the  actual  panel  and  has 
precisely  the  same  boundary.  In  point  of  fact,  the  approximate  panel  H was 
actually  considered  for  use  as  the  standard  panel  in  PAN  AIR.  It  was 
discarded  however  on  the  grounds  that  its  use  makes  It  Impossible  to  evaluate 
panel  Influence  Integrals  in  closed  form.  Since  these  integrals  are  in  fact 
nonconvergent  finite  part  Integrals  in  the  case  of  supersonic  flow,  closed 
form  evaluation  is  quite  essential.  In  spite  of  this  drawback,  the 
approximate  panel  H frequently  does  provide  a useful  theoretical  framework  for 
constructing  approximate  doublet  distributions. 
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The  most  natural  choice  of  a doublet  distribution 

performing  biquadratic  interpolation  on  I using  o doublet  distribution 

corresponding  points  on  H.  This  process  results  in  tne  oouoieu 

on  I given  by 


-/  +i  fs<s+1)  i <2  S(S-1}1 

n(s,t)  = ( 5 — , 1-S  , 2 1 


Ug  U4 

U5  ug  t*7 

L u6  u3  J 


t( t+l )/2 
1-t2 
t( t-1 )/2 


(1.3.17) 


In  order  to  transform  this  expression  into  a doublet  distribution  on  H.  we  use 
the  mapping  q(s,t)  from  I to  H to  give  us 

, , (1.3.18) 

u(q(s,t) ) = u(s,t) 

This  distribution  agrees  exactly  with  the  PAM  AIR  doublet  distribution  on  the 
boundary  of  the  panel  and  on  the  lines  (Pfi,  Pg,  Pg).  (p5»  pg*  V* 

Now  the  panel  doublet  spline  PSPL°  is  to  be  used  to  compute  a doublet 
distribution  on  the  mean  panel.  This  distribution  is  defined  y 

nM(q^(s,t))  = iHs.t)  (1.3.19) 

where  £\(s,t)  denotes  the  usual  sort  of  mapping  from  I to  the  mean  panel  HM, 

computing  a second  order  Taylor  series  for  the  function  defined  by 
(1.3.19).  This  computation  requires  that  we  compute  aM(0,0>  and  various 
partial  derivatives  of  at  U,n)  * (0,0). 

In  order  to  compute  these  derivatives,  we  need  first  to  express  the 
mapping  q^(s,t)  in  the  following  form: 


q^(s,t) 


S «s  * t «t  * st  fst 

— 

£(s,t) 

s "s  * 1 nt  * st  "st 

n(s,t) 

0 

0 

_ Jl 

(1.3.20) 


Here,  the  third  component  is  i aentu.au 3 ’ 

1 ye,  ui,n  mien  need  an  expression  giving  the  function  ^(s,t)  as 
?1lS  combi natl opWof  the  panel  doublet  parameters  a,.  This  expression, 
which  is  derived  from  equation  (1.3.17)  by  Identifying  the  coefficients  of 
as  basis  functions  d^s.t),  has  the  form 
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u(s,t) 


(1.3.21) 


9 

= 2 ui  0j(s,t) 

i*l 

The  functions  0j(s,t)  are  defined  in  the  obvious  way;  for  example, 
comparing  (1.3.21)  to  (1.3.17)  we  readily  see  that 

tf5(s,t)  = (1-s2)  [t( t+1 )/2] 

Combining  (1.3.19),  (1.3.20)  and  (1.3.21)  we  write 

9 

uM(  € { s , t) , n(s,t))  * £ 0j(s,t) 

i=l 


Setting  s=t=0,  we  obtain 

9 

uM  (0,0)  = S ^.(0,0)  = u9  09(O,O)  = u9 

i=l 

Differentiating  (1.3.23)  with  respect  to  (s,t)  and  setting  s*t=0,  we 

the  following  implicit  relation  for  (3/3$,  3/3n)  uu  1 

M i O 


( 3 M m/ 3 ^ * 3wM/,3n^o 


9 30i  30. 

I ui  (3S~*  TT] 

i=l 


If  we  denote  by  J the  Jacobian  matrix  appearing  on  the  left, 
- 

1 *s  *t 

‘ ["s  »t 

we  obtain  the  following  relation  for  the  gradient  of  uM: 


3y^/ 3{ 
3u|^/  3 n 


9 

£ 

i =1 


“i 


30^3$ 

30|/3t 


If  we  differentiate  (1.3.23)  with  respect  to  (s,t)  twice  and  set  s=t= 
obtain 


(1.3.22) 

(1.3.23) 

(1.3.24) 
obtain 

s=t=0 

(1.3.25) 

(1.3.26) 

(1.3.27) 
0,  we 
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+ a Uj^/ 3 n 
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j"a20i/as2  320i/3s  at 

a201/as  at  a2#1/at2  J 


Since  a2  € /as2  = a2*  /at2  - 0,  and  similarly  for  n(s.t),  we  may  rearrange 
and  simplify  this  expression  to  obtain 


n / 

^ 3 3n  = \7F~ 

4 ( 

?st  an  ) 

KT  [J 

? 2 2 + ® 

3 iJLjgj/ 3 € 3n  3 ^ ^ ^ 

i =1 

Ui  J"T  ^i.st 
^i  ,st 

**i  ,st 
^i  ,tt 

J-1 

(1.3.29) 

MOW  the  doublet  panel  spline  matrix  [PSPL  ] expresses  the  various 
coefficients  „H<0,0).  3U„/3f  , « "nMr  «»binations  of  the  pa 

doublet  parameters.  Combining  equations  {I. 3. 24),  (1,3.27)  and  I.  ■ . 

can  explicitly  write  out  a formula  for  the  i-th  column  of  PSPK  : 

0^0,0) 
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Here,  2x2  matrices  S and  Aj  are  defined  by 


S 


1 

0 . 


J 


-1 


3201-/3S 
a201-/a S at 


0 

3 0^/3  s at 
a^/at2 


(1.3.31) 


(1.3.32) 


1.3.2  Half  Panel  Splice  Matrices 

Although  the  quasi-near  field  procedure  for  computing  the  influence  of  a 
panel  is  somewhat  more  complicated  than  the  quasi-far  field  procedure,  the 

half  panel  spline  matrices  [HPSPLS],  [HPSPL0]  associated  with  the  quasi-near 

field  procedure  are  somewhat  easier  to  compute  than  were  [PSPLS]  and  [PSPL0]. 
We  begin  our  discussion  of  their  computation  by  stating  clearly  what  they  do. 

Given  a quadrilateral  panel  with  corner  points  (P1§  P2,  P3,  ?4),  we  begin 

by  dividing  it  into  two  triangular  subpanels.  If  the  distance  from  Pj  to  P3 

is  less  than  the  distance  from  i>2  to  P.,  we  perform  the  division  (see  fig. 

I • 22d ) 


d(Pr  P3)  < d(P2,  P4)  : t2  = (P2,  P3,  Pj) 

T4  = (P4.  Pj.  P3)  (1.3.33) 

while  If  the  opposite  condition  holds,  we  perform  the  division  (see  fig.  I. 18b) 
d(P2,  P4)  < d(Px,  P3)  : Tx  = (Pr  P2,  P4) 

T3  = (P3,  P4.  P2)  (1.3.34) 

Having  divided  the  panel  into  two  triangles,  we  address  the  problem  of 
computing  the  coefficients  for  a linear  source  and  a cubic  doublet 
distribution  on  each  triangular  subpanel. 

If  we  denote  these  distributions  by  aU.n)  and  n({,n)  respectively,  the 
variables  (f,n)  being  local  coordinates  associated  with  the  triangular  half 
panel  under  consideration,  then  our  task  is  to  compute  half  panel  spline 
matrices  such  that 
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(1.3.35) 


(1.3.36) 


with  functions  a(|,n)  and  »«.n)  then  being  given  by 
a ( € ,n) 


a + oA  + a n 
o s n 


(1.3.37) 


uU»n)  = 


+ V 


1 S2  + u 
1 


{n 


+ — u ^ + 4 u ^2 n + i u, 

6 2 11  i n 2 {in 


2 1 


nnn 


(1.3.38) 


, , , ^H^p^et^  ^ triangular  h’a'l f^anl)  HZ' ^sl^lo^e 
T.  of  (1.3.33),  (P4.  pr  f3).  using  the  fonaula  U.2.3)  for  linear  Interpola- 
tion  on  these  points,  together  with  the  identification  of  points 


»!• 


local  coordinates  n^) 

local  coordinates  ({g*  n2^ 

p = q local  coordinates  {ty  TI3) 

3 3 


Pl  . q2, 

* ^3* 


(1.3.39) 


then  the  source  distribution  on  triangle  (P4,  ?v  P3)  is  given  by 

o(f.n)  • 04  L1CQ)  + °i4(Q)  - a3L3(Q) 

Using  the  explicit  formula  for  L^Q)  given  by  (1.2.4),  (Li  = ai  + b-€  ♦ ^ n). 
the  function  c({,n)  can  be  written  out. 
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(1.3.41) 

The  matrix  appearing  on  the  right  hand_side  of  (1.3.41)  is  the  source  half 
panel  spline  matrix  for  triangle  (P4,  P1§  P3): 


(1.3.42) 

The  procedure  to  be  followed  for  any  other  triangular  half  panel  should  now  be 
apparent  from  this  example. 

Turning  now  to  the  problem  of  computing  the  doublet  half  panel  splines,  we 

again  consider  the  special  case  of  triangle  T4  = (i>4,  i>1#  i>3).  Referring  to 

figure  I. 22a,  observe  that  if  the  value  of  u were  known  at  the  seven  points 

(P4*  ?3»  Mg,  Py,  Pg,  C4),  then  a cubic  distribution  of  doublet  strength 

could  be  readily  constructed  using  the  interpolation  formula  given  by 
equations  (1.2.11)  and  (1.2.12).  Now  of  these  ^even  points,  five  are 
locations  of  panel  doublet  parameters  and  two  (Mg  and  C4)  are  not.  Thus,  if 

we  can  manage  to  express  4 (Mg)  and  n(C4)  in  terms  of  the  panel  doublet 

parameters  by  expressions  of  the  form 

9 

ti(Mg)  = 1 m2>1  iii  (1.3.43) 

- 9 

m(C4)  = I c.  , u.  (1.3.44) 

h i=1  1 

then  we  will  immediately  be  able  to  write  down  an  expression  for  n(Q)  on 
T4  = (P4,  Pj,  P2)  as  a linear  combination  of  {4.}^.  This  is  done  as 

follows.  Combining  equations  (1.2.11)  and  (1.2.12)  while  making  the  identifi- 
cations 
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P4  - «1 
?1  = q2 
P3  = S3 


h2  . q; 

p7  . Qi 


c4  = M 


we  obtain  after  some  manipulation 
3 


I 

i = l 


u(Q)  = ^ u(Q1 ) [B.(Q)  - B.(M)  C ( Q ) ] 
u(Qj)  CB* <Q)  - Bj(M)  C(Q)3 

♦ u(M)  C(Q) 


+ - 


1 

i = l 


that  is. 


u(Q)  = u4  CB^Q)  - B^M)  C ( Q ) ] 

+ UX  CB2(Q)  - B2(M)  C(Q)] 

+ U3  [B3(Q)  - B3(M)  C(Q)3 

+ ^ X m2,i  ui)  CBi{^  ■ Bl(”)  C(^)3 

♦ CB^(Q)  - B£(M)  C(Q)] 

+ u8  [B3(Q)  - BgtM)  C( Q) ] 

+ f 1 C4,1  ^ C(^ 


(1.3.45) 


(1.3.46) 


(1.3.47) 


This  last  equation  yields  an  expression  for  the  doublet  half  pa"f! 

Sftte  basis1  functions^B^B^t  C .T  exp™^ Si!  factual gebr'ai cal ly  by  the 
equati on 

i_Bl’  B2’  B3*  Bl’  B2*  B3’  C-i 


2 c 2 3 r p 1 10x7 

Ll»  n»  * {n.  ^ » -JLjLGJ 


(1.3.48) 
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Now  using  the  facts  that 

B.(M)  = -1/9  (1.3.49) 

Bi (M)  = 4/9  (1.3.50) 


we  can  write  U(Q)  as  given  by  (1.3.47)  in  the  form 


(1.3.51) 


where  [T]  accounts  for  the  stray  multiples  of  C(Q)  appearing  in  (1.3.47): 


and  [K]  expresses  the  seven  required  values  of  p in  terms  of  { n..}  y 

i=l 
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Here,  the  notation  ek  denotes  the  k-th  natural  unit  vector  in  R9.  The  doublet 
half  panel  spline  matrix  for  the  triangle  T4  = (P4»  Pp  P3)  1S  now  g1ven  by 


[hpspl°]10x9  = [G]10x7  [T]7x7  CK]7x9 


(1.3.54) 


that  is,  it  is  just  the  matrix  sandwiched  between  the  two  vectors  in  equation 
(1.3.51). 


All  that  remains  to  be  done  now,  is  to  describe  the  computation  of  the 

coefficients  {m2i}  and  {c4>1}  appearing  in  equations  (I .3.43)  and 

n 3 44 ) These  coefficients  are  computed  with  the  help  of  the  Isoparametric 
representatior^o^apanel  (cf.  equation  (1.3.14))  together  w th  the  doublet 
distribution  „(s.t)  on  the  canonical  square  I g »en  by  equation  r“  for 

(1.3.21).  We  describe  the  procedure  for  computing  {n>2,i}  * tne  Proceaure 

computing  |c4j}  being  essentially  the  same. 


Now  the  computation  of  {nig  ^ is  essentially  equivalent  to  the  problem 
of  computing  u(Mg)  or,  since  Mg  may  not  actually  lie  on  the  panel,  of 

computing  u(Mg)  where  is  the  point  on  the  panel  lying  closest  to  Mg.  If, 
instead  of  finding  Mg,  we  find  the  point  M*  on  the  approximate  panel  H that  is 
closest  to  M2: 


-►*  . 
M2  = q(s  , t ) 


(1.3.55) 


estimate  u(H,>  as  „(s*.  t*).  Here  (s*.  t*)  are  the  s-t  coordinates 


then  we  may 


of  the  point  M?eH  that  solves  the  minimization  problem 


M2  - M2 


mi  n 
QeH 


Mg  - Q 


min  | M,,  - q( s,t) | 
(s,t)eI  L 


(1.3.56) 


Given  these  coordinates  (s*.  t*)  for  the  point  M*eH  nearest  to  M2,  we  take 
u(Mg)  = n ( Mg ) . Combining  this  choice  with  equation  (1.3.18)  and  (1.3.21) 

yiel ds : 

n(Mg)  = h(M2)  = u(q(s*.  t*))  = IT(S  , t ) 


★ * 


1 ui  *i  (s  * 1 } 

i =1 


(1.3.57) 
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Comparing  this  last  result  to  equation  (1.3.43)  leads  immediately  to  the 

formula  for  the  coefficients  m_  : 

^ » A 

m2,i  = Vs  ’ **)  • (1.3.58) 

It  should  now  be  clear  how  the  coefficients  c4  ^ are  computed:  One  simply 

finds  the  s-t  coordinates  of  the  point  C.  e H nearest  to  C.  and  then  performs 
the  evaluation  H 4 

c4jl-  = dj(s  , t*)  where  C4  = q(s*,t*)  . (1.3.59) 
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1.4  Panel  Moment  Matrices 

A number  of  panel  moment  matrices  are  computed  in  PAN  AIR  jS|/JnJhfor 
far  field  evaluation  of  panel  influence  coefficients  (see  section  0.9)  nA  for 

certain  post-processing  functions  (see  section  0.2).  In  th1^  moments 

define  these  panel  moments  and  describe  their  computation.  Far  field  moments 
are  treated  in  section  1.4.1,  post-processing  moments  are  treated  lectio 
I 4.2  and  finally,  in  section  1.4.3,  the  computation  of  the  basic  flat  panel 
moments  is  described.  These  basic  flat  panel  moments  are  define  y 
expression 


Cij 


S 

£ 


,1  J 

S T) 


di  dn  0 < i+j  < N 


(1.4.1) 


Here  (£  n)  are  local  coordinates  on  the  surface  of  a flat  panel  £ . We 
win’fin;  It  convenient  in  our  discussion  of  far  field  and  Postjocessin 
moments  to  assume  that  flat  panel  moments  of  the  form  (1.4.1)  can  be  read  y 
computed,  given  the  corner  points  of  £ m local  coordinates. 

1.4.1  Far  Field  Moments 

The  panel  moments  used  in  the  evaluation  of  far  field  estimates® 

now  described.  We  begin  by  noting  that  the  far  field  JK  procedure  estimates 

a panel  influence  by  implementing  the  following  approximations. 

(i)  The  panel  is  replaced  by  its  mean  panel. 

(ii)  Singularity  distributions  o and  n are  replaced  by  their  quasi -far 
field  approximations  (see  section  1.3.2). 

'"■>  ~ suss:  rMBsn  sssss 

far  field  moments  that  are  defined  by  that  analysis. 

Toward  this  end,  let  the  mean  panel  expressed  In  its  local  coordinates 
be  denoted  by’  £ffl.  We  define  a collection  of  basis  functions  #aU.n). 

defined  on 


0. 


£ , as  follows 
m 

[1.  «...  iZn.  fn.  f3/6-  {"2/2,  ,3/n.4.2) 


Thus,  for  example  P8U,n>  = f2n/2.  Using  the  alternate  notation  for  f and 


» * 


(1.4.3) 


P2  = n 
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(1.4.4) 


Ha»  '7  Jj  K K d*  dn 
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Hi«B  ■ 7 JJ  »i  K \ d<  d" 


1 _<  a < 10 
1 £ 8 £ 6 

1 <i  < 2 

1 a 6 

1 < 8 < 3 
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In  writing  down  these  definitions,  we  have  used  the  usual  symbols  s and  * to 
denote  the  following: 


| ♦ 1 subsonic  flow,  M®  < 1 
' -1  supersonic  flow,  M®  > 1 

| 4ir  subsonic  flow,  M®  < 1 
( 2 it  supersonic  flow,  M®  > 1 


A quick  examination  of  the  definitions  (I. 4. 4-5)  together  with  a look  at  the 
definitions  of  0a,  (1.4.2)  and  Pi,  (1.4.3)  shows  that  the  integrals  in 

equations  (I. 4. 4-5)  are  all  of  the  form 

(constant)  nJ  d£  dn  , 0 < i+j  < 5 


These,  of  course,  are  just  integrals  of  the  form  C^j  (see  equation  (1.4.1)) 
which  we  will  discuss  in  section  1.4.3. 

1.4.2  Post  Processing  Panel  Moments 

A number  of  the  post  processing  options  in  PAN  AIR  require  the  evaluation 
of  panel  integrals  of  the  following  form: 
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Here,  f is  a function  specified  at  the  nine  panel  doublet  parameter  locations 
and  extended  to  the  whole  panel  with  the  doublet  inner  splines.  The  vector  n 

is  the  panel's  unit  normal,  Pg  is  the  panel  center  and  Q is  a position  vector 

on  the  surface  of  the  panel.  If  we  denote  by  f the  vector  of  *he  . 

specified  values  of  f our  goal  is  to  compute  matrices  having  the  following 

properties 
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f -UD  1x9  J 

J f dS  = JT"oJ  f 

(1.4.8) 
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T n f dS  = [FFmJ]3x9  f 

(1.4.9) 
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JJ 
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^ yQ  + 

. P ) f dS  = [NCPI^r™  f 

(1.4.10) 

K 

panel 

(Q 

- P9)  x n f dS  = [NCPM2]3x9  f 

(1.4.11) 

He  begin  our  discussion  of  the  computation  of  these  matrices  by  addressing  the 
computation  of  FFM1},  as  this  allows  us  to  Introduce  most  of  the  notation  we 
will  need  to  handle  the  others. 

We  start  the  analysis  of  [FFM°]  by  breaking  up  the  integral  appearing  on 
the  left  hand  side  of  (1.4.9)  into  integrals  over  the  8 triangular  subpanels, 
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ei  fl, 

K panel 
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ndS  = x 

k=l  * 


4 fl 


f n dS 


(1.4.12) 


How  on  each  triangular  subpanel,  the  function  f is  given  by  a formula 
analogous  to  equation  (1.2.2): 

= fl.t.  n , -4— » f n . CSFSPL“]f 


= f [spsplJ]  f 


(1.4.13) 


where  we  have  introduced  the  notation  0T  for  the  row  vector  of  basis  functions 
on  T^: 
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iT  = (1,  f , „,  f2/2,  n2/2) 


(1.4.14) 


Now  a slight  modification  of  equation  (E.1.28)  enables  us  to  write  (ndS)  in 
terms  of  n'dS1  = n'df  dn.  This  expression  reads 


n dS 


= ( l/det( A ) ) Ak  n'  dS' 


«G) 


= (1/6  ) K | 0 | df  dn 

Substituting  (1.4.13)  and  (1.4.15)  into  (1.4.12)  yields  then 
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(1.4.15) 
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[SPSPLk]  f df  dn 


(1.4.16) 


Identifying  the  coefficient  of  f in  this  expression  as  the  matrix  [FFM,],  we 
obtain  after  some  simplification  1 
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[FFM°]  = | I AkT 

k=l 


JJ 


f df  dn  [SPSPlJ] 


(1.4.17) 


In  order  to  carry  out  a similar  procedure  for  equation  (1.4.8),  we  must 
Introduce  the  area  Jacobian  Jk  for  the  reference  to  local  coordinate 
transformation  on  subpanel  Tk.  This  quantity  is  given  by  equation  (E.3.109). 
Applying  that  formula  to  the  case  under  consideration,  we  have 


Jk  = dS/d S’  = 1/[b  | {nk,nk}  | 1/2] 


(1.4.18) 


Using  this  quantity  to  transform  area  integrals  over  Tk  from  reference  to 
local  coordinates,  we  obtain  for  the  left  hand  side  member  of  (1.4.8): 


SB 


a . 


panel 


8 

dS  = i 
1=1 


8 

I 

k=l 


# If  <*T 


[SPSPLjJ]  f)  (Jk  d<i  dn) 


SB  Ji 


(JJ  r. 

' Tr, 


dn  ] [SPSPLk]  f 

(1.4.19) 
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Clearly,  the  row  vector  LFFM^jmust  be  given  by 

lFFH°oJ  -4  I jk  JJ  f « On  CSPSPlJ] 

k=1  Tk  (1.4.20) 

The  computation  of  [NCPMj],  associated  with  equation  (1.4.10)  proceeds  in 

a similar  fashion.  Here  however  we  must  introduce  some  more  specific  notation 
to  describe  the  transformation  from  the  reference  coordinate  system  to 
subpanel  T^'s  local  coordinate  system.  Letting  PQ>k  denote  the  origin  of  this 
coordinate  system  in  reference  coordinates,  the  local  coordinates  Q'  of  a point 
Q are  given 

Q1  = Ak(Q-P0>k)  (I-4.2D 

Note  that  Q-Pg  can  be  expressed 

5 - Pg  ■ Q - ?o,k  + ?o,k  " h 


- V («'  - ^.k1 


(1. 4. 22) 


where 

p.  . A (P  -P  J (1.4.23) 

K9,k  “ k lK9  ro,k' 

Transforming  the  various  pieces  of  equation  (1.4.10)  into  panel  local 
coordinates,  we  obtain 


JJ  (Q-Pg)  f dS  = 

1 1 Jk  * 

-1 

k 

JJ  (Q'-Pg>k)  0T  CSPSPL°]  d«  dn  f 

panel 

' k=l 

Tk 

(1.4.24) 

The  expression  In  curly  brackets  on 

the 

right  is  the  matrix  [NCPM^]: 

8 

[NCPM,]  = I 

Jk  ^k1 

'll 

(Q'-P9fk)  dT  df  dn 

[spsplJ] 

k=l 

_Tk 

(1.4.25) 

Note  that  the  integrals  are  readily  reducible  to  the  form  of  the  C^j 
integrals,  (1.4.1): 
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If  «'  « 


* ■ S 

T. 


t 

n 

o 


d£  dn 


fj  f9.k  0,  « d"  * H.l  JJ  *' 


df  dn 


We  conclude  our  discussion  by  evaluating  (1.4.11)  to  express  the  matrix 
[NCPM2]  in  elementary  terms.  Proceeding  as  before,  we  find 


// 

panel 


(Q-P9)  x n f dS 


i ^ 


(Q'*P9,k)  X A' 


‘T  [?])?T 


[SPSPL“]  f d{  dn 


8 1 
k=l  6 


\T 

r 1 

h-  0 0 

l 1 

x A-1 

i 

“ d"l 

1 

f—  . 

[SPSPL^J  f 

(1.4.26) 


Identifying  the  coefficient  matrix  as  [NCPM2],  we  have 


8 1 T 

[ncpm2]  = - l 

k=l  6 


0 

0 

LlJ 


x a: 


If  (^'"P9,k)  ^ d*  dn 


[SPSPLjJ] 


(1.4.27) 


1.4.3  Evaluation  of  Elementary  Flat  Panel  Moments 

The  evaluation  of  the  elementary  flat  panel  moments  C. . defined  by 

' J 

equation  (1.4.1)  is  now  addressed.  We  begin  by  applying  Gauss'  theorem  in  the 
plane  to  obtain, 


Cij  = 


JJ  f1  nj  d€  dn 


tfit  If  It  1 d{  dn 


2 1 


aT 


1 f « ti+l  j 
= TPTT  J n*  f n ds 


(1.4.28) 


32 


Breaking  the  boundary  Integral  up  into  a sum  of  integrals  over  the  individual 
edges  E^  of  3 2 , we  obtain 
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cij  " A 2 J \ 


{1+1  nj  ds 


(1.4.29) 


Let  edge  E^  be  parameterized  by  a variable  re  [0,1]  so  that  along  the  edge, 
{ and  n are  given  by 


€ - «k  Ma  «k)* 

n = nk  + (ank) T 


(1.4.30) 


0 < T < 1 


Note  that  the  unit  tangent  t,  the  unit  normal  n and  the  element  of  arclength 
ds  are  given  by  - 


t = 


ank 


+ ank] 


1/2 


(1.4.31) 


n = 


an. 


-A* 


k J 


[a€k  + ankl 


1/2 


(1.4.32) 


ds  = [a€k  ♦ Afik31/2  dr 


(1.4.33) 


Combining  the  first  component  of  (1.4.32)  with  (1.4.33)  gives  for  n^  ds. 

. Ht  (1.4.34) 

n^  ds  = ank  dr 


Substituting  this  into  (1.4.29)  yields  for  C^j 


_ *"k 

cfj  = E T*T 


t 


£i+l  J 


dr 


(1.4.35) 


k "0 

Evidently  we  need  to  be  able  to  compute  edge  integrals  of  the  form 


r(k) 

6ij 


el  J 


f i'  nJ  dr 

^0 


(1.4.36) 


edge  Ek 

Once  this  has  been  done,  we  will  be  able  to  compute  from 
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(1.4.37) 


E 

k 


*nk 

T+T 


G 


(k) 

1+1J 


Turning  now  to  the  problem  of  computing  the  integrals  G^,  we  suppress 
the  superscript  k and  write  1J 

1 

Gjj  = f ^ nJ  dr  0 _<  i+j  £ N+l  (1.4.38) 

J0 


with  f(r)  and  n(T)  given  by 
t = + U*  ) t 

(1.4.39) 

n = n0  + ( Ar» ) r 


The  entries  of  G can  be  computed  quite  effectively  by  a simple  recursive 
procedure.  We  begin  by  defining  some  auxiliary  integrals  H^: 

1 i i 

Htj  = f T nJ  dr  0 <_  1+j  < N+l  (1.4.40) 

J0 

These  are  easy  to  compute.  The  entries  of  column  j=0  are  trivial: 


Hio 


l/(i+l) 


(1.4.41) 


and  the  entries  of  subsequent  columns  can  be  computed  by  the  recursion 

1 

HU  - f0  "J‘1  <"o  * d’ 


= n. 


H, 


i ,j-l  + H1+l,j-l 


0 < i < N+l-j 


(1.4.42) 


The  integrals  can  then  be  transformed  into  the  integrals  G^j  by  performing 

a similar  procedure  for  each  column  of  the  array  H.  The  recursion  formula 
reads 


f 


«k  Tf-k  „J  dr 


I 


«k_1  U0  + UOr)  rUk  nJ 


dr 


i-k 


T 


j 


n 


+ At 


t 


k-1 


i-k+1 


T 


(1.4.43) 
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A simple  Algol-like  procedure  implementing  these  ideas  is  0Ut]^eJnb®J°w-h,I5 
only  feature  of  especial  interest  is  the  fact  that  the  recursion  in  the  third 
segment  is  run  backward  so  that  the  procedure  can  be  performed  in  place. 

Algorithm  for  evaluating  edge  integrals  Gi j (cf.  equation  (I. A. 38)) 

clnitial ization:  Equation  ( I .4 .41 )> 

for  i =0(1)  N+l  do 

6,0  - 


end  i 

<Recursion  for  n-  Equation  (1.4 .42 ) > 
for  j = 1(1)  N+l  do 

for  i =0(1)  N+l-j  do 

Gij  * no  Gi,j-1  + An  Gi+1 »j-l 


end  i 


end  j 

<Double  recursion  for  f : Equation  (I.4.43)> 

for  j = 0(1)  N do 

for  k = 1(1)  N+l-j 

for  i = N+l-j  (-1)  k Recursion  is  run  backward> 

sij  - «o  G1-l.o  * 14  Gu 
end  i 

end  k 

end  j 
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1.5 


Constrained  Least  Squares 


1.5.1  Definition  of  the  Problem 

In  this  section  we  discuss  the  solution  to  the  folloJ'^gArJph®ri^n^trix 
problem,  called  the  constrained  least  squares  problem.  Let  ^ b’ 

n <■  i of  rank  j.  Let  A’  be  a kxn  matrix,  j + k > n.  Let  b,  b and  w oe 

vectors  of  length  j,  k,  and  k,  respectively.  Then  we  wish  to  find  the  nx(j  ) 
matrix  LSQ  such  that  the  vector  x satisfying 

[A]jxn  xnxl  = b (1-5.1) 

whi le  minimizing 


J = 


k 

E 

i=l 


n 

Wi2  ( E 
s=l 


'is  *s 


- b'i)2 


(1.5.2) 


is  given  by 

x = [LSQ]nx(j+k) 


b 

_k 

b' 


(1.5.3) 

1.5.2  Elimination  of  the  Weights 

Now,  first  we  simplify  (1.5.2)  by  noting  that  if  we  define  a (kxk)  matrix 

r ~i  (1.5.4) 

[W]ij  = 5ij  wi 


[W]: 


then 


J = E ( E 

wi 

Ais'  xs  " v 

i=l  S=1 

k k 

n 

= E [ I ( 

E 

wij  A'js 

i=l  j=l 

S = 1 

k n 

= E (I 

Ais 

xs  - b-j  )2 

i-1  s=l 
where 

[A]  = [W]  [A1] 

b = [W]  b' 


(1.5.5) 


(1.5.6) 
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1.5.3  The  Case  of  No  Exact  Constraints 

First,  we  will  consider  the  minimization  of  J in  (1.5.5)  in  the  special 
case  when  j=0;  that  is,  when  there  are  no  exact  constraints  on  x of  the  form 
(1.5.1).  Now,  the  quantity  J is  a quadratic  function  in  the  variables  (x  ), 
and  since  it  is  a non-negative  function,  we  see  that  it  is  minimized  for  that 
vector  x for  which  all  first  derivatives  of  the  expression  with  respect  to  the 
x$  's  are  zero.  That  is,  minimization  of  (1.5.5)  is  equivalent  to  the 
requirement 


3 

3X1 


k _ n 

^ ( E Ais  Xj  — b-j  )2  = o 

i-1  s=l 


1 = 


.,n 


Now, 

k n 

3 E ( E 

3X i i=l  S=1 


^is  *s  “ &i )^  = 


k n 


n 


E 2 ( E — bj)  __ — E Xj 

i=l  s=l  a*l  s-1 


k n 

2 E ( E Ais  Xj  - bi)  A-j]  = 
i=l  s=l 


(1.5.7) 


(1.5.8) 


(1.5.9) 


k 

2 E An  (Ax  - b)  i = 2(At  A x - At  b ) i = 0 

i=l  (1.5.10) 

Since  (1.5.10)  holds  for  each  value  of  1,1  = l,...,n,  we  have 

[At  A]x  = [At]  b (1.5.11) 

x = [[At  A]"1  At]  b (1.5.12) 
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Comparing  to  (1.5.3)  and  (1.5.6),  and  recalling  j=0,  we  get 
[LSQ]  = [A'T  wt  wa1]-1  [A,t  Wt]  [W] 


within  the  PAN  AIR  code,  equation  (1.5.11)  is  solved  without  actually 

upper  triangular  matrices,  is  more  efficient  and  more  precise 
indicated  by  (1.5.13). 


1.5.4  Reduction  of  the  General  Case 

NPxt  let  us  assume  j > 0,  so  that  there  are  non-tri vial  exact  constraints 
, "exJ*  let  us  assume  j . rank  u$  co1umns  can  be  rearranged 

( that6 iSj^pi voting"  performed)  so  that  the  first  j columns  of  the  rev>sed 
matrix  A*  are  linearly  independent,  and  thus 

(1.5.14) 


[A*]  = [An  ; A 12  Jx(n-j)] 


Here,  the  relationship  between  A*  and  A is  that 
[A*]jxn  = [A]Jxn  [P]nxn 


(I. 5. 15a) 


inverse  has  -a  in  the  (i,j)  position). 


That  is,  a typical  matrix  P is 


P 


" 1 0 
0 1 

0 0 1 

0 a 0 1 — 


P 


-1 


0 0 1 

0 -a  0 1 _ 


(I. 5. 15b) 


(I.5.15c) 


So,  (1.5.1)  becomes 

Wi  . [A*][P]-«  - [Ali:Ai2]i«n  (P-1  *)  nxl  - i 


(1.5.16) 
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Writing 


P"1) 


X1 


jxl 


x2(n"j)xl 


we  have 


CA11  a12  ] 


-k 

X1 

. x2  . 


= b 


while  we  also  want  to  minimize 


[a21  a22  3 ' 

f -A 

X1 

- b' 

• x2  - 

where 

[A2fxj  A22x(n_j)]  = [A]kxn  [p-l]nxn 


1.5.17) 


(1.5.18) 


(1.5.19) 


(1.5.20) 


Now,  since  the  j columns  of  An  are  independent.  An  is  invertible, 
and  thus,  by  (1.5.18), 

[An]  X1  = -tA12 ] x2  + b (1.5.21) 


or 

x!(j"  * = [Air1]  - [ a12 ] x2(n-j)xl  + jj(jxl) 

Substituting  (1.5.22)  into  (1.5.19),  we  want  to  minimize 
| Ca21 1 X1  + [A22 ] x2  - b'  | 2 = 

-[A2i ]kxJ  [An^jxj  [ Ai2 ] Jx ( n— J ) *2(n-j)xl  2 

+[A2i]kxj  [AjJ]jxj  $(jxl)  -b'(kxl)  + [A22]x2 


(1.5.22) 


(1.5.23) 


8ut  this  is  just  a least  squares  problem  with  no  exact  constraints,  that 
is,  it  requires  the  minimization  of 

|[A°]  x2  - b0  | 2 (1.5.24) 
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where 


[A°]kx(n-j)  = -CA21]kXj  [A^}]jxj  [A12]JX(n_j)  + [A22] 


(1.5.25) 


and 


bkxl  . -[A21](kXi)  [AiJ]JXJ  b(jxl)  *g'<kxl) 


(1.5.26) 


This  minimization  procedure  is  described  by  equations  (1.5.5-12),  and 
results  in  a matrix  LSQ°  such  that 


(n-j)xi  = [isq°]("-J)xk  b0(kxl) 


(1.5.27) 


( I .5.27) . 
entries  of  6 


we 

and 


have  obtained 
Thus,  we 


xi  and 
have  shown 


Combining  (1.5.22),  (1.5.26),  and 
xo  and  as  linear  combinations  of  ent.  ------  . 

in  principle  how  the  constrained  least  square  problem  is  solved. 
Considerations  of  efficiency  cause  complexities  which  will  not  be  discusse 


here. 
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O panel  doublet 
parameters 

x panel  source 
parameters 


Figure  I.lc  - Panel  singularity  parameter  locations 
for  a nine-panel  network 


I::  1 Panel  for  which  spline  is  computed 


o 


Figure  I . 


Neighbors  for  least  squares  fit 


3 Location  of  global  source  parameters  used 
in  the  construction  of  the  discontinuous 
source  analysis  spline. 


wake  not  shown 


• doublet  parameters 
on  free  edge  ( U = 0) 

x doublet  parameters  in 
network  interior  (U*  0) 


Figure  1.5  - Thin  wing  with  curved  planform 
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X points  P0 

• neighboring  singularity  parameters  for  exact  fit 

o neighboring  singularity  parameters  for  least  squares  fit 


Figure  I. 6c  - Neighboring  points  for  least  squares  fit 
(P0  near  a smooth  abutment) 
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Figure  1.7  - Basis  Vectors  for  local  Coordinate 

System  for  Spline  Vector  Construction 


Figure  1.8  - Projections  to  Tangent  Plane  of  Points 
on  Curved  Surface 
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3*' 


neighbors  for  grid  points  on  smooth  abutments 
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x point  PQ 
• exact  fit 
o least  squares  fit 


Figure  I. 11a 


Neighboring  singularity  parameters  for 
points  PQ  on  a smooth  abutment 
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Figure  I. lib  - Parameterization  of  an  abutment 


Figure  I. 11c  - Panel  edge  on  coarse  network 


1.6-14 


x Edge  midpoint  source  strengths  to  be 
computed  by  bilinear  fit 
O Global  source  parameters 

• Global  source  parameters  used  in  bilinear  fits 


Figure  1,12  - Computation  of  panel  edge  midpoint  source 

strengths  for  discontinuous  SD2  source  splines 


x Corner  points  for  which  spline  vectors 
are  to  be  computed 
O Global  source  parameters 

• Global  source  parameters  used  in  bilinear  fits 


Figure  1.13  - Computation  of  panel  corner  spline  vectors 
for  continuous  SD2  source  splines 


Figure  I. 14b  - Edge  of  a doublet  design  network 
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• points  Pj  and  P3  lie  above  average  plane 

• P2  and  P4  lie  below  plane 

• P5  through  Pg  lie  in  a plane 

Figure  1.15  - Panel  defining  points  and  subpanel 
local  coordinate  systems 
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Figure  1.16  - Definition  of  Qj  and  Qk,  given  Q, 


Figure  1.17  - Interpolation  Conditions  that  Define 

Basis  Functions  U 


Figure  1.19  - Panel  with  points  requiring  definition  of 
M marked  with  symbols  •.O.O.X 


°13  = d ^Pl’ 


< = d {?2>  P4) 


Figure  I. 22a  - Division  of  a panel  into  T2  and  T4 
when  d (Pj,  P3)  < d (P2,  P^) 

*1 


D24  = d (P2,  P4)  < 013  ■ d (P1#  P3) 


Figure  I. 22b  - Division  of  a panel  into  Tj  and  T3 


wher,  d (P2  , P4)  < d (P1§  P3) 
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J.O  Panel  Influence  Coefficient  Calculation 


J.l  Introduction  and  Notation 


In  this  appendix  we  discuss  the  construction  of  a panel  influence 
coefficient  matrix  (PIC).  Two  such  matrices  (one  corresponding  to  the  source 
distribution  on  the  panel,  the  other  to  the  doublet  distribution)  are  defined 
for  every  pair  of  panel  and  control  point.  Thus,  for  this  entire  appendix,  we 
will  assume  we  are  dealing  with  a single  panel  and  a single  control  point.  We 
will  see  that  as  the  location  of  the  control  point  with  respect  to  the  panel 
changes,  the  method  used  to  compute  the  PIC  matrices  may  vary. 

The  multiplicity  of  methods  is  necessary  for  efficiency:  the  "near  field" 

method,  which  is  always  accurate,  is  too  expensive  always  to  be  used,  while 
the  less  expensive  intermediate  and  far  field  methods  are  not  always 
accurate.  In  this  appendix,  we  will  discuss  the  various  methods  and  when  to 
use  each,  and  will  examine  the  behavior  of  the  entries  of  the  PIC  matrices  in 
certain  limiting  circumstances. 

J.1.1  Definitions 


Given  a panel  E and  a control  point  P,  we  define  matrices  PIC$  and 
PIC0  as  follows.  Let  a4,  a g be  the  five  panel  source 

parameters,  pi,...,  yg  the  nine  panel  doublet  parameters.  Let  0$  ® n 
f be  the  perturbation  potential  and  velocity  which  the  source  distribution 
on  the  panel  defined  by  o^,...,  09  induce  at  the  control  point,  that  is, 
(see  (B.0.1)  and  (B.3.9)) 


*s=-_Ltf  o(Q)(~)  dS  (J-l-1) 

< EflDp  R 

V's  = " — & dS  (J-1-2) 

s < EIlDp  H K 

Then  we  define  PICS  by  the  equation 


Next,  let  be  the  perturbation  potential,  and  vQ  the  regular  part  of  the 
perturbation  velocity,  which  the  doublet  distribution  on  the  panel  defined  by 
p ...f  pg  induce  at  the  control  point.  That  is  (again,  see  (B.0.1)  and 
(B.3.9)), 


J.l-1 


(J.1.4) 


*D  = M [m (Q)  n • 7(i)]dS 

ZHOp  K 

V°  = inDp  ("  x *Q  y)  x ^ dS  (J.1.5) 

Then  we  define  [PIC°]  by  the  equation 


r 

#D 

_ _ _ 

► = [PIC°]4x9  « 

r i 

n 

i 

i 

i 

vb 

1 

i-  J 

In  the  actual  operation  of  the  program,  fewer  than  4 rows  of  the  PIC 
matrices  may  be  computed  for  reasons  of  efficiency.  This  subject  is  discussed 
in  the  Maintenance  Document  (see  section  5-D  and  the  preface  of  SUBROUTINE 
CONBLKof  the  MAG  module);  in  this  appendix,  we  will  always  consider  the  full 
(4-row)  matrix. 

* 

Finally,  let  vqj  be  the  line  vortex  component  of  the  velocity  that  the 
doublet  distribution  defined  by  p^,...,  pg,  restricted  to  the  ith  edge  of 
the  panel,  induces  at  the  control  point.  That  is. 


vD?i=  f v VI)  x dl  ( J.1.7) 

ith  edge  of  R 

Dp 

Then  we  define  matrices  [LINV^]  by 


[LI NVi ] 3x9 


(J.1.8) 


The  computation  of  the  matrix  [LI  NV  -j  ] is  not  available  in  version  3.0  of  Pan 
Air. 


J.1.2  Summary 

J. 1.2.1  Near  Field  Versus  Far  Field 


The  first  step  in  computation  of  the  PIC  matrices  is  to  determine  which 


J.  1-2 


method  should  be  used  to  compute  them.  In  the  near  field  method,  the 
integration  required  to  evaluate  the  PIC  matrices  is  performed  analytically 
over  each  of  the  eight  subpanels.  The  resultant  PIC  matrices  satisfy  (J>1>J) 
and  (J.1.6)  "exactly"  that  is,  with  no  error  other  than  that  due  to  roundoff 
in  arithmetic  calculations. 

The  near  field  method  involves  considerable  computation,  however,  and  thus 
its  use  is  reserved  for  the  cases  where  the  other  methods  are  inaccurate. 
Generally  speaking,  the  farther  (using  a compressible  distance  metric)  the 
control  point  lies  from  the  panel,  the  more  accurate  the  intermediate  field 
and  far  field  methods  become.  The  algorithms  summarized  below,  and  described 
in  detail  in  section  J.2,  are  purely  empirical,  and  thus  subject  to 
modification  in  time. 


The  first  step  is  to  determine  if  the  panel  center  is  in  the  domain  of 
dependence  of  the  control  point.  A far  field  PIC  is  never  computed  unless 
this  holds,  in  which  case  we  require  in  addition  that  the  distance  from  the 
panel  center  to  the  control  point  is  at  least  five  times  the  panel  radius, 
where  all  distances  are  measured  by  means  of  a compressible  inner  product. 


test,  described 
an  intermediate 


in 

field 


If  the  far  field  test  fails,  an  intermediate  field 
section  J.2,  is  performed.  If  the  test  is  successful, 

PIC  is  computed.  In  computing  such  a PIC,  the  8-segment  panel  and  the 
singularity  distribution  on  it  are  approximated,  while  the  influences  defined 
by  these  approximations  are  determined  analytically. 


J. 1.2.2  The  Domain  of  Dependence 


In  supersonic  flow,  the  domain  of  dependence  of  a control  point  P is 
limited  to  the  forward  Mach  cone  from  P,  as  illustrated  in  figure  J.l.  The 
panel  E illustrated  there  is  outside  Dp,  and  thus  has  zero  influence  on  P. 

For  subinclined  panels,  we  will  see  in  section  J.3  that  E lies  outside 
Dp  whenever  all  four  edges  do.  For  superi ncl i ned  panels,  this  does  not 
hold,  as  illustrated  in  figure  J.2.  The  test  performed  on  a superinclined 
panel  to  determine  if  it  intersects  Dp  is  also  described  in  section  J.3. 

J. 1.2.3  Near  Field  and  Intermediate  Field  PIC  Calculation 


The  principal  step  in  computing  a near  field  PIC  matrix  is  the  «- 
computation,  for  each  subpanel,  of  "sub-panel  integral"  matrices  SPINT^  and 
SPINTP  such  that 
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( J. 1.10) 


where  and  0g  are  the  perturbation  potentials  induced  respectively  by 
the  linear  source  distribution  defined  by  o0,  ar,  and  an,  and  the 
quadratic  doublet  distribution  defined  by  unn. 

Equations  (0.1.9)  and  (J.1.10)  define  a perturbation  velocity  in  local 
(£»  n » £' ) coordinates.  It  is  easy  to  show  ( cf.,  equation  E.1.11)  that 


(J.1.11) 


where  A0  is  the  matrix  sending  reference  coordinates  to  local  coordinates 


( J. 1.12) 


Finally,  recall  the  definitions  of  subpanel  splines  from  section  1.2. 
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Then,  we  may  combine  (J.1.3),  (J.1.9),  (J.1.11),  and  (J.1.13)  to  obtain 
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[PICS]4x5  = i [A, ]4x4  [SPINT i ]4x3  [SPSPLi]3x5  (J.1.15) 

i=l 

where  the  subscript  i refers  to  the  ith  subpanel,  and 


Simi larly, 
equation 


"l  0 0 

0 " 

0 1 

II 

o ; 

_0  i 

— 

for  the  2-region  intermediate  field  method,  we 


(J. 1.16a) 
have  a corresponding 


[PICS]  4x5  = i [A-j  ] 4x4  [HP  I NT  ^ ] 4x6  [HPSPLi  ] 6x5  (J. 1.16b) 

i=l 

where  i ranges  over  two  "half  panels,"  the  half  panel  integral  matrix  HPINTS 
defines  the  influence  of  the  half  panel  on  the  control  point,  and  the  half 
panel  spline  matrix  HPSPLS,  defined  in  section  1.3,  gives  a quadratic  source 
distribution  in  terms  of  the  five  panel  source  parameters. 

Finally,  the  one  region  intermediate  field  procedure  approximates  the 
panel  by  its  projection  to  an  average  plane.  In  this  procedure, 


[PICS]  4x5  = [a]  4x4  [pinTs]  4x3  [PSPLS]  3x5  (J.1.17) 

where  PINTS  ("panel  integral")  defines  the  influence  of  the  projected 
panel  on  the  control  point,  and  [PSPLs]  defines  a source  distribution  on  the 
projected  panel  in  terms  of  the  panel  singularity  parameters. 

Equations  corresponding  to  (J. 1.15-17)  hold  for  the  doublet  distribution 
as  well.  Thus  the  computation  of  PIC  matrices  by  near  field  or  intermediate 
field  methods  has  been  discussed,  except  for  the  computation  of  the  subpanel, 
half  panel,  and  panel  integral  matrices. 

This  is  a rather  complex  subject  and  is  discussed  in  full  detail  in 
section  J.6.  In  that  section  the  influence  [S0]  of  a quadratic  source 
distribution  over  a polygonal  region  and  the  influence  [D0]  of  a cubic 
doublet  distribution  over  a polygonal  region  are  computed  in  terms  of  certain 
fundamental  integrals  we  call  "edge  functions"  and  "panel  functions".  These 
edge  and  panel  functions  are  computed  in  section  J.7,  though  the  formulas 
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derived  there 

the  compuation.  ihese  numerical  instabilities  are  avoided  by  means  of 
rationalization  formulas  discussed  in  section  J.8. 


do  not  consider  numerical  instabilities  which  may  occur  durinq 
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J. 1.2.4  Far  Field  PIC's 


Recall  from  (B.0.1)  that  the  denominator  in  the  fundamental  integral  is 
1/R,  where  in  compressibility  coordinates 

R2  = (4-x)2  + se2(n-y)2  + ss2(C-z)2  (J.1.18) 

where  the  control  point  P = (x,y,z),  and  the  point  of  integration 
Q = (£,  n,  C ). 


Recalling  from  section  E.2  the  inner  product 

Cx,y]  = xT  [C0]  y 
where  in  compressibility  coordinates, 

1 

SB2 

SB2 

we  see  that 


[CQ]  = 


( J.1.19) 


(J. 1.20) 


r2  = [P“  - Q,  P - Q] 

(J.1.21) 

Letting  Qq  be  the  panel  center. 

aQ  = Qo  - Q 

R0  = P - Qq 

(J. 1.22a) 

we  have 

r2  = CRo  + aQ,  ro  + aQ] 

(J. 1.22b) 

Now,  the  expression  R“N,  N = 1 or  3,  occurs  in  the  fundamental  integrals, 
and  the  basis  for  the  far  field  method  is  the  equation 


r-n  = [Rq  + Tq,  r0  + aq:  -n/2 

= ([Ro*  R0]  + 2CRo»  + [aQ.  aQ])-N/2  ( J. 1.23) 


= [Rq,  R0]  -N/2  (1  + 2 


[Ro»  aQ]  + [aQ,  aQ] 

ncnci  cro»  r0] 


-N/2 


(J.1.24) 
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The  factor  [R0,  R0]-N^  is  independent  of  Q and  may  thus  be  taken  out  of 
the  integral,  while  the  remaining  factor  may  be  expressed  by  a power  series  in 
aQ  for  which  we  ignore  any  terms  of  cubic  or  higher  order. 

We  will  show  in  section  J.9  that  the  integrations  (0.1*1)  and  (J.1.2)  can 
then  be  performed  as  a sum  of  multiplication  of  matrices,  one  whose  entries 
are  computed  from  R0,  and  one  whose  entries  are  integrals  of  powers  of  aQ, 
which,  since  they  are  independent  of  P,  may  be  performed  in  advance  (and  thus 
need  not  be  repeated  for  each  control  point). 

J.1.3  Integration  Techniques 


The  computation  of  the  entries  of  the  subpanel  integral  matrices  [SPINT] 
(cf.  J. 1.9-10)  involves  considerable  detail  (see  sections  J.4  through  J.6). 
At  this  time,  however,  we  will  give  a brief  outline  of  the  process  described 
in  those  sections. 


In  sections  J.4  and  J.5  we  establish,  respectively,  special  cylindrical 
and  hyperbolic  coordinate  system,  the  former  for  use  in  subsonic  flow  or  with 
super  inclined  panels,  the  latter  for  use  with  subinclined  panels  in  supersoni 
flow.  The  coordinate  systems  have  two  advantages.  First,  the  kernel  1/K  of 
the  integrals  (J. 1.1-2)  has  a very  simple  form  (cf.,  J.6. 59).  Second,  the 
limits  of  integration  may  also  be  expressed  conveniently  (cf.,  (J.4.&2)  and 
(J.5. 107)).  In  section  J.6,  we  first  express  the  entries  of  a subpanel 
integral  matrix  in  terms  of  fundamental  integrals  (a,  a,  etc.,  cf.,  (J.b.ibZ) 
and  (J.6. 164)).  We  then  use  the  results  of  sections  J.4  and  J.5  to  evaluate 

these  integrals. 


c 


It  is  worth  noting,  however,  that  there  exist  other  ways  of  computing  the 
entries  of  the  subpanel  integral  matrices.  While  all  these  methods  are 
equivalent  in  that,  if  correct,  they  yield  the  same  real  numbers  for  the 
influence  of  a particular  subpanel  on  a particular  control  point,  they  may 
have  quite  different  structures.  We  now  briefly  summarize  three  alternate 

methods. 


One  such  method  (for  zero  Mach  number)  is  described  in  Appendix  D.2  of 
reference  J.l.  There,  the  entries  of  the  subpanel  integral  matrices  are  given 
in  terms  of  fundamental  integrals,  some  of  which  are  singular  even  when  the 
control  point  is  away  from  the  panel.  It  can  be  shown  that  the  singular 
integrals  always  cancel,  however,  and  thus  the  entries  of  the  subpanel 
integral  matrix  are  finite. 


A second  approach  is  given  in  Appendix  D.5  of  reference  J.l.  Here,  an 
additional  integration  by  parts  is  performed,  with  the  result  that  the  entries 
of  the  subpanel  integral  matrices  are  computed  exclusively  as  combinations  of 
non-singular  integrals.  Of  all  published  methods  for  PIC  computation,  this 
one  most  closely  resembles  that  of  section  J.6.  The  fundamental  integrals 
are  also  similar,  with  H( 1 , 1,3)  in  reference  J.l  being  a multiple  of  the 
integral  a (cf.,  (J.6. 165)).  In  fact,  the  computation  of  H(l,l,3),  which  uses 
cylindrical  coordinates  as  well,  closely  parallels  the  computation  of  a. 


A third  approach  to  PIC  computation  is  contained  in  Reference  4.9  (Ehlers, 
et.al.).  There,  rectilinear  coordinates  are  used  in  evaluation  of  the 
integrals.  The  resulting  formulas  appear  totally  different  from  those  of 
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section  J. 6 because  the  entries  „f  , k 

expressed  in  terms  of  different  ?Lnh  ,subpanel . 1 "tegral  matrices  are 
integrals.  The  verification  th J S 3 S?  non-s1n9ular)  fundamental 
matrices  as  computed  in  reference  To  fntr?es.of  the  subpanel  integral 
computed  in  section  J.6  is  a major  one  ^ ^ faCt  identical  to  the  entries  as 


J.1.4  Notation 


and  then  not  used  again 'Snt^much'uter  ,e!?thy’  ?nJ  man>'  terms  are  defined 
listed  in  figure  J.3  for  convenient  referenrj  T fre;uent,yJused  ter"s  ^e 
in  reference  coordinates  unless  otherwico6  C6’  eA  ] vectors  and  matrices  are 

"Uh  * - 1»  '°cal  coordi nates ^nfes^otherwi se*spec if ied _ tho5e  «*«• 
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J.2  Distance  Algorithm 

In  this  section  we  discuss  the  algorithms  we  use  to  determine  whether  to 
compute  a far  field,  a one  region  intermediate  field,  a two  region 
intermediate  field,  or  a near  field  PIC.  First,  we  consider  the  requirements 
for  performing  a far  field  PIC. 

J.2.1  The  Far  Field  Criterion 


Consider  equation  (J.1.24).  In  order  to  ignore  cubic  terms  in  aQ,  we  must 

have 


[R0.  ^ [R0,  Ro] 

(J.2.1) 

To  determine  a condition  on  R0  for  which  (J.2.1) 
realm  of  linear  algebra. 

holds,  we  digress  into  the 

Let  ( , )p  be  a positive  definite  inner  product 

standard  Euclidean  inner  product);  that  is, 

(not  necessarily  the 

(x-,  xjp  > 0 

(J.2. 2) 

if  x is  non-zero.  Let 

|T|p  = (T,T)P 

(J.2. 3) 

Then  we  have  the  triangle  inequality  (see,  for  instance,  page  11  of 
reference  J.2): 

I )T|P  + lf|p  > |x  + T|p  (J.2. 4) 

Squaring  (J.2. 4), 


(7,x1p  + 2(X,Y)p  + (Y/Y)p  < (X,X)p  + 2 |T|p  |Y*|p  + (7,Y)p  (J.2. 5) 

or 

(X,Y)p  < |X|p  (J.2. 6) 

a relation  called  the  Cauchy-Schwartz  inequality. 

We  generalize  (J.2. 6)  for  the  specific  positive  definite  inner  product 
[X.Y]  p = V [C0]  Y (J.2. 7) 

where  C0  is  the  positive  definite  matrix 

C0  = B2I  + (1  - 82)  a0  c{  (j.2. 8) 


Then  one  can  show  (though  we  will  not  do  so)  that 


and 


(J.2.10) 


Substituting  R0  for  X and  aQ  or  R0  for  Y,  we  get 
[R0,  aQ]  < | R^| P |aQ|p 


[Ro>  R°]  < |«o|p  (J.2.11) 

Then  consider  the  requirement 

|R0|p  |aQ|  p « [R0,  ”r0]  ( J.2.12) 

If  (J.2.12)  holds,  we  obtain 

[R0,  aQ]  < |R0|p  |aq|p  « [R0,  R0]  (J.2.13) 

Thus,  imposing  (J.2.12),  or  the  equivalent  condition 


[R0> 

\ Ro\  P 


(J.2.14) 


we  insure  that  the  condition  (J.2.1)  holds  and  we  may  perform  a far  field  PIC 
computation. 

Now,  the  condition  (J.2.14)  must  hold  for  all  points  Q on  the  panel,  that 
is,  defining  the  "compressible  panel  radius" 


CR(E)  = max  |q  - Q0|p 
Q in  E 


(J.2.15) 


we  must  have 


k CR(D 


[Ro»  R0] 
| fto|  P 


where  k is  a "large"  number. 


(J.2.16) 


Now,  as  the  panel  radius  gets  smaller  and  smaller  compared  to  the 
distance  from  the  control  point  to  the  panel  center,  we  may  neglect  first 
the  quadratic  terms  and  finally  neglect  even  the  linear  terms  in  aQ  in  the 
expansion  (J.1.24).  The  corresponding  far  field  computations  are  called 
dipole  and  monopole  computations  respectively,  with  the  retention  of  quadratic 
terms  in  aQ  (but  not  higher  ones)  called  the  quadrupole  computation. 

In  practice,  we  perform  a monopole  computation  if  the  factor  k in  (J.2.16) 
exceeds  24,  a dipole  computation  for  8 < k £ 24,  a quadrupole  computation  for 
5 < k £ 8,  and  a one  region  intermediate  field  computation  if  2 < k < 5. 

These  are  empirical  results  not  justifiable  by  a rigorous  error  analysis. 
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The  Intermediate  Field  Criterion 


As  noted  above,  we  perform  a one-region  intermediate  field  PIC  computation 
when  the  constant  k in  (J.2.16)  exceeds  2.  We  now  discuss  the  circumstances 
under  which  we  perform  a two  region  intermediate  field  calculation,  and  if  so, 
which  pair  of  half  panels  we  use. 


Consider  the  panel  approximations  illustrated  in  figure  J.4.  The  outer 
edges  of  the  approximate  panel  coincide  with  the  outer  edges  of  the  true 
panel;  therefore  our  approximation  preserves  surface  continuity.  Furthermore, 
the  doublet  strength  on  the  half  panels,  computed  in  section  1.3,  is  identical 
to  that  of  the  exact  panel  on  the  panel  edges;  therefore  doublet  continuity  is 
preserved.  Thus  we  may  perform  a two  region  intermediate  field  PIC 
computation  even  though  the  control  point  is  fairly  close  to  the  pane  . 


We  require  two  criteria  to  hold  before  permitting  a two  region  intermediate 
field  computation.  The  first  is  that  the  constant  k in  (J.2.16)  exceeds  1.2. 
Essentially,  this  means  the  "distance"  from  the  control  point  to  the  panel 
center  must  exceed  1.2  panel  radii;  in  particular,  the  control  point  does  not 

1 ie  on  the  panel . 


To  define  the  second  criterion,  let  us  recall  some  definitions  from 
appendix  I.  We  construct  a special  panel-wide  local  coordinate  system  similar 
to  that  constructed  in  section  1.1,  but  we  use  different  notation  to  avoid 
confusion  with  the  coordinates  (£,  n,  O which  occur  in  this  aPPendlx- 


Let 

W1  = p8  ~ p9 
W2  - P5  - P9 

Now,  analogously  to  (1.1.3),  let 

W^  x W2 

“3  = I Si  *ff2l 1,2 

Next,  for  any  control  point  P,  analogously  to  (1.1.7),  let 


(J.2.17) 


(J.2.18) 
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(J.2.19) 


Xl(P)  . ill  ~J9)  * W2)-  W3 

| Wj  x W2I  3/2 


x2(P) 


(wl  X (P  - Pg))  • w3 
“l^l  x W2|  3/2 


x3(P) 


(P  - Pg)  . w3 
*1  x W2 


Also,  recall  from  section  P.2  the  "skewness  parameters" 


C11  « 


((pl  - P9)  x W2)  . n 
(Wj  x W2)  n 


-1 


r . (W1  x (P1  - p9)) 


-1 


These  parameters  are  zero  if  the  panel  is  a paral lelogram. 
Now,  we  perform  a two  region  intermediate  field  PIC  if 


(J-.2.20) 


3 

l 

i=l 


x i ( P ) 2 > (1  + |Cn|  )2  + (l  + |C12|)2 


(J.2.21) 


For  a square  panel,  this  permits  a two  region  intermediate  field  PIC  to  be 
performed  unless  the  control  point  lies  in  the  sphere,  about  the  panel  center 
whose  radius  is  the  panel  radius  (see  figure  J.5).  For  skewed  panels,  the 
presence  of  C^  and  Ci2  in  (J.2.21)  insures  that  the  control  point  is 
further  from  the  panel. 


Finally,  the  choice  of  diagonal  along  which  the  panel  is  sliced  into  two 
half  panels  is  chosen  as  follows:  the  value  i,  1 < i < 4,  for  which 

[P  - P-j,  P - p.j]  is  minimized,  is  computed. 

Then,  the  panel  is  split  in  two  along  the  diagonal  which  does  not  lie  on  Pi, 
that  is,  the  diagonal  with  endpoints  P(i+1)  (mod  4)  and  P(i+3)  (mod  4).  An 
example  of  splitting  a panel  is  shown  in  figure  J.6.  Note  there  that  since 
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Pj  lies  closest  to  P in  hyperbolic  distance,  the  panel  E is  split  along  the 
diagonal  connecting  P2  and  P4. 

In  closing  this  section,  we  note  that  whenever  we  fail  to  compute  a far 
field  or  intermediate  field  PIC,  we  compute  a near  field  PIC.  In  the  course 
of  this  computation,  we  may  determine  that  the  panel  has  no  influence  on  the 
control  point  if  the  flow  is  supersonic,  a subject  we  will  discuss  in  the  next 
section. 
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J.3  Supersonic  Influence  Test 


In  order  to  compute  the  influence  of  a subpanel  on  a control  point  P in 
supersonic  flow,  one  must  know 

(a)  whether  the  subpanel  intersects  Dp, 

(b)  if  so,  which  of  its  edges  intersect  Dp,  and 

(c)  which  of  its  corners  lie  in  Dp. 

Rather  than  compute  this  data  one  subpanel  at  a time,  the  program  takes 
several  short  cuts,  which,  if  results  are  successful,  give  much  or  all  of  this 
data  for  a minimum  of  computation.  First,  a simple  test  is  performed  to  check 
if  the  panel  lies  outside  Dp  (this  test  does  not  find  all  panels  lying 
outside  Dp,  but  does  eliminate  many  of  them).  Second,  a test  which 
identifies  panels  lying  wholly  within  Dp  is  performed.  Finally,  for  panels 
which  are  identified  neither  as  lying  outside  Dp  or  wholly  within  Dp,  the 
influence  test  must  be  performed  one  subpanel  at  a time. 

J.3.1  Definition  of  Dp 

Given  a control  point  P,  we  define  Dp  as  the  points  Q,  lying  in  the 
upstream  pointing  Mach  cone  from  P.  The  condition  that  Q lie  upstream  from  P 
is  given  by 

("p  - Q)  • c0  > 0 (J.3.1) 

The  condition  that  (J  lie  in  either  the  upstream  or  downstream  Mach  cone  from  P 
is  given  by 

[P*-  Q,  P - ~Q]  >0  (J.3. 2) 


A point  Q satisfying  both  (J.3.1)  and  (J.3. 2)  lies  in  Dp. 
J.3. 2 A Zero  Influence  Test 


In  this  section,  we  determine  the  minimum  distance  d(Q,  aDp)  from  a 
point  Q to  the  boundary  aDp  of  the  domain  of  independence  of  P.  We  use  this 
as  follows.  Let  R(  £ ) be  the  true  radius  (as  opposed  to  compressible  radius) 
of  the  panel : 


R (£)  = max  |P9  - Pi | 

1<  i <4 


(J.3. 3) 


Then  if  Pg  does  not  lie  in  Dp,  and 

d(Pg,  aDp)  > R (E)  (J.3. 4) 

no  point  on  E can  lie  in  Dp,  and  thus  E is  wholly  outside  Dp  and  so  its 
influence  on  P is  zero. 


J.  3-1 


The  computation  of  d(Q,  a Dp)  is  performed  in  the  following  manner. 

This  distance  is  most  easily  computed  in  a coordinate  system  K centered  at  the 
control  point  P,  aligned  wjth  the  compressibility  vector  c0  and  oriented 

such  that  Q-P  lies  in  the  x-y  plane  with  positive  y coordinate,  where  the  y 

axis  is  orthogonal  to  c0,  as  illustrated  in  figure  J.7. 

Now,  in  this  coordinate  system,  the  Mach  cone  is  defined  by  the  lines 

y = ± X_ 

8 { J.3.5) 

since  points  on  that  line  satisfy 

x2  + sb2  y2  = 0 (J.3.6) 

The  line  perpendicular  to  that  defined  by  (J.3.5),  passing  through  the  origin, 

y - 8X  ( J.3.7) 

and  thus  the  line  through  Q perpendicular  to  the  Mach  line  closer  to  Q is 

y - y0  = 8<x  - x0)  ( J.3.8) 

Thus  the  point  on  a Dp  lying  closest  to  Q is  the  point  (x,y)  lying  on 
the  lines 

y - y0  = b(x  - *0)  ( j.3.9) 

y = zL 
8 

Substituting  (J.3.10)  in  (J.3.9), 

- j + ^o  = B(x  - x0)  ( J.3.11) 

or 

x = 8 xo  ~ yp 

8 + ( J.3.12) 

and  so 

y = ~x  = ~8  xo  * yp 

8 B2  + 1 (J.3.13) 
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Then, 


d(Q, 

a 

Dp) 

= ^ (x  - 

• x0)2  + 

(y  - y0)2 

( J.3.14) 

So,  d(Q, 

a 

Dp)2 

= 

(BXq_ 

- 

- x0)2  « 

■ ( -0^0 

+ ^0  - ~y0)2 

B + 

i/* 

B2 

+ 1 

(J.3.15) 

i 

. Cb2  x0 

- b y o 

- (B2  + 1)  x0]2  + 

1 ( -B  X0  - B2  y0)2 

+ 

1) 

(b2  + l)2 

( J.3.16) 

= l (-x0  - B y0)2  + 1 (-B  x0  - B2  y0)2 

(b2  + l)2  (b2  + l)2 

= i + b2  x 2 + LiL!  (go * g yp)2 

(B2  + l)2  (b2  + l)2 

+ (!  + s2)  (s2  yp)2 

(B2  + l)2 

(x0  + b y0)2 

1 + B2 

So , d(Q,  3 Dp)  = 
x0  + b y0 

1 + b2  ( J.3.20) 

This  formula  holds  as  long  as  the  nearest  point  on  a Dp  to  Q is  found  by 
dropping  a perpendicular  to  the  Mach  line,  that  is  whenever  (see  figure  J.7) 

y0  > 6 x0  (J.3.21) 

Otherwise,  the  nearest  point  on  Dp  to  Q is  P,  that  is, 

d(Q,  a Dp)  = |*P  - Q | ( J.3.22) 


(0.3.17) 


(J.3.18) 
( J.3.19) 
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Finally,  we  compute  x0  and  y0  as  follows.  First,  since  the  x-axis  is 
aligned  with  c0, 

xo  = (Q  " "P)  • c0  (J.3.23) 

Next,  since  there  is  no  coordinate  scaling,  we  want 


x02  + y02  = I Q - p I 2 

or 

?0  - V|q  - PI  2 - X0Z 

Then,  summarizing,  d(Q,  a Dp)  is  computed  as 
d(Q,  a Dp)2  = (x0  + a y0)2/(l  + a2) 
d(Q,  a Dp)2  = |Q  - P|  2 

J.3.3  Panels  Wholly  within  the  Mach  Cone 


( J. 3.24) 


( J. 3.25) 


y0  > B x0 

yo  < 8 x0 

(J.3.26) 


Just  as  a panel  whose  center  lies  further  from  3 Dp  than  the  panel 
radius  has  no  influence  on  the  control  point  if  its  center  lies  outside  Dp, 
it  analagously  lies  wholly  within  Dp  if  its  center  does.  That  is,  if  P0 
lies  in  Dp,  and 

d(Pg,  aDp)  > R (2)  (J.3.27) 

then  E lies  within  Dp. 

J.3.4  The  Influence  Test  for  a Subpanel 


Finally,  let  us  assume  that  the  panel  passes  none  of  the  simple  tests 
described  above.  For  each  subpanel  (or  half  panel  or  projected  panel,  in  the 
case  of  intermediate  field  computations)  we  must  determine  which  corners  lie 
in  Dp,  which  edges  intersect  Dp,  and  whether  the  region  as  a whole 
intersects  Dp. 

The  corners  of  a subpanel  are  tested  one  at  a time  to  see  if  they  satisfy 
(J.3.1)  and  (J.3.2).  If  all  corners  do,  then  the  entire  subpanel  lies  in 
Dp.  This  follows  from  the  fact  that  Dp  is  a "convex"  region.  A convex 
region  is  one  such  that  the  line  segment  joining  any  two  points  in  the  region 
also  lies  in  the  region.  Thus  if  all  vertices  of  a subpanel  lie  in  Dp,  then 
any  point  on  an  edge  lies  in  Dp.  Thus,  since  any  point  in  the  interior  of 
the  subpanel  lies  on  some  line  segment  joining  points  on  edges,  every  point  on 
the  subpanel  lies  in  Dp.  Next,  if  one  vertex  of  an  edge  lies  in  Dp  and 
another  does  not,  it  is  clear  that  both  the  edge  and  the  subpanel  lie 
partially  within  Dp. 


J.3-4 


j. 3.4.1  The  Point  of  Closest  Approach 


Let  us  assume  neither  vertex  of  an  edge  lies  in  Dp.  Then  we  determine 
whether  the  edge  intersects  Dp  as  follows. 

First,  suppose  the  edge  is  a "subsonic  edge."  That  is,  let  t0  be  a unit 
vector  parallel  to  the  edge.  Then  defining 

T = [t0,  T0]  ( J. 3.28) 

we  call  the  edge  subsonic  if  x >0,  supersonic  if  x<  0,  and  sonic  if  x = 0 
(see  figure  J.8).  A subsonic  edge  is  inclined  to  the  compressibility 
direction  at  less  than  the  Mach  angle;  thus  every  point  on  the  edge  is  in  the 
domain  of  dependence  of  the  most  downstream  point.  So,  if  the  most  upstream 
point  lies  outside  Dp,  the  entire  edge  does.  In  particular,  if  both 
vertices  of  a subsonic  edge  lie  outside  Dp,  the  entire  edge  does. 

For  a supersonic  edge,  this  property  does  not  hold,  as  illustrated  in 
figure  J.8.  Thus,  for  a supersonic  edge  whose  vertices  lie  outside  Dp,  we 
must  check  if  the  "point  of  closest  approach"  on  the  edge  lies  in  Dp.  If 
not,  then  the  entire  edge  lies  outside  Dp. 

What  we  mean  by  the  point  of  closest  approach  is  that  point  R*  on  the 
line  containing  the  edge  which  lies  closest  to  the  line  through  P parallel  to 
the  compressibility  direction  c0,  as  illustrated  in  figure  J.9.  We  find 
R*  as  follows.  Let 

aR  = R+  - R“  ( J.3.29) 

where  R+  and  R-  are  the  vertices  of  the  edge. 

Now,  let  us  write 

R = oR-  + (1  - a)  R+  = R+  - aAR  (J.3.30) 

for  an  arbitrary  point  on  the  line. 

Then,  the  projection  of  R to  the  line  parallel  to  Cq  containing  P is 


+ C0  cj  (R  - P) 

square  of  the  distance  from  R to  that  line  is 

( J.3.31) 

= |R  - P - c0  cj  (R  - P)l2 

(J.3.32) 

(R  - P)  • (R  - P)  - (c0-(R  - P))2 

( J.3.33) 

(by  (J.3.30)) 

:+  - oaR  - P)  (R*  - caR  - P) 

( J.3.34) 

- (c0.(R+  - oaR  - P))2 
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Now,  d2  is  minimized  by  setting 


_1_  (d2)  = 0 = 2(R+  - oaR  -'p).(-a'r) 

da 

-2  (c0.(RV  - «aR  -"?})  (-c0  • aR)  (J.3.35) 

= [2(aR  • aR)  - 2 (c0  • aR)2  a 

-2  (R*  - P)-aR  ♦ 2(c0  (R+  -P)Hco*aR)  (0.3. 36) 

So,  d2  is  minimized  for 

a _ a*  _ (R  - P)* aR  - (c0  . (R  - P )) (c0  • aR) 

(aR  • aR)  - (c0  • aR)2  ( J.3.37) 

Thus,  the  point  R*  on  the  line  containing  the  edge  which  is  the  point  of 
closest  approach  is 

R*  = a*  R + (1  - a*)  R (J.3.38) 

Thus  if  R+  and  R~  both  lie  outside  Dp,  we  compute  a*.  If 
0 < < 1*  the  point  of  closest  approach  lies  in  the  interior  of  the 

edge,  and  we  thus  test  if  R*  lies  in  Dp.  If  it  does  not,  the  entire  edge 
lies  outside  Dp. 

For  reasons  of  efficiency,  the  program  actually  computes 


= (c0  x aR)  . (c0  x (~R*  - ~P)) 

lC°  x aRI2  ( J.3.39) 

The  equivalence  of  (J.3.37)  and  (J.3.39)  is  easily  seen  in  compressibility 
coordinates,  where 


Then, 


1 

< 0 ► 
0 


Cq  • aR  = ( aR ) ^ 

and  so  the  denominator  of  (J.3.37)  is 


( J.3.40) 
( J.3.41 ) 


(AR)y2  + 


J.3-6 


( J.3.42) 


On  the  other  hand 


c0  x aR  = 


0 

-aRz 

aRw 


and  so  the  expression  (J.3.42)  defines  the  denominator  of  (J.3.39). 
Next, 


(c0  x aR) • (c0  x (R+  - P))  = 


0 

-aRz 

• i 

► 

0 

-(R+  -P)z 

. aRJ 

(R+  - P)y 

J 

ARy  (R+  - "p)y  + aR2  (I R+  - "p)z 
= a"r-(?"  - *P)  - (c0  • At)  (c0 -(f+  - "P)) 


( J.3.43) 


(J.3.44) 


( J. 3.45) 


(J.3.46) 


and  thus  the  numerators  of  (J.3.37)  and  (J.3.39)  are  equal. 
J.3.4.2  The  Winding  Number  Test 


Finally,  let  us  assume  that  none  of  the  edges  of  the  subpanel  intersect 
Dp.  Then  if  the  panel  is  subinclined,  we  can  see  from  figure  J.10  that  the 
entire  panel  lies  outside  Dp,  while  for  supersonic  panels  this  does  not  hold. 

Thus  in  this  case  we  compute  the  point  P*,  on  the  plane  containing  the 
subpanel,  which  is  the  intersection  of  the  line  through  P parallel  to  c0 
with  the  plane  of  subpanel.  It  is  clear  that  if  P*  lies  in  the  interior  of 
the  subpanel,  the  subpanel  intersects  Dp,  while  if  it  lies  in  the  exterior 
of  the  subpanel,  the  subpanel  lies  wholly  outside  Dp. 

Now,  we  can  write 

P"*  = "P  + e c0  ( J.3.47) 

and  since  P*  lies  on  the  subpanel, 

(P*  - ~P-j ) • n0  = 0 (J.3.48) 

where  nQ  -js  the  subpanel  normal  and  Pi  is  a vertex.  Substituting  (J.3.48) 
in  (J.3.47), 


or 


6 = (Pi  ~ p)-n0 
£o  ‘ "o 

Now,  if  lies  in  the  subpanel,  the 
p i ( mod  3)  + 1 are  all  of  the  same  sign. 

if  and  only  if 

((Pi  - P*  ) x (Pi  (mod  3)+l  - p*))-n0 
has  the  same  sign  for  i = 1,2,3. 

J.3.4.3  Half  Panels  and  Projected  Panels 


angles  formed  by  P^  P*  , and 
That  is,  P*  is  inside  the  subpanel 


(J.3.51) 


Everything  we  have  said  about  subpanels  holds  equally  well  for  half 
panels,  since  they  are  also  triangular  regions.  It  also  holds  equally  well 
n!LirfoHeJied  P^els,  used  in  the  one  region  intermediate  field  computation, 
provided  the  projected  panel  is  convex.  When  the  panel  is  not  convex,  there 
is  a small  risk  that  the  influence  will  be  calculated  erroneously.  For  this 

reason,  the  program  checks  for  non-convex  panels  and  warns  the  user  of  their 
gx i s tence • 
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J.4  Cylindrical  Coordinates 


When  the  integrals  (J.1.1),  (J.1.2),  (J.1.4)  and  (J.1.5)  are  transformed 
to  local  coordinates,  they  become  integrals  of  the  general  form 


Si 

E'fiDp 


o(C»  n') 
w({',  n ' ) 


f(R')  d£  dn' 


where  (see  section  E.3) 

R'2  = r(£'  - x')2  + s(n'  _ y')2  + rs  (£'  _ z')2 


(J.4. 1 ) 


(J.4. 2) 


When  rs  = 1 (this  covers  both  the  case  of  subsonic  flow  and  of  superincl ined 
panels),  these  integrals  are  very  naturally  evaluated  using  cylindrical 
coordinates.  In  section  J.4,  we  derive  basic  results  which  are  necessary  to 
perform  these  integrations.  The  case  of  rs  = -4  (subinclined  panels  in 
supersonic  flow)  is  best  handled  by  hyperbolic  coordinates  discussed  in 
section  J.5. 


J.4.1  Fundamental  Results 


Recall  from  section  E.3  that  in  the  local  coordinate  system,  the  flow  is 
in  the  x'  direction  for  subsonic  flow  and  in  the  ±z'  direction  for 
superinclined  panels.  Thus  Dp  is  all  space  for  subsonic  flow,  and  (writing 
P = (x',y',z')  in  local  coordinates) 

Dp  = (C»  n\  £')  (C  - z')2  - ( 1 - x')2  - (n*  - y')2  > 0 

and  (£'-  z‘)  sign  (c0-  n0)  <0  (J.4. 3) 


(where  n0  is  the  subpanel  normal)  for  superinclined  panels.  We  can  rewrite 
(J.4. 3)  as 


C) \{iz'  - *')2  + (n ' - Y')2  < 


sign  (c0-n0)(C  -z')j 

(J.4. 4) 


Because  both  the  function  R'  and  the  domain  of  dependence  Dp  exhibit 
circular  symmetry  with  respect  to  the  point  (x‘,  y'),  we  will  find  it 
convenient  to  use  cylindrical  coordinates  centered  at  (x1,  y')  to  perform  the 
required  integrations.  In  addition,  because  the  boundary  of  the  panel 
image  E'  is  composed  of  straight  lines  (the  edges),  local  coordinate  systems 
having  axes  perpendicular  and  parallel  to  the  edges  also  arise  naturally. 

We  should  note  here  that  our  results  will  hold  for  any  planar  region 
which  is  convex.  This,  of  course,  includes  subpanels  and  half  panels,  though 
not  necessarily  projected  panels  (see  section  J.3.4.3). 
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J.4.2  The  Mach  Disk 

Since  £'  is  a constant  on  the  surface  of  integration  2 1 (see  section 
E.3),  the  region  of  integration  E1  fl  Dp  may  equally  well  be  taken  to  be 
E 1 fl  Cft  where  Ch  the  "Mach  disk"  is  defined  by 

Ch  = |(C\  n')  | (C  - x')2  + („'  - y')2  < h|  (J.4.5) 

where 

f + » if  s = 1 


^ sign  (n0 . c0)h  if  s = -1  (J.4.6) 

where 

h = z'  - C (J.4.7) 

The  region  of  integration  E'  fl  Ch  for  a typical  panel  image  E'  is  shown  in 
Figure  J.12.  Note  that  since  both  E'  and  Ch  are  convex,  so  is 
E ' fl  Ch. 

A careful  examination  of  figure  J.12  reveals  that  the  boundary  of  E'flCh 
denoted  a(E'  fl  Ch)  is  composed  of  both  curved  and  straight  line  segments. 
Furthermore  a ( E1  fl  Ch)  has  sharp  corners  in  two  possible  instances, 

(i)  Whenever  a corner  of  E'  lies  inside  Ch. 

(ii)  Whenever  an  edge  E'  intersects  the  boundary  of  Ch* 

We  will  develop  a scheme  for  numbering  the  edges,  Eu,  corner  points  p*, 

± K "■  1 r K 

and  phases  of  corner  points  $k  of  the  region  E'n  Ch.  At  the  outset  of 
this  discussion,  we  distinguish  three  separate  cases 


(a) 

E'dCh 

is  empty 

(b) 

I’nCh 

= Ch  (that  is,  Ch  c E' ) 

(c) 

E'nch 

is  a proper  subset  of  Ch 

Case  (a)  is  of  absolutely  no  consequence  since  E'  fl  Ch  is  null  and  all 
integrals  over  it  are  zero. 

J.4.3  The  Case  of  the  Mach  Disk  Lying  within  the  Panel 


Case  (b)  is  handled  in  the  following  fashion  (see  fig.  J.13).  In  the 
first  place,  no  edges  are  defined  when  E'  fl  Ch  = Ch-  Next,  some  point 
(£  ',  n')  lying  on  the  boundary  of  Ch  is  chosen  at  random  and  p = 

(si  , t i ) is  defined  by 
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p 


I 


( J.4.8) 


■ = (S’  - x',  n'  - y') 

Next,  p^-  , 0 l*,  i>2~  are  defined  by 


Pi"  = Pl  =02  = o 


01"  = 0l+  = ph  (si,  ti) 


0 2"  = 0i+  + 2 rr  (J.4.9) 

Here,  ph  is  the  "phase  function"  in  two  real  variables 

ph(x,y)  = arg  (x  + iy)  (J.4.10) 

where  arg  is  the  complex  argument  function.  Precisely,  for  any  two  real 
numbers  x and  y,  one  of  them  non-zero,  the  equations 

-ir  < ph  (x,y)  < n 

cos  (ph  (x,y) ) = x / /{  x2  + y2  } 

sin  (ph  (x,y) ) = y / /{  x2  + y2  } (J.4.11) 

uniquely  define  ph(x,y).  It  should  be  noted  in  passing  that  ph(x,y)  equals 
the  FORTRAN  function  ATAN2(y,x) . 

With  these  definitions,  it  is  clear  that  the  integral  J defined  by 


J = 


d£'  dn' 


^ h2  - (£'  - x'  )2  - (n ’ - y' )2 
may  equally  well  be  computed  by  the  expression 


(J.4.13) 


J = 


01+  02 

j d0  + J d0 

01"  01+ 


Ihl 

; 

0 


pdp 


/ h2-^2 


(where  Ch  cE')  and  p = |"p|)»  since 
pdpd0  = d^'  dn' 

J.4.4  Arbitrary  Intersection  of  the  Mach  Disk  with  the  Panel 


(J.4.14) 


We  now  take  up  the  difficult  and  interesting  case  (c),  when 
E'  fl  Ch  ^ Ch.  For  this  discussion,  the  reader  is  referred  back  to  Fig. 
j.12.  Starting  with  any  edge  of  E'  that  has  some  points  lying  inside  Ch»  we 
denote  this  edge  Ei  and  begin  proceeding  around  the  boundary  of  E'flCh  in  a 
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counterclockwise  (positive)  fashion.  As  we  traverse  ad'OC^),  we  will  move 

along  straight  and  possibly  curved  pieces  of  boundary.  The  straight  pieces  of 
boundary  are  named  E]_,  £3,...,  " 

the  number  of  edges  of  r*  that 
J. 14) . 


En  as  they  are  encountered.  Here,  n is 
have  some  points  lying  inside  (see  Fig. 


J.4.4.1  Corner  Points 


Having  described  the  edge  naming  convention,  the  corner  points  pt  are 
defined  by  K 

Pk  ^ ’ n'H  ~(x ' , y ' ) (J.4.15) 

lower  edge 
of  Ek 

The  components  of *p*  are  denoted  (s£,  t*)  as  follows 

(sk’  tk)  = ^k  (J.4.16) 


Also,  the  special  corner  point ”p-+.  is  defined 


p~n+l  = ^“l 

J.4.4.2  The  Phase  Function 


( J.4.17) 


Finally,  the  phases  of  the  corner  points,  are  defined  recursively 


h~  = Ph  (sf,  ti~) 


Pk 

^k+  = h~  + f dtf 

Pk~  (J.4.18) 

Great  care  must  be  taken  here  because  of  the  problem  of  "phase  wrap." 

That  is,  the  phase  function  is  discontinuous  on  a closed  path  in  the  x'-y' 
plane  which  does  not  contain  the  origin.  Thus  in  the  former  case  (that  of  the 
second  or  third  illustration  in  figure  J.14)  is  almost  2ir  greater 
than  *1,  while  in  the  latter  case  the  increment  of  2n  does  not  occur. 
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Next  we  compute 


d«l  = M ds  + M.  dt 

3 S 3t 

Now,  since,  up  to  an  additive  constant, 

<b  = ph(s,t)  = arg(s+it) 

= Im  log(s+it) 

(where  Im  is  the  imaginary  part),  we  have 
£0  = Im  l log  (s+it)  = Im  ( — 1 — ) 

3S  3S  S+it 

= Im  (S-1t  ) = _=t 

s2+t2  S2+t2 

Simi larly, 

M = Im  (_J ) = Im  (is  -t.-)  = —1 — 

3t  s+it  s2+t2  S2+t2 

Combining  these  results,  we  have 


d<*  = sdt  - tds  = 

s2+t2 

(by  definition  of  "p ) 


(p  x dp) 
p2 

The  integrals  in  (J.4.18)  are  straightforward  to  evaluate, 
figure  0.15)  the  angle  between  p^  and  p^  satisfies 

(pk  x pk>z  = pk  pk  sin  0 
pk  ' pk  = pk  pk  cos  0 


(J.4.19) 

(J.4.20) 


( J.4.21) 


( J.4.22) 


( J.4.23) 
Since  (see 

( J.4.24a) 


J.4-5 


we  have  (by  J.4. 11 ) 


p k+1  ^ ^ ^ ^ 

* - /+  M - ph(l>_l<  • »Vl.  (p-k  X p\)2) 

k (J.4.24b) 

Now,  geometric  reasoning  shows  that  in  this  case, 

(pk  x P|<)z  > 0 (0.4.25) 

and  thus  0 < 0 < 

On  the  other  hand,  the  angle  0'  betweeen  p£  and  p^+j  may  exceed 

it  (see  figure  J.15),  and  must  be  correctly  evaluated  in  view  of  phase  wrap, 
and  thus 


<b' 


d 4 


x P- 


k+1 


>z> 


where  ph  is  defined  by 

A 

ph  (x,y)  = ph  (x,y)  + 2*n 

0 < ph  (x,y)  < 2 it 


n = 0 or  1 


( J.4.26) 


( J.4.27) 


With  phases  <t>*  defined  in  this  fashion,  the  phase  of  a point  P on  the 
boundary  of  E'  fl  Ch,  defined  by 


<Ht)  = + / d*  = + Ph(pJ“  . t,  (^  x t)2) 


is  a continuous  function  for  all  points  on  the  boundary  satisfying 


0(pk)  = <£k  k = l,...,n 


(J.4.28) 


(J.4.29) 
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Because  of  phase  wrap,  it  may  happen  that  0“n+i  t 4>  \ but  father 

4>~n+\  = <b~\  + 2it.  If  this  happens,  it  indicates  that  the  center  of 

our  coordinate  system  (x',y‘)  lies  inside  E'.  Defining  the  center  indicator 
C9  by 

j 1 if  (x1,  y')  e I' 

9 | 0 otherwise  (J.4.30) 

we  observe  that 

rn+i  = ri  + 2n  C9  (0.4.31) 

J.4.4.3  Edges  and  the  Mach  Disk 


The  discussion  given  above  provides  a very  precise  definition  of  the 
phases  once  the  corner  points  are  known;  however,  the  determination  of 

K ^ 

the  edges  and  the  corner  points  will  require  some  more  detail 
which  we  now  provide. 

An  edge  E^  of  the  region  E'  fl  C^,  must  be  either  part  of,  or  all  of  an 
edge  E of  E' . Thus  given  an  edge  E of  E’,  we  seek  to  answer  the  question  of 
when  an  edge  E of  E1  is  also  an  edge  E|<  of  E1  fl  C^.  Toward  answering  this 
question,  we  assume  that  the  upper  or  lower  endpoints  of  the  edge  E are  given 
by  (see  figure  J.15) 

Edge  E's  lower  endpoint  = (x',y')  + p- 

Edge  E's  upper  endpoint  = (x',y')  + p+  (0.4.32) 

Thus  ^T-(p+)  describes  the  vector  from  (x',y‘)  to  the  lower  (upper)  end  point 
of  E.  (The  upper  and  lower  endpoints  of  E may  be  assumed  known  because  they 
are  essential  to  the  definition  of  £ ) . The  components  of  p“±  are  denoted 
(s±,t±),  i.e., 

(s*,  t^)  = p*  ( J.4.33) 

It  should  be  noted  that  the  designations  "lower"  and  "upper"  are  designations 
associated  with  the  orientation  of  E' ; as  one  traverses  aE  ’ in  a postive 
(counterclockwise)  fashion,  one  moves  along  edges  from  their  lower  to  their 
upper  end. 

J.4.4.4  Edge  Tangents  and  Normals 


Next,  we  define  the  edge  tangent  t by 
t = n(P+  - p-) 


( J.4.34) 
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where  n denotes  the  normalization  operation 


n(x)  = JL 

1*1 

(J.4.35) 

In  component  notation,  t may  be  written 

t = (t£,  tn) 

(J.4.36) 

We  use  this  representation 

to  define  the  edge  outer  normal  n by 

rT  = (tn,  - t£  ) 

= nn ) 

(J.4.37) 

Clearly,  n and  t so  defined 

satisfy  the  conditions 

Normalization  Conditions 

l?l  - (t|*  t„2)i n , 1 

t - (n?2  * nn2)l/2  . l 

(0.4.38) 

Orthogonality 

n.~t  = n^  t^  + nn  t„  = 0 

(J.4.39) 

Cross  Product 

(n  x t)£  = nC  tn  ' nn  = 1 

(0.4.40) 

As  a consequence  of  (J. 4. 38-40),  the  vector  pair  (7vt)  (in  that  order) 
comprises  a right  handed  basis  for  (u,v)  space  as  shown  in  Fig.  J.16. 

The  (s,t)  system  illustrated  there  has  been  previously  introduced  and  is 
given  by 


■p  = (s,t)  = (£'  - x',  n’  - y') 

The  coordinate  functions  u,v  are  defined  by 
u = n • p 


v = t • p 


Since  A is  orthogonal, 
A-l  = AT 

and  so 


( J.4.41) 


( J.4.42) 


(J.4.43) 


(J.4.44) 
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or 


(J.4.45) 


p = un  + vt 

For  points  lying  on  the  edge  E,  we  note  that 

-?|E  = p~-  + s t (J.4.46) 

where  s denotes  arc  length  along  E.  Taking  the  dot  product  of  (J.4.46)  with  n 
and  taking  account  of  (J.4.39),  we  find 

"n  • p |e  = "n  • “p-  ( J.4.47) 

that  is,  the  expression  n“  • "p  is  a constant  along  the  edge  E;  this  observation 
motivates  the  definition  of  a,  the  edge  distance 

a = n « p|e  = n . p-  = n • p+  (J.4.48) 

We  may  now  express  the  vectors  ‘p*  in  the  new  coordinate  system  as  follows. 
Using  (J.4.45)  we  have 

p±  = (n  . p±)  n + (t  • p±)  t (J.4.49) 

Now,  defining  v±  by 

v±  = p±  • t .( J.4.50) 

we  find  by  (J.4.48)  that  (as  illustrated  in  figure  J.16) 

p±  = an  + v±  t (J.4.51) 

Equation  (J.4.51)  describes  the  endpoints  of  the  edge  E;  for  points  interior 
to  the  edge  E we  have 

"p|E  = an  + vt  (J.4.52) 


where 


v = p • t 

The  representation  (J.4.52)  now  provides  us  with  the  information  necessary  to 
answer  the  question  posed  earlier  (when  is  an  edge  E of  I ' also  an  edge 
of  £ 'H  Ch).  To  see  how  this  is  done,  we  refer  to  figure  J.17.  First  we 

note  that  what  we  are  really  trying  to  determine  is  vf  any  points  interior  to 

E are  also  interior  to  C^.  In  particular,  if  either  p-  or^pT-  lies  inside 
Ch  the  answer  is  YES.  On  th£  other  hand,  for  all  points'?  in  C^,  | p I < 
h.  Since  the  smallest  that  |p||e  can  become  is  |a|  (see_equationJ  J.4.52) ) , 
we  see  that  if  iai  > h then  the  answer  is  NO.  Now  if  |p+|>  h,  | p-J  > h 
and  la  I < h,  we  must  still  determine  whether  or  not  E passes  through 
without  either  of  its  endpoints  actually  lying  inside.  This  will  happen 

provided  v-  < 0 < v+  . Otherwise,  E will  not  pass  through  Ch*  Thus  we 

have  determined  in  all  circumstances  whether  E intersects  C^.  These  can  be 
summarized  by  the  following  algorithm. 
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Algorithm:  (Does  an  edge  E have  any  points  in  C^) 

lal  > tT  =3  NO 
I a I < h : 


| p+|  < h or  | p- 1 < h =)  YES 

I p+  I > h and  | "p"- 1 > h 

0 in  [v-,  v+]  YES 


0 not  in  [v-,  v+J^NO 

Once  we  have  made  the  determination  that  an  edge  E has  points  inside  Ch, 
we  must  assign  it  a number  k (for  Ek)  and  define  the  end  points  P£  for 
Ek- 


If  we  define  the  critical  value  of  vc  by 

vc  = ^h2  - a2  ( J.4.54) 

then  p£  are  determined  by  the  procedure 


Pk  = p-  if  | p- 1 < h 

= an  - vc  t i f | p- 1 > h 

Pk+  = p+  i ^ I p+I  < h 

= a""  + vtt  1f|P+|  > h ( J.4.55) 

J.4.4.5  The  Function  P(tf) 

We  have  now  given  complete  procedures  for  the  specification  of  E,  . 

± ± k 

°k’  ®k*  Before  we  can  evaluate  the  integrals  (J.4.1),  we  must 
define  a function  P(tf)  (see  Figure  J.18)  that  describes  the  upper  limit  of 
integration  from  (x'.y1)  to  the  boundary  of  £'  n Ch«  P($)  is  defined  as 
follows : 


P(tf)  = 


if  *k  < * < *ktl 


pk(,>)  1f 


where  on  each  edge  Ek,  Pk(tf),  is  the  distance  from  (x',y')  to  Ek 

pk ( ^ ) = /a^k  + vk(^)2 


( J.4.56) 
(J.4.57) 
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In  equation  (J.4.57),  vk(0)  denotes  the  local  edge  coordinate  v,  evaluated 
on  the  edge  Ek  and  expressed  as  a function  of  0.  Although  we  will  never  use 
Tt  explicitly,  we  record  it  here  for  the  sake  of  completeness 

V|<(0)  = ak  tan  (0  - + ph ( , v[r))  (J.4.58) 

With  all  these  definitions  available,  it  is  now  a fairly  simple  matter  to 
write  down  the  integrals  (J.4.1)  using  polar  coordinates.  For  the  sake  of 
concreteness,  we  evaluate  the  integral  J 


j = tf  v 


t 

H Ch  ^ h2  . (£■  _ x-)2  _ („•  _ y«)2 

( J.4.59) 

Converti ng 

to  polar  coordinates  centered  at  (x',y'),  we  have 

d£'  dn'  = pdpdtf 

(J.4.60) 

(£'  - x'  )2  + (n1  - y'  )2  = p2 

( J.4.61) 

so  that  (see  Figure  J.19  for  limits  of  integration) 


J = S5  pdpdfl 
rnch  yj  h2_  p2 


n /dk+ 
k=l  \*k 


d<t> 


W) 

J 

o 


pdf 


^h2-p2 


0R+1 

+ J 

^k+ 


d <t> 


I hi 

$ 

0 


pdp 


f h2-  p* 
(J.4.62) 


Evaluating  the  inner  integrals  in  (J.4.62),  we  note 


J pdp 
0 ^/h2-  p2 


Pk 


= -^h2^2  + I hi 


( J.4.63) 
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so  that 


n 

0k  + 

^k+1 

J = Z 

( / d0  ( h | - yh^  . 

- pk(tf)2  ) 

+ / 

|h|d0) 

k=l 

h- 

h* 

n 

h+ 

h+r 

h 

h+ 

= h £ 

( S 

d0  + / 

d0)  - Z 

f d0 

h2  Pk(0)2 

k=l 

h 

h+ 

k=l 

K~ 

n h + 

d0 

- M Un+1 

- - 0r 

•)  - i s 

- Pk(*)2 

k=l  h~ 

Now  equation  (0.4.23)  for  d0  may  be  combined  with  the  representation  (J.4.45) 
for  p to  yield 

p2  d0  = Cp~  x dp  = 

(un  + vt)  x (n  du  + tdv) 

= udv  - vdu  (J.4.65) 

Now  if  we  agree  to  restrict  "t  to  the  edge  Ek , we  find  u = const. 

= ak,  du  = 0,  and  for  d0. 


d<t  = udv  = ak  dv 

p2  a|<2  + v2  ( J.4.66) 

Substituting  this  into  (J.4.64)  and  noting  that  when  0 = 0j£,  v = vf, 

(at  the  points  p£)  we  obtain  ' 

J = 1 h | 2it  C#  - £ j aX-,^.y }f  h^  - ak2  - 

k.l  vk-  ak2  * v2  (J.4.67) 

where  we  have  used  Pk(*)2  = a2  ♦ v2  on  edge  Ek-  The  integral 

on  the  right  may  be  evaluated  by  elementary  means  to  yield 

n + 

J = 2ir  Ce|h|  - £ [h  ph  (a|<  Rk  (v),  hv)  + ak  ph(v,  Rk(v))]  k 

k=l  vk"  ( J.4.68) 
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where 


Rk  (v)  = )Jh2  - ak  - v2 

This  integral  is  verified  in  section  J.7.1.4,  where  it  is  identified  as  "I(X)." 
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J.5  Hyperbolic  Coordinates 


Having  examined  the  geometry  of  the  circle  in  such  gruesome  detail  we  now 
do  the  same  for  the  hyperbola.  The  motivation  for  this  exercise  stems  from  a 
desire  to  develop  effective  tools  to  deal  with  integrals  of  the  following  form 
arising  from  application  of  the  transformations  described  in  section  (E.3)  for 
subinclined  panels: 


// 

rnDp 

where 

R « (C  - *')2  - (n 1 - y')2  - (C  - z')2 


*(£>  n)  ] 
lu(£>  n) 


f(R)  d£'  dn' 


(J.5.1) 


Op  = {P1  = (£',  n\  c)  I (£'  - X1)  < - („'  - y')2  + U'  - z')2) 

(0.5. 2) 


and  E ' is  some  convex  region  lying  in  the  (£',n')  plane  with  oriented  normal 
IT'  = (0,0,1).  The  points  in  E'  are  described  by  ( ^* , n ' * C* ) the  coordinate 

system  X',  with  constant. 

J.5.1  Fundamental  Results 


As  before.  Op  denotes  the  domain  of  dependence  described  in  the  panel 
local  coordinate  system  X'. 

Because  the  geometry  of  the  hyperbola  is  much  less  intuitive  than  that  of 
the  circle,  our  discussion  will  have  to  rely  rather  heavily  upon  algebraic 
arguments.  We  will,  however,  try  to  parallel  the  discussion  of  section  (J.4) 
as  closely  as  possible. 

We  begin  our  discussion  of  (J.5.1)  with  a trivial  change  of  variables. 
Variables  s and  t are  defined  by  (see  Fig.  J.20) 

s = - x' 

t = n'  - y'  (J.5.4) 

and  the  constant  h is  defined  by 

h=z'-£'  (J.5.5) 

Using  these  new  variables,  the  integral  (J.5.1)  can  be  written 

ff  f o(x'  + s,  y'  + t)  1 

33  I | f (R)dsdt 

E'nHh  U(X*  + s,y'  +t)J  (J.5.6) 
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and  a2  — b2  = 1 

( J . 5 . 9c ) 


(J.5.10) 

then 

R = R 

and  AHh  = Hh  (J.5.11) 

that  is  to  say,  both  the  function  R and  the  region  are  invariant  in  form 

with  respect  to  transformations  of  the  type  (J.5.9).  We  will  use  this  fact 
very  heavily  in  the  treatment  of  the  Integrals  (J.5.1). 

A careful  examination  of  the  region  of  integration  E'fl  (see  fig. 

J.20)  reveals  that  its  boundary  is  composed  of  both  straight  and  curved 
segments.  If  the  boundary  of  E'fl  is  traversed  in  a positive 
(counterclockwise)  fashion,  the  straight  segments  of  boundary  are  named  Ej, 
E2-..,  En  (see  fig.  J.21),  in  the  order  they  are  encountered.  Here,  n is 
the  numbers  of  edges  of  E'  having  some  points  lying  inside  H^;the  position 
of  the  lower  end  of  edge  E|<  is  denoted  while  the  upper  end  is  denoted 
a+|<.  The  s-t  coordinates  of  p+|<  are  denoted  (s^,  t*^),  that  is 


a > 0 

and  Hh,  R by 
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lower  end  of  edge 
upper  end  of  edge  E^ 


(J.5.12) 


-Next,  we  introduce  the  hyperbolic  coordinate  system  for  the  region 
f(s,t)  | s < |t|j  of  the  s-t  plane.  For  a point  p = (s,t)  lying  in  this 
region,  hyperbolic  phase  0 and  hyperbolic  radius  p are  defined  by  the 
requirement  that 


fS\ 

f -p  cosh  01 

p = 

N 

[-p  sinh  0 J 

(J.5.13) 

Here, 

cosh  x = 

(ex  + e-x)/2 

sinh  x = 

(ex  - e-x) /Z 

(J.5.14) 

We  define 

-(0.5.15) 

p = Vs2  - 

"t2 

and  defining 

tanh  x = sinh  2L_ 
cosh  x 

and 

tanh  -1  x = y such  that  tanh  y = x 
we  obtain 

0 = tanh_l  (t/s) 


= t 
s 

= t(e^  + 
(s  + t)5* 


Solving  (J.5.17), 


or 

or 


0^  _ 0 ^ 
g$  + q-4> 

s(e^  - e-^) 
(s  - t)e^  = 


(J.5.16) 
(J. 15. 17a) 
( J.5.17b) 


(J.5.18) 

(J.5.19) 

(J.5.20) 
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or 


s+t 


(J.5.21) 


= 

s-t 


or  4 = 1/2  log  |snj 

In  particular,  the  hyperbolic  phase  of  the  points  P*  is  denoted  4*: 

K K 


(J.5.22) 


4k*  = 1/2  log 

\sk*-  tic*/ 


( J. 5.23) 


It  is  well  to  notice  that  not  nearly  as  much  care  is  required  in  the 
definition  of  hyperbolic  phase  as  was  required  in  the  definition  of  circular 
phase  in  sec.  J.4.  The  reason  for  this  simplicity  is  that  phase  wrap  simply 
does  not  occur  when  one  is  dealing  with  hyperbolic  phase. 


Hayln9  defined  the  edges  Ek,  corner  points  p£,  and  corner  phases 
4k  of  the  region  £'fl  Hp,  we  now  delve  more  deeply  into  the  problem  of 
determining  which  edges  E of  £ ' are  also  edges  of  £'fl  Hp,.  Thus,  given  an 
oriented  edge  E with  lower  end  point  p-  and  upper  end  point  p+,  we  seek  to 
determine  if  E has  any  points  lying  inside  Hh;  if  it  does,  E,  or  part  of  E 
will  be  an  edge  Ek  of  £'n  Hp,.  In  addition,  we  will  also  want  to 
determine  the  point  (or  points)  at  which  E enters  or  exits  the  region  Hp,. 

In  order  to  answer  these  questions  precisely,  we  need  to  define  a number 
of  new  concepts.  These  include: 


(i)  A pseudo  inner  product  < , > 

(ii)  The  edge  tangent  t 

(iii)  The  edge  normal  ft,  and  conormal  v 

(iv)  The  edge  distance  a,  and  edge  variable  v,  and 

(v)  Differential  arc  length,  ds,  along  an  edge. 

The  pseudo  inner  product  on  two  vectors,  denoted  < , > is  defined  bv 

the  expression  J 


< a,  b > = -a£  b^  + an  bn  (J.5.24) 

For  points  p lying  inside  , we  have 

< p,  p > = -s2  + t2  i -h2  ( J.5.25) 

an  inequality  that  follows  directly  from  the  specification  (J.5.7)  of  Hh 

This  inequality,  combined  with  the  condition  that  s be  negative,  provides  a 
very  useful  characterization  of  those  points  lying  inside  Hp,: 

p e Hh  if  and  only  if  s < 0 and  <p,  £>  < -h2  (J.5.26) 
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The  usefulness  of  this  inner  product  stems  from  the  fact  that  it  is  invariant 
with  respect  to  hyperbolic  transformations  of  the  form  (J.5.9).  Thus,  if  x 
and  y are  vectors  of  length  two,  and  x and  y are  defined  by 


x = Ax 
y = Ay 
then 


a > 0 
a^  - b^ 


( J.5.27) 


< x,y  > = < x,  y > 


( J. 5.28) 


The  edge  tangent  t to  an  edge  E,  with  lower  end  point  p-  and  upper  end 
point  p+,  is  defined  by  the  expression 


t = (t^,  tn) 


p+  - p- 

< p+  - p-,  p+  - p-  > 


( J.5.29) 


We  have  chosen  the  normalization  for  t given  by  (J.5.29)  because  this 
particular  normalization  is  invariant  with  respect  to  hyperbolic 
transformations  of  the  form  (J.5.9).  With  t defined  by  (J.5.29),  we  can  give 
the  corresponding  edge  tangent  T1  in  the  coordinate  system  X , we  have, 


T = 


( J. 5.30) 


Recall  from  (J.3.28)  the  definition  of  subsonic  and  supersonic  edges.  The 
inner  product  [ , ],  defined  by 


[x,  y]  = xT[C0]y 


(J.5.31) 


in  reference  coordinates,  is  given  in  X'  coordinates  by 
[x\  y']  = x'[C ']?• 


( J.5.32) 


where,  from  section  E.3, 


[C1]  = 


(J.5.33) 


Note  that  in  this  section,  we  have  r = 1 and  s=  -1  (subinclined  panel  in 
supersonic  flow).  Thus,  E is  a subsonic  edge  if  any  only  if 

[f * , T ' ] > 0 ( J.5.34) 
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if  and  only  if 


fc£2  " > 0 (J.5.35) 

if  and  only  if 

[<  t,  t >]  < 0 (0.5.36) 

Similarly,  E is  a supersonic  edge  when 

[<  t,  t >]  > 0 (J.5.37) 

Note  that  (J.5.29)  is  undefined  for  sonic  edges.  We  will  not  treat  them 
explicitly  in  this  section;  later  we  will  deal  with  them  by  a limiting  process. 

Since  the  definition  (J.5.29)  of  t ensures  that 

|<  t,  t >|  = 1 

we  obtain  the  normalization  conditions  on  t 


(subsonic  edges)  < t,  t > 
(supersonic  edges)  < t,  t > 


^ - -i 

+1 


(J.5.38) 
( J.5.39) 


Next,  the  edge  normal  n and  conormal  v are  defined  by 


n = 


v = 


(J.5.40) 


(J.5.41) 


It  is  wel2  to  note  that  n as  defined  by  (J.5.40)  is  an  outward  edqe  normal  to 
edge  E.  That  n is  normal  (i.e.  perpendicular)  to  edge  E follows  from  the 
computation 


n-t  = t„  tc  + (-t£t„)  = 0 ( J. 5.42) 

and  that  it  points  outward  follows  from  the  computation  (see  figure  5.22) 

(n  x = n£  - nn  ^ = t?  + V > 0 (J.5.43) 

Note  that  n x t points  out  of  the  page  (its  $ component  is  positive). 
Finally  we  note  that  for  any  vector  $,  the  following  relationship  holds  by 
virtue  of  the  definition  (J.5.41)  of 


J.5-6 


The  edge  distance  a and  the  edge  variable  v are  defined  by 


(0.5.45) 
( J.5.46) 


a = n *p  = < v,  p > 

V = < t,  p > 

where  p is  any  point  on  the  edge  E (see  figure  J.16  or  J.18).  The  number  a, 
of  course,  is  independent  of  which  point  along  the  edge  E is  used  to  compute 
it. 


Note  that  the  vectors  v and  t are  linearly  independent  (i.e., 
nonparallel).  This  fact  follows  from  the  computation 


(v  X t)^  = tn  - Vn  t£  = -tn2  + t£2 

= ± 1 

(J.5.47) 

by  (J. 5. 38-39).  Thus,  the  position  vector  p i 
combination  of  v and  t 

can  be  expressed  as  a 

linear 

p = r^  v + r2  t 

(J.5.48) 

Using  the  normalization  conditions 

< t,  t > = -(t^2  - tn2) 

-( J.5.49a) 

< v,  v > = -v^2  + vn  = -tn 

(J. 5.49b) 

and  the  orthogonality  condition 

< v,  t > = n • t = 0 

(J. 5.49c) 

we  can  solve  for  ri  and  r£  in  terms  of  a and 
product  of  (J.5.48)  with  v gives 

v.  Taking  the  pseudo 

inner 

a = < p,  v > = r\<  v,  v > = rj(t^2 

- *35) 

( J. 5. 50a) 

while  doing  the  same  thing  with  t yields 

v = < p,  t > = r2<  t,  t > = -r2(t£2 

( J.5.50b) 

Substituting  these  expressions  back  into  (J.5.48)  and  taking  account  of  the 
fact  that  t^2  - t2n  = ±1  we  obtain 

p = (H2  - tn2)  (a  v - v t) 

( J.5.51a) 

or,  using  (J. 5. 38-39) 

p = a v - v t 

(subsonic  edge) 

( J.5.51b) 

p = -a  v + v t 

(supersonic  edge) 

(J.5.51c) 

Equations  (J. 5. 50-51)  now  enable  us  to  relate  the  differential  of  the  edge 
variable,  dv,  to  the  differential  arc  length,  ds.  Differential  arc  lenqth  ds 
is  defined  by 


ds  = t • dp 

Using  (J. 5. 50-51)  we  then  find 
ds  = - it I dv 

= |t|dv 

Thus,  v decreases  along  subsonic  edges 

With  the  machinery  developed  above, 
which  edges  E intersect  the  region  H^. 
cases  of  subsonic  and  supersonic  edges 
subsonic  edge. 

J.5.2  Subsonic  Edges 


( J. 5.52) 

(subsonic  edge) 

(supersonic  edge)  ( J. 5.53) 

and  increases  along  supersonic  edges. 

we  are  now  in  a position  to  determine 
In  doing  this,  we  will  treat  the 
separately.  First,  we  treat  the 


For  E a subsonic  edge  with  tangent  t defined  by  ( J. 5.29) , we  define  an 
edge  coordinate  transformation  of  the  type  (J.5.9) 


p 


where 


A = 


se 


( J.5.54) 


(J.5.55) 


The  matrix  A defined  by  (J.5.55)  maps  the  region  Hh  into  itself  and 
preserves  the  pseudo-inner  product  < , > . The  coordinate  functions  s,  t 

may  be  easily  expressed  using  the  pseudo  inner  product  as  follows 


s = s^  (t^  - tn  pn)  = -S£  < t,  p > 

* = s£  ^-tn  + tC  pn)  = -S£  (n,  p)  = -s^  < v,  p > 


(J.5.56) 

Thus,  for  points  p lying  on  the  edge  E,  the  s and  t coordinates  are  given 


t = -a  s^  = cons.  (J.5.57) 


so  that  the  image  of  E under  A,  denoted  E,  is  a line  parallel  to  the  s axis, 
as  shown  in  figure  J.23. 
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Note  that  for  the  edge  E in  figure  J.23, 


= 1 

(*,  n)  < 0 


( J . 5 . 58 ; 


and  thus 


t = -a  > 0 ( J.5.59) 

A careful  examination  of  Figure  J.23  reveals  that  it  is  a fairly  easy  matter 
to  determine  if  an  edge  image  E has  any  points  lying  inside 
Hh  = f(s,  t)  | s < (t2  + h2)1'2^  Since  E is  parallel  to  the  s axis  and 
since  such  lines  can  intersect  the  boundary  of  % at  most  once,  E will  have 
points  lying  inside  if  and  only  if  one  of  the  image  end  points,  if-  or  p+, 
lies  inside  Hh.  Furthermore,  the  point  pc  at  which  the  edge  E either 
enters  or  exits  is  given. 


pc  - 


V J 


( J.5.60) 


The  point  pc  will  be  a point  of  exit  if  s^  = +1  and  a point  of  entry  if 

sc  - -1. 

Now  since  the  transformation  A is  invertible,  the  above  remarks  about  the 
image  edge  E can  yield  similar  statements  about  the  original  edge  E.  In  doing 
this,  we  must  relate  the  position  vector  p’  to  its  image  coordinates.  This  is 
done  by  combining  (J.5.57)  into  (J.5.51a)  to  obtain 


p = a v - v t = Sc(-tv+st) 


( J.5.61) 


With  this  connection  established  we  can  now  state  an  algorithm  for  determining 
if  a subsonic  edge  E intersects  the  region  H^. 

ALGORITHM:  Does  a subsonic  edge  E with  lower  and  upper  endpoints  p^  and  p+ 

intersect  Hh.  If  it  does,  compute  p^  and 
p^  appropriately. 


Assume 


-tr2  + t2  = -1 


Case  s 


(subsonic) 
P-  $Hh  and  p+  t Hh  — ► NO 
p-  cHh  or  p+  eHh  — ► YES 
= +1  (Edge  E leaves  H ) 

Pc 

pk  - p1 


( J.5.62) 


~+ 

pk  = 


( J- 5-63) 
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Case  s 


= -1  (Edge  E enters  H^) 

o£  = P+ 

pk  " 

where,  using  ( J. 5.60)  and  (0.5.61), 

pc  = (-tc  v + sc  t) 


( J.5.64) 


= a v - s 


t ^h^" 


+ a‘ 


(J.5.65) 


We  complete  our  discussion  of  subsonic  edges  by  developing  the  relation 
between  the  differential  of  the  edge  variable,  dv,  and  the  differential  of 
hyperbolic  phase,  dtf. 

We  define  the  angle  of  hyperbolic  rotation  X by 


X = tanh-1  (hu  = phh  ( |tc|,  sctn) 


( J.5.66) 


where  "hyperbolic  phase"  phh  is  defined  by  (see  J. 5. 22-23)) 


phh  (x,y)  = tanh-1  (1)  = i log 

x 2 


(3) 


Then,  the  matrix  A defined  by  (J.5.55)  is  given  by 
coshX  -si 
-sinhX  cosh' 


A = 


; i nh  X~j 

>sh  X J 


Substituting  this  expression  and  the  expression  (J.5.13)  for  p 
(J.5.54)  yields  for  p:  p = 


cosh  X 

-sinh  XT 

r-p  cosh 

sinh  X 

cosh  X J 

-p  sinh 

i. 

' 

( J.5.67) 


( J.5.68) 
into 


( J.5.69) 

Now,  for  points  lying  on  the  edge  E,  equation  (J.5.57)  gives  the  values  for 
the  s-t  coordinates,  combining  this  result  with  (J.5.69)  yields 


p = 


pi  . 1 

-s5V 

It  J 

-Srd 
1 S 

-p  cosh  (d-X)l 
-p  sinh  (tf-X)J 


(J.5.70) 
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Solving  equation  (J.5.70)  for  # and  p now  gives 


p = yv^  - 

4>  = tanh-1  (a/v)  + X (J.5.71) 

We  can  differentiate  the  second  of  these  quantities  to  obtain  dtf.  First,  we 
develop  two  differentiation  formulas  which  will  be  of  use. 

The  first  of  these  is 


!_  ph  (x(t),  y(t) ) = 

dt 

!_  tan-l  (Xill)  = 
dt  x(t) 

(after  some  algebra) 


(J.5.72) 


x dy  - y dx 
dt  dt 

x2  + y2  .( J.  5. 73) 

The  second  of  these  is 


<L  phh  ( x ( t ) , y(t))  = 

dt 

1_  i log  (ill) 
dt  2 x-y 

(J.5.74) 

= I (izl\ 

2 \x+y/  dt  \ x-y/ 

(J.5.75) 

= x - y 4* 

dt  dt 

x2  _ y2  ( J.5.76) 


Applying  (J.5.76)  to  (J.5.71),  and  noting  that  a is  a constant. 


dtf  _ -a  dv 
dv  dv 

v2  _ a2  (J.5.77) 
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and  thus 


dtf 


(J.5.78) 


A quantity  that  will  be  useful  in  our  computation  of  the  integrals  (J.5.1)  is 
the  value  of  v along  an  edge  E|<.  Taking  the  ratio  of  the  two  equations 
contained  in  (J.5.70)  yields 


v = v|<(0)  = a = 

tanh  (0  - X ) (J.5.79) 

(by  definition) 

a coth  (0  - x ) 

This  completes  our  study  of  subsonic  edges.  We  now  turn  to  the  treatment 
of  supersonic  edges. 

0.5.3  Supersonic  Edges 


For  E a supersonic  edge  with  tangent  t defined  by  ( J. 5.29) . we  define  an 
edge  coordinate  transformation  of  the  type  (J.5.9) 


(J.5.80) 


(J.5.81) 

sn  = sign  (t„) 

That  the  matrix  A so  defined  is  a hyperbolic  transformation  of  the  form 
(J.5.9)  follows  from  the  normalization  condition  for  t,  (J.5.39). 

- 4 - i. 
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For  a given  point  p*,  it  is  a trivial  matter  to  compute  the  corresponding  s t 
coordinate  functions.  Doing  this,  and  using  the  pseudo-inner  product,  we  find 


s 

t 


sn^npr  £ p n ) 


sn  n • p 


= Sn<v,  P> 


sn(-t^  0£  + tn  pn)  = Sn<t,  p> 


( J. 5.82) 


Taking  account  of  the  definitions  of  a and  v (J. 5. 45-46)  we  then  find  that, 
for  points  p on  E, 


= sn  a = cons. 


s 

' i 

t = sn  v (J.5.83) 

Thus  E,  the  image  of  E,  is  a line  parallel  to  the  t-axis  as  shown  in  fig.  J.24, 
Note  that  for  the  edge  illustrated  there, 

S 

( J.5.84) 


’n 
a = 


= -1 
p • n > 0 


and  thus 


sn  a < ° 


[ J.8.85) 


A careful  examination  of  fig.  J.24  reveals  that^the  imacje  edge  E can  have 
points  lying  inside  H^  even  when  neither  endpoint,  p nor  p-  lies  inside 
Hh.  In  particular,  this  can  happen  when  the  s coordinate  of  the  line  E 
satisfies  s * - |h|  and  the  t coordinate  function  has  opposite  signs  when  it 
is  evaluated  at  the  two  endpoints  of  E.  In  light  of  equation  (J.5.83)  this 
criterion  can  be  written 


E n is  not  empty  if 
s = an  a < - | h | and  t_  t+ 
where  v±  are  defined 

v±  = <t,  p > 


= v_  v+  < 0 


(J.5.87) 


Having  determined  whether  or  not  E intersects  H^,  we  now  seek  to 
determine  the  point  of  entry  or  exit  of  the  edge  E^  JUiy  such  entry  or  exit 
point  must  lie  on  the  boundary  of  H^,  that  is  its  s-t  coordinates  must 
satisfy 


- V-  = h2 

Invoking  the  conditions  (J.5.83)  for  points  on  E,  this  implies 
a 2 _ = h^ 


( J.5.88) 


or 


= vc  = Va2  - h2 


(J.5.89) 
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where  the  above  equation  defines  vc,  the  critical  value  of  the  edge 
variable.  Since  the  variable  v increases  along  supersonic  edges,  (by  virtue 
of  (J.5.53)  we  have  in  general 

v-  < v+  (J.5.90) 

Now  if  an  edge  E that  intersects  Hk  is  such  that  p-  { H^,  then  we  must 
have 


v-  < ~vc  (J.5.91) 

and  the  v-coordinate  of  point  of  entry  equal  to  — v 

Similarly,  if  E fl  Hh  * 0 but  ?+  < Hh , we  have 

v+  > vc  (J.5.92) 

and  the  v-coordinate  of  point  of  exit  equal  to  vc. 

As  in  the  case  of  subsonic  edges,  we  may  transform  these  observations 
about  supersonic  edges  back  into  the  s-t  coordinate  system  by  usinq  the 
identity  (J.5.51) 

p = -a  v + v t = -snsT+sntt  ( J.5.93) 

We  summarize  our  observations  with  the  following  algorithm. 


ALGORITHM:  Does  a supersonic  edge  E with  lower  and  upper  endpoints 


Assume 


p-  and  p+  intersect  H.  . 

h 


Pk  appropriately. 
2 2 

-t £ + = +1. 

^ n 


If  it  does,  compute  "pk  and 


Determination  if  E fl  H ^0 


p-  e Hh  or  p+  e Hh 


YES 


p-  e and  p+  e 


s a < -I hi  and  v v,  < 0 
n 11  - + - 


=►  YES 


otherwise:  NO 
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Determination  of  Endpoints:  If  the  result  of  the  above  performance  is  YES,  do 

the  f ol 1 owi ng 


if  pJ-  e H. 


if  ~p+  e H. 


then 

else 

then 

else 


Pl,  = p_ 


-a"  - vct 


pk 


= p"1 


-av  + vct 


We  complete  our  discussion  of  supersonic  edges  by  deriving  the 
relationship  between  dd  and  dv.  Proceeding  as  before,  we  now  define  X by 


X = tanh"1  (!§.)  = phh(|tn|,  snt^) 


( J. 5.94) 


A = 


With  this  definition  of  X , the  matrix  A of  (J.5.81)  can  be  written 

cosh  -sinhl 

L-sinh  coshj  (J.5.95) 

Proceeding  as  before,  we  obtain  the  following  relation  analagous  to  (J.5.70). 

f-p  cos(tf-X) 


p = 


-p  sinh(tf-X) 


1 


(J.5.96) 


Solving  for  p and  d then  yields 
p = ^a^  - v^ 

<b  = tanh~l  ( v/a)  + X 


( J.5.97) 


Differentiating  the  second  of  these  equations  yields  (by  (J. 5. 74-76)) 


dtf  = 


adv 


i2  _ v2 


(J.5.98) 


a relation  identical  to  (J.5.78).  Finally,  we  note  that  along  the  edge  Ek, 
v is  given  as  a function  of  hyperbolic  phase  by 

v = vk(tf)  = ak  tanh  U - X)  (J.5.99; 

This  completes  our  study  of  supersonic  edges. 
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0.5.4  Computation  of  the  Integrals 


We  conclude  our  discussion  of  the  geometry  of  the  hyperbola  by  using  our 
plethora  of  newly  defined  quantities  to  evaluate  the  integral  J 


J = XT  ds  dt 
r n Hh  r 


( J. 5 .100) 


A suitably  intricate  region  of  integration,  ZI'  fl  H^,,  is  diagrammed  in 
figures  J.25a  and  J.25b.  In  these  figures,  the  cross-hatched  regions  make 
positive  contributions  to  the  integral  while  shaded  regions  make  negative 
contributions.  In  Figures  J.25  this  corresponds  to  the  fact  that  dtf  > 0 along 
edges  1,2,3  and  4 while  dtf  < 0 on  edge  5. 

Transforming  the  integral  (J.5.100)  to  hyperbolic  polar  coordinates  (cf. 
(J.5.13)),  we  see  that  the  Jacobian  a(s,t)/a(p,  <t>)  of  the  transformation  is 
given  by 


a(s,  t) 
3(p>  0) 


-cosh  0 -p  sinh  <t> 

-sinh  0 -p  cosh  0 


The  determinant  of  this  jacobian  is  easily  computed 


(J.5.101) 


det  (a.(s»  t)  ) = p 

3 (p.  0)  ( J.5.102) 

since 

cosh2  <t>  - sinh2  0~1  (J.5.103) 

so  that  the  element  of  area  is  given  by 

ds  dt  = p dp  d0  (J.5.104) 

The  function  R,  given  by  (J.5.8),  may  be  represented  in  polar  coordinates  by 

R = Vp^  - h2  (J.5.105) 

Substituting  (J. 5. 104-105)  into  (J.5.100)  yields  for  J 

J = XT  p dP 

rnHh  p2  - h2  (J.5.106) 
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Now  using  the  definitions  given  above  it  is  easy  to  see  that  J can  be 
evaluated  as  follows 


n 0k  + 


j = £ / 

d<A  f o dp 

k.l  if 

O Vp^  - h^ 

(0.5. 107 ) 

where,  using  (J.5.71)  and  (J.5.97),  Pk 

(i)  is  given  by 

< 

' Vv k(‘)2  ■ ak 

subsonic  edges 

pk(*i  = 

^ak  " vk^ 

supersonic  edges 

and,  from  (0,5.79)  and  (J.5.99),  Vk(0) 

is  given  by 

[ ak  coth  (t  - X ) 

subsonic  edges 

VkU)  = 

J ak  tanh  (0  - X ) 

supersonic  edges 

(0.5.108) 

Performing  the  inner  integral  in  (J.5. 

107)  yields  for  0 

n 

*k+ 

j = £ 

J d^  -^Pk((6)2  - h2 

k=l 

h~ 

(J.5.110) 

Transforming  each  of  the  integrals  in  (J.5.110)  into  an  edge  integral  with 
respect  to  the  edge  variable  v,  we  have 


a2  - v2  (J.5.111) 

and 

n vk+ 

J = £ / aK  dV—  Rk(v) 

k=1  vk~  ak2  - v2  (J.5.112) 
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where  Rk(v)  is  defined 


^v^-a^-h2 

^k  (v)  = ^ok^  - h2  = I 

i ^2-v2-h2 


(subsonic  edges) 


(supersonic  edges) 


and  v£  are  defined  by  the  obvious  relations 


(J.5.113) 


Now  the  integral  / aRd,/(a2  - ,2)  can  be  evaluated  by  elementary  means, 
doing  this,  one  obtains  (see  the  integrals  J(X)  in  section  J.7.1) 


/ 


Rk  ak  dv 
ak2  - v2 


h ph(ak  Rk,  hv)  ak  tanh  ^(Rk/v)  (subsonic  case) 


= -h  ph(ak  Rk,  hv)  -ak  ph(v,  Rk) 


(supersonic  case) 
(J.5.115) 


Thus,  using  hyperbolic  coordinates, 
integrals  of  type  (J.5.1). 


it  is  a fairly  easy  matter  to  evaluate  the 
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J.6  The  Panel  Integral  Matrices 


In  this  section,  we  calculate  matrices  [S0]  and  [D0]  which  define  the 
perturbation  potential  and  velocity  induced  at  a control  point  by  a 
quadraticly  varying  source  strength  or  a cubicly  varying  doublet  strength  on  a 
convex,  planar,  polygonal  region  . These  are  (4x6)  and  (4x10)  matrices 
respectively,  defined  by  the  equations 


(J.6.1) 


(J.6. 2) 


Here,  the  perturbation  velocity  vs'  induced  by  the  source  strength  and  the 
regular  part  of  vq'  of  the  perturbation  velocity  induced  by  the  doublet 
strength  are  expressed  in  a local  (£',  n\£')  coordinate  system  (see.  section 
E.3)  with  the  property  that  E lies  in  the  plane  Q'  = 0,  and  the  compressible 
distance  R from  the  control  point  P to  the  point  of  integration  Q is  written 

R2  = [P-Q  , P-Q]  = r(£'-x')2  + s(n'-y')2  + rs(^'-z‘)2 


(J.6. 3) 


There  in  local  coordinates 

P = (x\  y',  2') 

Q = (£*,  n\  q ')  (J.6. 4) 

Now,  the  values  of  vj,  vq,  and  R are  independent  of  the  origin 
of  the  local  coordinate  system.  The  coefficients  a0,  onn,...,  y0,..., 
y of  the  source  and  doublet  polynomials  are  not,  however  (after  all,  oq 
an3ny0  are  the  source  and  doublet  strengths  at  the  origin).  We  define  S and 
D to  be  the  matrices  for  which  (J.6.1)  and  (J.6. 2)  hold  if  the  origin  of  the 
(£'♦  n' , C ' ) coordinate  system  is  the  point  (x',y’,0),  that  is,  the  projection 
of  P to  the  plane  containing  E . This  control  point  - dependent  coordinate 
system  origin  is  useful  for  computation  of  the  panel  integral  matrix.  In 
section  J.6. 6 we  compute  the  matrices  S0  and  D0  which  result  from  shifting 
the  origin  back  to  the  standard  one  which  is  independent  of  the  control  point 
location. 


J.  6-1 


J.6.1 


Prel imi nar ies 


J.6.1.1  Transformation  Rules 

Consider  the  reference  to  local  transformation, 
A:  X0 — ►X' 


(J.6.5) 


We  now  review  the  transformation  properties  of  various  quantities 
(see  section  E.3).  We  have 


R'  = [A]  R 

where  R = P - Q 

S'  . CA-T  ] S0 


( J.6.6) 

(J.6.7) 


where 


n' 


n*  dS1  = (det  A)  [A“T]  n dS 


and  dS'  = I dS 
J 


where 


dS*  = d^'dn' 

and  J is  the  area  Jacobian  (the  ratio  of  area  in  reference 
coordinates  to  area  in  local  coordinates).  Next, 


[B1]  = ss2 


s 


rs 


= A B0  AT 


[C*] 


5 J 


a-t  c0  a-1 


(J.6.8) 


(J.6.9) 


(J.6.10) 


(J.6.11) 


J.6-2 


V = B'V  = [B ' ] 


{a/ax 1 1 

a/ay ' l 
3/3Z* J 


= AV 


(J.6.12) 


We  also  define  Vq  and  Vq  as  gradient  operators  with  respect  to 
the  location  of  the  integration  point  Q whose  local  coordinates  are 
(£'  ,n\C)-  We  define 

G ' = Vq'  (1)  = [A]  G0 

R 


(J.6.13a) 


where 

G0  = Vq(I) 

R 

j.6.1.2  Transformation  of  the  Integrals 
Now,  recall  from  (B.0.1)  that 


( J.6. 13b) 


*s 

II 

1 

A |»“* 

//  o(Q)  ds 
E'flDp  R 

(0.6. 14a) 

= _ J 

< 

//  °(£'.  V)  dS' 

ETI  Dp  R 

( J . 6 . 14b ) 

= J <t>s' 

( J.6. 14c) 

where 

*s‘  = 

_ 1 //  «(£' » n'J  d r dn' 

< rnDp  r 

( J.6. 14d) 

Next, 

i // 

< E'n  Dp 

= 

u n . V(i)  dS 
R 

( J.6. 15a) 

l 

■ff  At*  n')  (aT  n'|  • Vq 
ETI  Dp  1 9 

(I)  dr'  dn' 

( J.6. 15b) 

<det  A 

R 

1 

//  At*  n')  (n  • G)  d£' 
E ‘n  Dp 

dn' 

Kdet  A 

(J.6.15C) 

0.6-3 


Now,  by  (E.3.90) 


det  A = b2 
and  so,  letting 

Ft  = J_g' 

e2 

we  have 

*0  = - $ v(f\  n')  n'  • H1  dr'dn' 

* z-nop  ^ 

Note  that 

I [B1 ] = s [C*] 

B2 

and  so  we  can  also  write 

H'  = s[C 1 ] V'q  (I) 

' R 

Next,  applying  (B.3.9), 

vs  = Vp  = [AT]Vp'  0S  = J[AT]  vs 

where 

V = Vp1  <t>  s'  = 

- i ^ °(£’>  n 1 ) Vp 1 (i)  dr'dn 

* rnop  k ^ 

= b ^ o(C>  n')  Vq'  (i)  dr'dn' 

* rnon  ^ r ^ 


Finally, 

V = b ^ x Vq  u)  X Vq  (i)  dS 
z'nop  R 


( 0.6. 16a) 

( J.6. 16b) 
(J.6.16C) 
(J.6.17) 

(J.6.18) 

(J.6.20) 

(J.6.21) 

(J.6.22) 

( J.6.23) 


J.6-4 


Applying  the  transformation  rule  for  cross  products  (E.1.12)  to 


we  obtain 

vq*’  = I det  (AT)  Xf  (A n 

* m Dp  B2 

= - I CAJ]  //  (V’q  x ft')  x 

K z*n  Dp 


dS * xVq*  w))  x (A-1  G') 

L ds1 
62 


- [AT]  v0'* 


(J. 

(J. 

(J. 


where 


VD 


★ 


-I  Xf  (V'q  U X n' ) x H'  dS' 
* mop 


(J. 


J.6.1.3  Singularity  Strength  Coefficients 

In  Section  J.6,  we  compute  the  quantities  <j>$,  <t>Q,  v$  and 
vq,  in  terms  of  the  coefficients  describing  the  source  and  doublet 
strength  on  the  panel.  We  now  introduce  some  notation  to  describe  the 
variation  in  singularity  strength. 


Let 


(J. 


(J. 


[I]  - 


CM]  = 


y nn 


(J. 


(J 


6.24) 

6.25) 

6.26) 

6.27) 

6.28) 

6.29) 

6.30) 

6.31) 
.6.32) 


J.6-5 


and  let  7*i  be  the  2x2x2  tensor 


^.,..1  = 

_w«n 

u£nn 

(J.6.33) 

u£nn 

u£nn 

unnn 

(J.6.34) 

Then, 

°(£'*  n')  = a0  + a"*"  p + 1/2  [E]  : [p  p"^]  (J.6.35) 


where 


p = 


(J.6.36) 


and  where  for  matrices  A and  B 


[A]  : [B]  - E A -j j B i j 
ij 


Simi larly 


u(C»  n')  = u0  + u1  p + 1/2  [M]:  [tf  pT] 


( j.6.37) 


+ 1/6  E fyijk  Pi  Pj  Pk 
i,j,k 


(J.6.38) 


J.6.1.4  Uniform  Formulas  for  Local  Variables 

Recall  from  sections  J.4  and  J.5  that  we  introduced  certain  expressions 
depending  on  an  edge  E^.  These  are  the  radius  vector 

'{•  - X'  1 

I 

p = 


n'  - r 


(J.6.39) 


(this  is  consistent  with  Section  J.6.1.3  if  the  local  coordinate  system  is 
centered  at  the  control  point)  with  "magnitude"  p satisfying 

p2  = (£'  - x')2  + rs(n ' - y')2  ( J .6.40) 


J.6-6 


the  height  h above  the  panel 

h = z 1 - £' 


(J.6.41) 


the  edge  tangent 


j -»+-»_ 

Tk  = ok  - Pk 


(J.6.42) 


where  o*  are  the  endpoints  of  Ek  (1  Dp,  the  normalized  edge  tangent 


tk  = 


Tk/|<Tk,  Tfc>|  1/2  - tk  'T 


(J.6.43) 


where  tk  is  a unit  edge  tangent,  and  for  vectors  a,b  we  define  <a,  b>  by 

<a,  b>  = rs  a^  b^  + an  bn  (J.6.44) 


the  edge  normal 


nk 


L-HJ 


the  edge  distance 


ak  = "k  • 


( J.6.45) 


( J.6.46) 


and  the  distance  along  the  edge 

vk  = <tk,  p> 

In  addition,  we  define  the  edge  type  indicator 

qk  = sign  [tk,  tk]  = rt^2  + st2  = s <tk,  tk> 

which  is  1 for  subsonic  edges,  -1  for  supersonic  edges,  the 
edge  conormal 

vk  = [G]nk 


( J.6.47) 


(J.6.48) 


( J.6.49) 


where 


rs 


[G]  = 


,] 


(J.6.50) 


J- 6-7 


and  the  edge  cotangent 

fk  = [G]t|<  (J.6.51) 

In  terms  of  these  definitions  we  have,  combining  (J.4.51), 

( J.5.50) , (J.5.51),  and  (J.6.49), 

pk  = qk  r ak  vk  + ak  s vk  tk  (J.6.52) 

From  (J.6.44)  and  (J.6.49)  we  have 

<vk,  vk>  = rs  t2  + t^2  = rs<tk , tk>  (J.6.53) 

From  (J.4.46)  and  (J.5.53)  we  obtain  the  differential  of  arc  length 

ds  = sq  |tk|  dv  (J.6.54) 

Next,  ^ 

<vk,  vk>  = <nk,  nk>  = t^2  + rst^ 

= rs<tk,  tk>  = rssq  = rq  (J.6.55) 

Further, 

<vk,  tk>  - < ^ (H)  > . 0 

\-lC  / , \lJ  ( J.6.56) 

Thus,  by  (J.6.52) 

2 2 

<V  Pk>  = a k <vk,  vk>  + v k <tk,  tk> 

= r9k  a2k  + s9k  v2k  (J.6.57) 

So, 

°2k  - rs<V  V - s«k  a2k  + rC|k  v2k  (J.6.58) 

Finally, 

r2  = r{£,  x')2  + s ( n ' - y')2  + rs( - z')2 

= rp2  + rsh2  = 

9 o 

rscIk  a k + \ * k + rsh2  (J.6.59) 

The  above  results  will  be  used  extensively  in  the  following  sections. 


J.6-8 


J.6.1.5  Differentiation  Formulas 


Now  we  introduce 


Many  of  our  formulas  will  be  terms  of  an  interested  reader  may  compute  the 
equations  which  would  result  if  1/R  were  replaced  by  a different  expression 
such  as  the  Helmholtz  kernel  eiwR  / R. 


We  now  derive  some  integration  and 


which  will  be 

useful . 

First 

_ 3_ 

3R  = 

K' 

3R 

K' 

(by  (J.6.41) 

and  (J.6.59)) 

3 

(-rsh  ) 

3R 

R 

Simi larly, 

3^ 

_ ^ 

3R 

3 P 

3R 

3 P 

By  (J.6.59), 

2RdR 

= 2r  p 

dp 

and  so 

3^ 

= IP 

a4> 

3 P 

R 

3R 

Thus, 

34; 

= -sh  zi>_ 

ac 

P 

3 P 

differentiation  formulas  concerning  4> 

(J.6.61) 

( J.6.62) 

(J.6.63) 

(J.6.64) 

(J.6.65) 

(J.6.66) 


Next,  defining 


(J. 6. 39-40)  yield 
V2,q(p2)  = 2rs, 


or 


Thus, 


and 


2,Q  (p)  = rSp 

p 


2,Q  (40  = IS£_  3<|>/3( 

p 


» i*  . -Shg  a*  _ h J; 

3C  ~ — “ rh  2.0  + 


P 3 p 

Finally,  let  us  introduce 

R 

X(R)  = J R ^(R)  dR 
o 


Then 

-^  = iX  - R (l£)  . rp* 

3p  3R  3 p R 

THis  concludes  our  derivation  of  preliminary  integral  formulas. 
J-6.2  Source  Potential  and  Velocity 

terms  of  cerUiJ’fldl^^  S definin9  *s  and  v*  in 

J.6.2.1  Source  Potential 
From  (J.6.18), 

*'s  = rV5'' n,)  d?l  d"' 


= (by  (J.6.35)) 

~ ^ ( XT  pq  dS'  +SfoTp  dS * + j SS  [I] 


[p  pt]  dS 1 ) 


(J.6.68) 
( J.6.69) 
(J.6. 70a) 
( J.6.705) 


(J.6.71) 


(J.6.72) 


(J.6.73) 


(J.6.74) 


J. 6-10 


Here  we  have  used  the  fact  that  the  coordinate  system  is  centered  on  the 
projection  of  the  control  point  to  the  panel,  and  thus 


c* 


p 


I 

n 


(J.6.75) 


So, 

K 


O0  (-1  J/4»dS') 

K 


* oT 


dS'j + 1/2  [I]:  [-IJJp  pT  *dS'] 


( J.6.76) 


Using  (J.6.69)  and  (J.6.72), 

XT  p4>  ds1  = //  £.  (p4>  ) dS 1 

r r 

= JJ  (rs  V2,q‘  p)  £|f-)  = 

s/f02,Q'  dS'  * s(,  -^-Xds 

r.  3L  I v I 


(J.6.77) 

(J.6.78) 


Equation  (J.6.78)  is  obtained  by  using  the  two-dimensional  version  of 
Gauss'  theorem;  if  f is  any  function  on  a planar  region 


//  vf  dS  = / J_  f ds 

E aE*  Ini 

Applying  [G]  to  (J.6.79),  and  noting  that 
Ivl  = Ini 

we  obtain 

f v2'  f dS  = / J-  f ds 

l aE’  Ivl 

Finally,  using  (J.6.69)  and  (J.6.72), 

Vp  X = & V2  p = p 

and  thus 

JJ  t pT4<  dS'  = s JJ  t V2,TX  ds 
t 


(J.6.79) 


( J.6.80) 


( J.6.81) 


( J.6.82) 


( J.6.83) 


J. 6-11 


Combining  (J. 6. 76-78)  and  (J.6.83),  we  obtain 

= °0(-  I JJ'l'dS' ) 

+ aT(  - 1 / tfX  ds_) 

< 3j.  ivi 

- [I]:  //  t V-  Tx 

2<  Z' 

J.6.2.2  Tangential  Source  Velocity 
Now,  from  (J.6.22)  and  (J.6.35) 

V =7"  «(£',  n')  dS' 


dS'  ] 


where 


v Q = 


f 3/aC] 

r _i  i 
Vo  n 

) a/an  * 

' - 

2,Q 

l 3/3C  . 

. 3/3C  . 

So, 

vs,£,  n = //  °V2  n4»  dS1 

t 

Applying  (J.6.35) 


IS-  //  * 


^ " V2iQ  * dS'  * 


i C J!f  (V2,Q  * ) »T  dS'  1 * 

E -L  ( //  Pi  Pj(v^  Q )|c 4»  dS* ) Cz] -j  j 

1,J  2<  J 


Now,  applying  (J.6.79) 

{{%  ^ dS  = / n4>  _ds_ 

^ 1 Ini 


( J.6.84) 


( J.6.85) 


( J.6.86) 


(J.6.87) 


( J.6.88) 


( J.6.89) 


J . 6—12 


To  compute  the  second  term  of  (J.6.86),  we  extend  (J.6.79)  to 
a product  fg  of  functions  to  obtain 

ff  v(fg)  dS  = //  (f^g  + g^f)dS 

r t 

= X fg  rc  ds 


(J.6.91) 


We  thus  obtain  the  general  two  dimensional  integration  by  parts  formula 


XX  f ^7  g dS  = X fg  — ds  -Xfg^^dS 
z'  3 1 r 


(J.6.92) 


For  later  use,  note  that  applying  the  definitions  of  V2,V2>  p> 
(equations  (J.6.67),  (J.6.36),  and  (J.6.50)) 

(f  fV2  g dS  = / fg  ds  -ffgVf  dS 

t*'  sE  I v I E 


and  [G] 


(J.6.93) 


Now,  applying  (J.6.92) 

J/V2,Q^TdS'  = 

X JL  ds  - W 4>[I]  dS ' 

ar  Ini  V 


(J.6.94) 


since 


1 0 
0 1 


( J.6.95) 


Substituting  (J.6.89)  and  (J.6.94)  in  (J.6.88), 

f's£,V  - 4-  (|£.  " *rr)°° 

♦it  J i? rT ds] t - 1 (|f  *ds-i  ■? 

< a£'  lnl  K L 

+ E — ( XX  Pi  Pj  CElij 

u 2<  r 


J.6.2.3  Normal  Source  Velocity 


Finally 


v' 


1 fl  a ll  dS*  - 

K r sc1 


(J.6.96) 


( J.6.97) 


J.6-13 


(using  J.6.66) 


-sh 


ff 


_ 1 3^  . , 

kr  0 7 — ds  = 

P 3 p 


(by  J.6.35) 


> — sh  JJ  1 3^ 

r 

- i r ^ // 
r 


sh  JJ  3j^_ 


JJ  f ~ «*)  a0-  ^ JJ  dS*  S 

* n'  P dp  u t.  < , P 3 p 


2 ^ < 


Now,  by  (J.6.70),  (J.6.79)  and  multiplication  by  [G]  , 


JX  jl  it  dS.  . I 

£•  p 3p  3E 


. rs  V^q't  ds 


= rs 

aZ* 


ds 


Next,  by  (J.6.70) 

[p  pT]  7 ij  dS‘  = rs^'2,Q  ) PT  dS1 

= (using  the  integration  by  parts  formula  (J.6.93)) 


rs 


,r  tj r »T  ds  - rs  {/  v^Q  ?T  dS. 


= rs 


aZ' 


- T ff 

f^T  pTds  - rs  JJ  i>  [S]  dS' 


since 


V2>Q'  #T  . 


P ' = 


rs  3/3£’ 
3/3n‘ 


3'  "1 


rs 

0 


O' 

1. 


= [G] 


( J.6.98) 
(J.6.99) 

(J.6.100) 

(J.6.101) 

(J.6.102) 

(J.6.103) 

(J.6.104) 

(J.6.105) 


J. 6—14 


Combining 

(J. 6. 99-104), 

we 

have 

^ W 

■5  w 
1 

II 

1. 

p 

4 dS' 

3P 

) 00 

rh  I 4 

j -*T 

ds 

-k 

- 4 

) v 1 

w 

0 

+ r4  it 

ds  , 

w ] 

: [I] 

♦ (i  it 
'2  < 

Jf 

i 

dS') 

[G]  : 

CD] 

J.6.3  Doublet  Potential  and  Velocity 


J.6.3.1  Doublet  Potential 


From  (J.6.10)  and  (J.6.18) 

^D'  = t un'T  [C’Ivq'I'  dS‘ 
L 

= (applying  (J.6.7)  and  (J.6.11)) 


I //„  i* 


K t »?' 
= (applying  (J.6.66)) 


dS' 


If  „ i |4  os'  = 
^ r It  dS' ) »o 


i p 3 p 


-rsh  ff  £ ^ 3^ 


Lr 


3 P 


dS'j 


4?1  [ I dS'i : w 

//  oj  Pj  Ok  J |f  dS'J  1^ijk 


T< 

-rsh 

6< 


E 

ijk 


The  first  three  integrals  are  identical  to  those  arising  in  the 
VS  and  thus  we  need  only  consider  the  fourth  integral. 


(J.6.106) 


(J.6.107) 

(J.6.108) 

(J.6.109) 


(J.6.110) 
evaluation  of 


J . 6—15 


Now,  using  (J.6.70) 


ff  1 3i); 

•M  01  PJ  Pk  7 T7  dS'  = 

rs  //  Pi  Pj  (V'  n)k  dS* 

t 


(J.6.111) 


Now,  substituting  equations  (J.6.100),  (J.6.103),  and  (J.6.111)  in 
(J.6.11),  we  obtain 


-rsh 

< 


ff  I 3^ 


£'  0 3 P 


dS1 ) UQ 


h f 

<-  < a£ ' 


u 


2<  L 


,£.  * 1$^]  : w 


♦ 5k  ( "*  US')  [G]  : [H] 

E 

“5c  ijjk  pipJ  ^2,Q)k  ^dS,)^ijk 
J.6.3.2  Tangential  Doublet  Velocity 


(J.6.114) 


Combining  (J.6.7),  (J.6.18),  and  (J.6.28),  we  have 


VD  = 


.1 

K 


73u/3C'\ 

( 3w/3n ' ) 


/rs  a^/a^'  \ 
x ( a4»/3n'  ) dS  * 

V a4»/3;'/ 


fr 

3 u / 3 n ' 1 

(Vs  a4>/3£'1 

JJ 

-3W/3C  I 

x 1 a4»/3n'| 

dS* 

t 

o J 

[ ra^/a^'J 

(J.6.115) 

1 


K 


-r( 3w/3^'  )(a4»/3C' ) 

-r(aM/an'  )(a\|>/aC ) 

( au/ an ' )(a\i»/3n' ) 
rs  (3w/3£')(a  /a£') 


dS ' 


0 - 6—16 


if  if  ds' 
[i  ff  v^q.  • ds' 


In  particular 


i !S  * 


vd  - k ::  (v2,qm)  It  dS' 


Applying  (J.6.38)  and  (J.6.66) 
_ -rsh  //  1 a4> 

VD,^,n  < £'  p 3p 


|v2,Q  uo  + lV2,QpT  ]^  + \ V2,q  ([ppT]:[M]) 

+ fV2,Q  ( £ PiPjOkThij-k) 


(J.6.116) 


(J.6.117) 


(J.6.118) 


= (applying  (J.6.90)) 


rsh 

< 

(//I 
r p 

iiosMi- 

rsh 

K 

//I 

£ p 

a4» 

3p 

[M]  (5  dS ’ 

rsh 
“ 6tc 

E (//l  i-010j 

i,j  r'  p 3p  J 

dS' ) 

i,j+ 

1 J • ) J 1 5 X. 

(J.6.119) 

Inspection  of 

(J.6.33)  and 

(J.6.34)  shows  that 

^1.1.0 

,j 

,j,l 

(J.6.120) 

and  simi larly 

for 

i and  thus 

* 1 > J 

~^.,i,j 

j ^ 

i = 3ft 

> J ? ♦ U > 

i,j 

(J. 6.121) 
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Now,  substituting  (J.6.100),  (J.6.103),  and  (J.6.121)  in  (J.6.119),  we  obtain 
-»  i*  rsh  J*f  1 3\b 

vDU',n'  = " — JJ  ~ ^ 


£'  P 3 0 


- e Cm]  f 


si'  T7T  ds  ‘ 2F  (' j ds 


2 < 


(r*dS')  u CG1,J  h-.'.j} 


J.6.3.3  Normal  Doublet  Velocity 
By  (J.6.116), 


VD,C*  = 4 1 (^,Q  m)  • ($>,Q*)dS' 


• * 


Applying  (J.6.38)  and  (J.6.70) 

*»!{'  = ‘ ? i J ^ f£  “S' 


^ *S.Q.l  <%k>  ^ 


(J.6.122) 


(J.6.123) 


3^ 

3p 


dS' 


(J.6.124) 


Applying  (J.2.90) 

"tI  ?k  ff  (4ik»j»k  * «1j0i»k)  J-0dS'  [N](j 

E 

* F ij?!  *^dS'  (6ilpJpk  + 6j  1 p i pk  + «kl Pi pj ) ^ijk  ~ f- 

£ 

(J.6.125) 
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Using  the  definition  of  the  delta  function, 


vD,C 


ui 


S •?*  oiPJ  p 17  dS'  [M]iJ 


ij 

L» 

s.  E // 

2<  ijk 


. . , 1 34»  ri<-,7h. 

PlPJPk  7 17  db  (lJk 


Substituting  (J.6.70)  into  (J.6.126), 


VD 


!c  - - h ? f M,  * dS' 

La 

-i  ?.  //  Pi  <$,q)  j+  dS-  [H],j 


- 1 .£  //  PiPi  (72, q)  k dS'  W)  ijk 

ijk  .. 


2< 


Applying  (J.6.81),  (J.6.93),  and  (J. 6. 104-105) , 
\ * if  \b  dS  ‘ "m 

v°-2  - - * fW* 

-i  [ />T  & : [M] 


♦ I // 
K r 


4>  dS*  [G]  : [M] 

-J-  E JJ  PiPj  C^2,Q)  k 'f  dS-  O^ijk 
i , j » k r* 


(J.6.126) 


(J-6.127) 


(J.6.128) 


J.6.4  Reduction  to  Fundamental  Integrals 

In  this  section,  we  will  see  that  the  entries  of  the  matrices  S and  D, 
describing  source  and  doublet  potential  and  velocity,  are  all  combinations  of 
a small  number  of  fundamental  integrals. 


J.  6-19 


J.6.4.1  Definition  of  the  Integrals 
We  define  the  integrals  as  follows, 


a sh  JJ  1 ajj» 

£'  o 3o 

b =~~  ^ dS' 

r 

,{'A*ds 


dS1 


b = 


.-S  / 


aZ 1 


-»  v ds 

v x w 


[B]=  * /•  ifr1"  ds-^(  fi*dS')  in 


K aZ 

where  I is  the  identity  matrix. 


[F]  - \ | * dS' 

Finally,  let  H be  the  2x2x2  tensor 

Hijk  = 7 ^ PiPj  $2 i Q ) k ^ dS‘ 

J.6.4.2  Source  Potential  and  Velocity 
Applying  the  above  to  (J.6.84),  we  see 
<t>S'  = bo0  + b^o  - 1/2  [F]  : [£] 


From  (J.6.96)  we  get 

»0  * + CB]tf  * £ £ [EG.,,  H,  j,  ]E,  j 

since 


[G]V2,q  =V2,q 


(J.6.129) 

(J.6.130) 

(J.6.131) 

(J.6.132) 

(J.6.133) 

(J.6.134) 

(J.6.135) 

(J.6.136) 

(J.6.137) 

(J.6.138) 
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Finally,  (J.6.106)  yields 
v$5£  = a ao  - fh  (GaJ  a 

[GB]  : [E]  (J.6.139) 

With  a few  simple  definitions,  we  can  write  down  the  matrix  [S]  such  that 


*s' 

OQ  " 

V*  c'  1 

► = [S] 

°n 

(J.6.140) 

s,S , n 
» 

4 

aaU\ 

► 

vs  C 

l°nn. 

First,  for  a (2x2)  matrix  [A],  let  LAJ3  be  the  row  vector  of  length  3: 


A,  3 = lA11  (a12  + a21  ) a22j 


(J.6.141) 


For  a (2x2x2)  tensor  {t}  , let  4 be  the  row  vector  of  length  4: 

Jj4  = Jill  (t112  + t121  + T211 ) (T 122  + T212  + T22l)  T222_J  (0.6.142) 


and  let  [T^ ] (k  = 1 or  2)  be  the  2x2  matrix 

[Tk3ij  = (T)ijk 

We  easily  see  that  if  [A]  is  a 2x2  matrix. 


(J.6.143) 


Jnn 


[A]  : [E]  = A 3 

Thus,  from  (J.6.136) 

4'S  = ba0  + b'a  - 2 J 3 

and  by  ( J.6. 139) 

v's  r'  = aag  - rh[G]  a^a 


rh  ra 

~ lGB,  3 


(J.6.144) 


(J.6.145) 


°nn 


(J.6.146) 
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Finally,  we  note  that 


E Gn  H-j j i = rs[Hj] 


(0.6.147) 


whi  le 


1 

Thus, 


E G2i  Hi j i = [H2] 


ijl 


G11  Hi  j 1 ^ij  - rs  3 


'nn 


while 


ij 


g2  1 Hi j 1 ij  =,H2j  3 


r a ' 


M 


nn 


Applying  (J. 6. 149-150) 


i 1 


a0a  + [B]  a 


rsuHL  3 
lH2j  3 


2x3 


7nn 


Substituting  (J. 6. 145-146)  and  (J.6.151)  into  (J.6.140), 

1 2 3 


1 


[S]  = 


rS  u 

2 cHli  3 


1 

7 


hr  (G"a)T 


_±h2,_3_ 
~T  ,GBj3 


(J.6.148) 


(J.6.149) 


(J.6.150) 


(J.6.151) 


(J.6.152) 
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J.6.4.3  Doublet  Potential  and  Velocity 

Applying  (J. 6. 129-135)  to  (J.6.114),  we  see  that 

= ra  uq  - h (Ga)"'"  u - j [GB]  : [M] 


7T  £ Hi jk^li jk 


6 ijk 

Next,  from  (J.6.122),  we  obtain 

v^'>n'  = ra  Tt  - h[M]  (Ga) 


(J.6.153) 


,S) 


TJ 


(J.6.154) 


Finally,  from  (J.6.128), 

= - (Ga)T  y - [GB]  : [M] 

- 7 ^ Hijk^lijk 

* i.j.k 


(J.6.155) 


Now,  recalling  the  definition  (J. 6. 33-34)  of7\,  we  see  that  if  T is  a 
2x2x2  tensor, 


'*  ^ijk^ijk  - Jj4 

ijk 


(J.6.156) 


where  J_,4  is  defined  by  (J.6.142). 

Now,  applying  (J.6.156)  and  the  doublet  equivalent  of  (J.6.144)  to  (J.6.153), 
we  have 

<t ' 0 = rawg  - h (Ga)^ 


h 

JjBj  3 < 

V 

> 6 cHj  4 

4 

, pnn  J 

t Mnnn  * 


(J.6.157) 
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Next,  expanding  (J.6.154)  into  two  equations, 
v’D,£  = ra  - h Z Mi j (6a) j 

2 1 j tG8]ij  i 5 j 

= (using  the  definitions  (J. 6. 32-34)  of  M and  ty  ) 


ra  - h(Ga)T 


U^J 


7 .gbj3  I 


u^n 

u£nn 


Simi larly. 


v'D,n'  - ra  un  - h E M3j  (Ga)j  - j [GB ] i j^)2 i j 


ij 


ra  p - h (Ga)T  1^1 
I unn 


te)  ^-g8j  3(rl 

V J V Mnnn^ 


( J • 


(J. 


(J. 

(J. 


Finally,  applying  (J.6.156)  and  the  doublet  equivalent  of  (J.6.144)  to 
(J.6.155), 


So,  we  can  now  write  down  the  matrix  [D]  such  that 


rM0  1 

UC 

V * r ' 1 

£ »n 

► = [D] 

H 

• 

kvD,C\ 

unnn 

( J • 


(J. 


6.158) 

6.159) 

6.160) 
6.161) 


6.162) 

6.163) 
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From  (J.6.157),  (J.6.159),  (J.6.161),  and  (J.6.162),  we  have  [D]4x10  = 


1 

2 

3 

4 

1 

r a 

-h  (Ga)  T 

- | .SB,  3 

A* 

2 

0 

ra[I] 

I 

-h  (Ga)T  I 0 

1 

| 

1 

- 7 .GB,  3 1 0 

1 

I 

0 | -h(Ga)T 

1 

0 1 - If  .SB,  3 

1 

1 

o 

- (Ga)T 

1 

- .SB,  3 | 

LHj4 

(J.6.164) 


J.6.5  The  Fundamental  Integrals  in  Terms  of  Panel  and  Edge  Functions 

The  seven  fundamental  integrals  which  define  the  entries  of  the  matrices 
[S]  and  [D]  can  themselves  be  reduced  to  simpler  expressions.  The  only 
integrals  involved  in  these  expression  are  a single  "panel  function"  and  one 
"edge  function"  for  each  edge  of  the  region. 


J.6.5.1  Computation  of  a. 

By  (J.6.129), 

, . it  XT  i at  ds' 


a = 


V 


3p 


(J.6.I65) 


Thus,  for  subsonic  flow  and  superinclined  panels 


a 


sh 

K 


h+  W) 

L / d*  J 

edges  ^ o 


pdp 

p 


3^ 

3p 


(J.6.166) 


by  (J. 4. 56-57)  and  (J.4.60). 

Note  that  this  integral  is  always  finite  unless  the  control  point  lies  on 
the  panel  edge. 


J . 6—25 


Now, 


W)  a4* 

/ jfd°  -*0>k<*» 
0 


«*(P|c(*»  -TTT 


Thus, 


f E ?♦« 

* edges  J 
*lc 


sh  / 2n  p , 
< l_  I hi  L®' 


where  C@  is  defined  by  (J.4.30) 


For  subinclined  panels, 

^ - (cf. (0.5.104)) 


sh  Pk(4)  ,l, 

-%\S*S 

«ik-  I hi 


(J.6.169) 


Unlike  the  integral  J.6.166,  we  will  see  shortly  that  this  integral  is  in  fact 
infinite.  We  have 


r 

- f ^ J <»  (*-7> 


Pk(*) 


K dk  , , K 

= - — e f d#  - 1];  f i d« 

K k=l  J e»0  J e v 

**  **  (J. 6. 170b; 

We  now  evaluate  the  first  term  of  this  integral,  which  is  the  "finite 
part".  We  discard  the  second  term,  or  "infinite  part",  for  reasons  discussed 
in  section  J.6.7.  Thus,  setting  C#  = 0 for  subinclined  panels,  we  always  have 


cf  S e.] 


(J.6.171) 
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Setting 


h 

jk  (4»)  = J dd 

and  J = l hJk(4>)  - 2ir  sign(h)  C0 

k 

we  have 

s 

a = - k J 


The  function  J is  called  the  panel  function. 


J.6.5.2  Computation  of  b. 
By  (J.6.130), 

b = h ff  dS‘ 

E' 


Thus 

. h+  Pk(^) 

b » - — E j d d / 'I'pdtf 
k *k-  Ihl 

Now,  by  (J.6.72) 

J" pty  dp  = rX  = rR 


and  thus'  for  subsonic  flow  or  superinclined  panels 


b = - £ E J dd  (R  - Ihl  ) 

h~ 


^ k 

= [ l j Rd0  - 2 it  Ihl  C0] 

*k~ 


(J.6.172) 

(J.6.173) 

(J.6.174) 


(J.6.175) 

(J.6.176) 

(J.6.177) 

(J.6.178) 

(J.6.179) 
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since  R = Ihl  when  p = 0 and  thus 
Pk(4) 

, , odp  ~ r(R-  lhl  ) ( J.6. 180) 

I h| 


For  subinclined  panels,  R = 0 when  p = |h|,  and  thus 

l *k+ 

b = ic  k / Rd0 

V 


(J.6.181) 


Thus  b is  defined  in  all  cases  by  (J.6.179)  by  setting  C©  = 0 for  subinclined 
panels. 


J.6.5.3  Computation  of  a. 

By  (J.6.131), 

- 1 f n , 

a = - rp  J -j— r-  ds 
< aZ,  ln| 


(J.6.182) 


Applying  (J.6.54),  and  noting  from  (J.6.45)  that  |t|  = |n|  , we  have 

C Vk  + 

* = i?  k edge  n sq4^  dv  = ^ ? nk  qk  / 4>  dv 


vk‘ 


(J.6.183) 


Defining 


we  have 


vk 

Ik  = / 4*  dv 

vk~ 


a*  » | k "k  flk  Ik 


(J.6.184) 


(J.6.185) 


J.6.5.4  Computation  of  b. 
By  (J.6.132), 


b = -4 


al' 


V X ds  = 


-1  r „ 
~k  Z vk  qk 
* k 


vk 

/ 

V 


Rdv 


(J.6.186) 


J.6-28 


= (by  (J.6.54)) 


-7  f vsqxdv 
aE' 


-1  E ^ _ 

< k vk  qk 


vk 

/ 

vk‘ 


Rdv 


Integrating  by  parts, 


J Rdv  = Rv  - J v 1^-  dv 


where  (by  J.6.59) 


2R  ]B-  « 2qv 


Thus 


vk 

j*  Rdv  = [Rv] 
vk- 


Vk 

vk' 


= (once  again  applying  (0.6.59)) 


Vk 

/ t v2dv 

vk" 


[Rv] 


vk 

Vk' 


vk  r2-  rsq^a^-  rsh? 

/ nr dv 


Vk' 


Collecting  terms, 

vk+ 

2 / Rdv 

Vk- 


= [Rv] 


vk  vk  rsqk  au^  + rsh^ 

+ / K \ dv 


R 


Vk' 


Vk' 


Substituting  (J.6.184)  and  (J.6.194)  in  (J.6.189) 

b - ^ l vk  qk  a(Rv)  - \ vk  (ak2  + Qk*2)  Ik 

where,  for  any  quantity  f,  we  define 
Af  = f(vk+)  - f(Vk) 

J.6.5.5  Computation  of  B 

By  ( J .6. 130)  and  (J.6.133), 

CB]  - b [I]  + i [.  ds 


(J.6.189) 

(J.6.190) 

(J.6.191) 

(J.6.192) 

(J.6.193) 

(J.6.194) 

( J.6.195) 
(J.6.196) 

(J.6.197) 
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Applying  (J.6.52)  and  (J.6.54) 


[6]  - b[I] 


vk 


S nk«l»  (qkrakvkT  + qksv  tkT)  qk  s dv 


vk' 


By  (J.6.191), 

aR  .1, 

— = q vf 
av  H 


(J.6.198) 


(J.6.199) 


and  thus 


^ T 


[B]  = b[ I ] + nk  ak  vk 


vk 


/ 4»dv  + i l qk  rtk  tkT  AR 
vk~ 


(0.6.200) 


= (using  (J.6.184)) 

b[I]  + “ k nk  ak  vkT  Ik  + ^ k 9k  nk  tkT  aR 

J.6.5.6  Computation  of  F 
By  (J.6.134), 


(J.6.201) 


[F]  -£  fl  Sv;Tn*  ds 


(0.6.202) 


(using  J.6.93) 

< /r.sT3rXds  - 1 -ff x V2>Q  sT 


dS 


aE  ' r 

= (applying  (J.6.52)  and  (J.6.54)) 
vk+ 

| k / (qk  r ak  Vk  + qk  svk  tk)  \J  X s qk  dv  - | ( Xf  X dS ' ) [6] 
vk-  E 


(0.6.203) 


( J.6.204) 


We  first  compute 


// 

r 


X dS1 


We  compute  the  integral  using  either  circular  cylindrical  or  hyperbolic 
cylindrical  coordinates.  In  the  derivation  that  follows,  we  assume  that 
|h|  > 0 so  that  we  need  not  concern  ourselves  with  the  problem  that  hyperbolic 
phase  becomes  unbound  on  the  lines  ( £'  - x'  ) = + (n'  - y' ).  The  upper 


J.6-30 


limit  of  integration  with  respect  to  p is  Pk  (tf);  the  lower  limit  is  0,  |h| 
or  0 in  accordance  with  whether  s = +1,  rs  = -1,  or  r = -1.  We  write  then, 


//  X dS' 


z 

k 


*k  + 

/ dtf 

h~ 


rR3 

3 


P (<t>) 

= 0 or  |h| 


Z 

k 


*k  + 

J dd 

h~ 


rR3 

T 


P(*) 

= 0 or  |h| 


(0.6.205) 


( J.6.206) 


*k+ 

7 k S « 


Now  the  sum  over  k in  equation  (J.6.207)  is  over  all  segments  of  the  boundary 
of  Z,  aZ  , both  straight  and  curved  segments.  On  curved  segments  R = 0 so 
that  we  may  write 


R3  - |h|  31 
or 

R3 


(J.6.207) 


JJ  X dS ' 


E 

edges  k 


h+ 

/ 

^k 


R3  d<j>  - |hp  . 2 tt  C0 


( J.6.208) 


We  now  examine  integrals  of  the  form  / R3  d$.  Transforming  this  integral 
into  an  integral  with  respect  to  v,  the  intrinsic  edge  variable,  we  find 
(using  (J.4.66),  (J.5.78),  and  (J.5.98))  that 


/ RJ  d* 

0~ 


adv 


v 

^ a2  + rsv2 
v~ 


R3  = 


v 

/ 

V" 


— — — j R [qrs  (a2  + rsv2)  + rsh2] 
a2  + rsv^ 

(J.6.209) 


o ddV  n 

= aqrs  J Rdv  + rsh2  / * - —j  R = 


ac  + r sv£ 


y V j 2 V 

aqrs  f Rdv  + rsh2  [aqrs  J + rsh  J 

v-  V v 


Oef ining 

= ra3  + rqh3,  and  J*Rdv  = I (X)  = [Rv  + sqg^  I (40] 


adv  -i 

(a2  + rsv2)RJ 


(J.6.210) 


( J.6.211) 


J . 6—31 


(see  J.6.194) 


(J.6.212) 


where  f -jp-  = I (4*) 


and 


/adv  dD  -,/iv 

(a2  * rsv2lR  ' IT  ' JW 


( J .6.213) 


we  find  that 


J R^d0  = [aqrs  I (X)  + (aqrs)  rsh?  1(4))  + h4  J (40J 

r 


(J.6.214) 


Substituting  this  expression  into  (J.6.208)  and  recalling  the  definition 
(J.6.173)  of  the  panel  function  J we  find 


XT X ds  = 4 (h2  J + £ aqrs) 


(J.6.215) 


Recalling  the  computed  values  (J.6.179)  and  (J.6.181)  of  b,  the  integral 
JjXdS  can  be  written 


J/X  dS  = 4 (h2  (-^-)  + rs  I aq  I (X) 


( J.6.216) 


°r  XT X dS  = — h2<  b + -|  aq  I(X) 
Applying  (J.6.212)  and  (J.6.194) 


I(X) 


= } Rdv  = y a(rv)  + \ x ma-V--rsh2 

/ — W—  ii- 


dv 


(J.6.217) 


(J. 6. 218a) 


= ^ a(Rv)  + 2 (rsqa2  + rsh2)  I(4>) 


by  (J.6.212). 


(J. 6. 218b) 


Recalling  the  definition  (J.6.184)  of  Ik  we  have 


dS 


'=  “T  h3  b + f l ak  Ik  a(Rv)  + f £ ak  Pk  (rs  qk  ak2  + rsh2)Ik 


( J.6.219) 


J.6-32 


We  now  consider  the  other  terms  in  (J.6.204). 

We  have 

vk+  vk+ 

J v X dv  = J Rvdv  = 
vk"  vk~ 

(by  (J.6.191)) 

/R(qR  it)  dv  . q/R2  it  is,  = | a (R3) 

Substituting  (J.6.194),  (J.6.219),  and  (J.6.221)  in  (J.6.204) 

[p^  = Ik  k qk  rak  ^k  ^k  SQk  (A(Rv)  + (rsqk  3k  + rSh2)  Ik} 

+ F k qk^k  ^ qk  ^ A ^ ^”3^  h2<  b + F k S 3k  qk 

+ ^ akqk  (rqk  ak2  + rh2)  Ik) 

J.6.5.7  Computation  of  H. 

Recalling  the  definition  (0.6. 135 ) 

Hijk  '7  " »1  »j  (V^qIk*  Is' 

we  apply  (J.6.93)  to  obtain 

Hi jl  = 7 J!  p i PJ  "[?[  ^ ds  " k £ ♦ ^2,Q*1  (pi  pJ)  dS 

Now, 

(V^ , Q ) ! (pi  = Pi  + tG]li  Pj 

Combining  (J. 6. 77-78)  with  (J.6.132),  we  see 

b dS' 

< £ 


(J.6.220) 

(J.6.221) 

a (Rv) 
(J.6.222) 

( J.6.223) 

( J.6.224) 
( J.6.225) 
( J.6.226) 


J . 6—33 


and  thus 


~*{f*  (\o>k  <»i  »j>  - 

- k H * ( Oj  [G]kj  + [GJkj  „j)  dS, 

= [GJkj  &i  + [GJki  bj 

We  now  consider  the  first  term  of  (J.6.224). 

By  (J.6.52)  and  (J.6.54) 
r v*i 

»:•  01  “J  T¥'*'ds " 

/ (qravi  + qsvti)  (qravj  + qsvtj)  v]  sq  4*  dv 


(J.6.227) 


(J.6.228) 


= l ak2  (vk)l  (vk)j  ( vk ) i sqk  / ^ dv 

vk~ 

vk  + 

+ l rsak  (^Ji  (tk)j  (>?k)1  sq  / i|>  dv 

vk 

- t*  Vk+ 

+ (^k)i  (^k)j  ( vk ) ] sq  J*  dv 

vk“ 

Now  by  (J.6.191) 

ii  = 21  _ avd, 

3V  R “ ^ 

Thus 

vk+ 

/ 4»  v dv  = qk  aR 

vk~ 


(J.6.229) 


(J.6.230) 


(J.6.231) 
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and 


J 4>  v2  dv  = / qk  — v dv 

vk"  vk_ 


= (applying  (J.6.194)) 

1 _ g k 

qk  a(vR)  - y Qk  A(vR) 


k rsqk  ak2  + rsh2  dv 

J R 

Vk' 


(J.6.232) 


(J.6.233) 


= 7 qk  *(vR)  - “7  ^rsqk  a,<2  + rsh^  Ik  (J.6.234) 

where  we  have  used  the  definition  (J.6.184)  of  I^.  Applying  the  latter 
definition,  along  with  (J. 6,231)  and  (J.6.234)  to  (J.6.229),  we  define 

"ijl  =7,[  »t»J  W *6s  = 

^ ^ ak2  (vk)i  ( vk ) j ( vk )l  9k  ^k 

+ £ J ak  (vk)i  (?k)j  («k)-|  aR 

a(vR)  - 

(rsqk  ak2  + rsh2)  Ik 

Substituting  (J.6.227)  and  (J.6.235)  in  (J.6.224) 

Hi Jk  = H i j k + C6]|cj  bi  + [G]ki  bj 


s 

2< 


(tk)i  (tk)j  (vk)-| 


(J.6.235) 
( J.6.236) 


This  concludes  the  reduction  of  fundamental  integrals  to  the  edge  and 
panel  functions. 


J.6.6  The  Origin  Shift 

The  computation  of  the  entries  of  the  matrices  [S]  and  [0]  has  been  based 
on  the  assumption  that  the  local  (£',  n’)  coordinate  system  is  centered  on  the 
projection  (x',  y')  of  the  control  point  to  the  plane  of  the  panel.  In 
practice,  however,  we  require  the  matrices  [ S0 ] and  [D0]  corresponding  to 
a (Co-,  r|Q 1 ) coordinate  system  centered  on  a fixed  point  (0,  0)  on  the 
panel . 
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That  is,  S and  D were  defined  in  terms  of  coefficients  o0,  ar, 
°nn’  wo’  u£’  * unn  defining  a source  distribution  and  doublet 
distribution 


a(£° ' ’ no')  = °0  + •••  + j aqq  ( n0 ' - y')2 


no 


) = 


u0 


(Co'  - X') 


♦ I 


*nnn 


( n0‘  - y1  )3 


(0.6.237) 


The  matrices  Sq  and  Dq  are  defined  in  terms  of  coefficients 
ao°»  °nn°’  u0°,  **•»  un2n  defining  the  same 
source  and  doublet  distributions  by 


°(£o'»  n0')  = a0°  + a^°  C0'  + •••  + j ann°  n0’2 
p(Co’»  no')  = n0°  + vf  Co'  + •••  + ^ Unnn  no'3 


(J.6.238) 


Then,  while  [S]  and  [D]  are  defined  by  (J.6.1-2),  [Sn]  and  [Dn] 
are  defined  by  u °J 


r 

k 


CD0] 


(J.6.239) 


(J.6.240) 


To  obtain  [S  ] and  [D  ] from  [S]  and  [D],  we  must  compute  the  matrices 

CT  l6x6  tt  -.10x10  , .. 

L I $J  and  [TpJ  such  that 


r °0 

T 

1 1 

CO 

II 

* 

'.O0' 

. ► 

k °nn  - 

°nn 

' ^0 
• 

► = [Id] 

. ► 

k^nnnj 

p o 

< Mnnn „ 

(J.6.241) 


(J.6.242) 


J.6-36 


for  then,  combining  (J.6.1-2)  with  ( J.6. 239-242) , we  have 
[s0]  = [S]  c is ] 

CD0]  = [D]  [T0] 


( J.6.243) 
(J.6.244) 


Thus  we  need  to  compute  [T$]  and  [Tq],  or,  in  particular  Tn, 

since  [T5J  is  just  the  upper  left  (6x6)  corner  of  [Tn].  So,  we  rewrite 

the  second  equation  in  (J.6.238)  as 

^o'>  no')  « U0°  + u^°  (Co1  - X'  + X')  + yno  (n0'-y ' + y1) 

+ ? WCC°  ^°'  - x‘  + x’)2  + ••• 

+ F unnn  ( V - y'  + y'  )3 


(J.6.245) 


Now,  we  equate  the  coefficients  of  (£V  - x')1  (nn'  - v* ) J i + i < 3 
in  (J.6.237)  and  (J.6.245)  to  obtain  ° ’ 


f1  ' 0 

[j  .0 

J yo 

= u0°  + x’  ■ 

Mn°y  * \ u£0  x'2  „nnO  y'3 

(J. 6. 246a) 

) ^ 

= »£  + x' 

+ "C10  r + 7 ^ *'2 

+ x'y'  + 

A.  u 0 v 1 2 

2 M£nn  y 

(J. 6. 246b) 

(; ; :] 

yn 

= yn°  + ^n°  x' 

+ u 0 y'  + 1 ^ 0 y'2 

ynn  y 7 x 

+ ^nn  XV  + 

i n 0 y'2 

7 Mnnn  ^ 

(J. 6. 246c) 

fi  = 2) 

Q 

[3  - oj 

= ^c°+  M^O 

' x'  + U^n  y' 

( J.6.246d ) 

ycn 

- T°  + x 

' + u 0 Y' 
y£nn  1 

( J.6.246e) 

unn 

= ynn°  + y^nn  ^ 

1 + u 0 w 1 

ynnn  Y* 

( J.6.246f ) 
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’ + J * 3 “CCC  ■ “ccc 
"CP  ■ “CP 

u^nn  = u^nn 

unnn  = »nnn  (J.6.246g) 

Comparing  (J.6.242)  with  (J.6.246),  we  see  that  the  latter  equation  defines 
the  entries  of  Tp  : 

[TD]  = 


( J.6.247) 


Introducing 


( J.6.248) 


and  recalling  the  notation  (J. 6. 141-142)  which  defines  row  vectors  from 
tensors,  and  defining  d as  the  2x2x2  tensor 

Dijk  = di  dj  dk  (J.6.249) 


J.6-38 


we  have 


\ 3 31  3 


6 lDj  4 


j LddL  3 1 0 


dT  0 

0 3T 

0 0 dT 


Similarly,  T$  is  just  the  quadratic  portion  of  T 
1 | d j Jd^  3 


0 I 


"dT  | 0 

"o  ! -ar 


0 I 0 


(J.6.251) 
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Combining  (J.6.152),  (J.6.243)  and  (J.6.251)  we  get  [S0]  = 


b 

bT  + bd1 

| | b^T  ♦ cMT3-i  J=j3 

-A 

a 

-T 

ad  + 8 

7 al  Ld^j  3 + "dL  3 + rs  lh1j3 

7 a2  3 + LB2  > • dL  3 + ^h2j3 

a 

1 

adT  - hr  (Ga)T 

7 a LdcfT  3 - hr  JG]  [adT]j3 

i 

7^  lGBj  3 

(J.6.252) 


Combining  (J.6.164),  (J.6.244)  and  (J.6.247),  [D0]  = 


ra  | rad1  - h (Ga)T 


ra  I 


-(Ga)‘ 


ra  3 - 

h l[G]  [a^]j3 

~ 7 lgbj  3 


ra  lDj4  - ^ u(Ga)-j  djd^  4 
- 7 JGB]ijjdk  4 - 7 lhj4 


radT  - h (Ga)  T . 0 


-h  t(G t)  P3-i  J3Bj3 


- JG3  [1?T]j3 


- J3B,3 


2 L(Ga)i  dj  dk_,4 
- L[G8]-jj  dkj  4 - 7 lhj  4 


(J.6.253) 
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Finite  Parts  of  Integrals 


In  section  J.6.5.1  we  evaluated  the  integral 
a , !!  i i*  dS' 

* Z'flDp  0 3p  (J.6.254) 

for  £'  a subinclined  panel.  In  doing  so,  we  discarded  a term,  leaving  the 
justification  for  discarding  that  term  to  this  section. 

We  will  show  in  section  J.6.7. 4 that  the  term  we  discard  is  in  fact  zero 
if  we  only  consider  the  "finite  part"  of  the  integral  (J.6.254).  The  finite 
part  of  an  integral  is  a concept  we  define  in  section  J.6.7.1,  and  for  which 
we  cite  certain  well-known  properties  in  section  J.6.7. 2.  Next,  in  section 
J.6.7. 3,  we  review  the  manipulations  of  integrals  we  have  performed  prior  to 
Appendix  J and  conclude  that  they  are  still  valid  if  we  consider  only  the 
finite  parts  of  various  integrals.  We  then  note  in  section  J.6.7.4  that  we 
really  want  to  compute  only  the  finite  part  of  (J.6.254),  and  thus  we  properly 
discarded  the  extra  term  which  appeared  in  section  J.6.5.1. 


J.6.7.1  Definition  of  a Finite  Part 

Let  f be  a function  on  a surface  S (though  our  definition  will  have  an 
obvious  extension  to  functions  on  a line  or  in  a volume  of  space)  of  finite 
area.  Let  Se  be  the  set  of  points  in  S which  are  distance  greater  than  e 
from  any  point  on  S at  which  f is  infinite,  where  e > 0.  Then  we  define 

//  f dS  . ff  f dS  (J.6.255) 

$ e*°  Se 

and  we  call  the  integral  on  the  left  side  of  (J.6.255)  the  finite  part  of 
the  integral  of  f over  S.  We  call 

* 

JQT  f dS  - //  f dS  ( J.6.256) 

S S 

the  infinite  part  of  the  integral  whenever  it  is  non-zero. 


J.6.7. 2 Properties  of  a Finite  Part 

Several  important  properties  of  ordinary  integrals  of  bounded  functions 
also  hold  for  finite  parts  of  integrals.  First,  the  standard  integration  by 
parts  theorems  in  several  variables  (the  divergence  theorem,  Stokes'  Theorem, 
Green's  Theorem)  hold  for  finite  parts  of  integrals. 

Second,  differentiation  with  respect  to  a parameter  on  which  f depends  may 
be  moved  under  the  integral.  That  is,  if  f is  a function  of  t, 


ft  * f ds  - f & “S 


( J.6.257 ) 
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These  results  are  discussed 


in  the  paper  of  Robinson 


(reference  J.3) . 


J.6.7.3  Finite  Parts  and  the  Integral  Equation 

In  section  8.0,  we  quoted  the  fundamental  integral  equation  (B.0.1), 


0 = 


.1  //  - 


< SflDp  R 


+ufi  • V(*.)  dS 


(J.6.258) 


inLarlwIfhp;  ft -lhU  integral  as  thou9h  * were  an  ordinary 
obtain  (™3.31)  the  gradlent  operator  under  the  integral  equation  to 


V(P)  = < Sppp  (i^  + x * ^)]  ^ 


★ 


+ I ss 

K snop 


VQ  Iff 


(b 


X dl 


(J.6.259) 


The  derivation  of  (J.6.259)  from 
light  of  the  results  we  quote  in 


(J.6.258)  is  only  justifiable, 
section  J.6.7.2. 


however. 


in 


J.6.7.4  Finite  Parts  and  PIC  Computation 


Now,  in  appendix  J,  we  have  consistently  ignored  the  fact  that  we  realiv 

^VSon  r V"  Hthe  finn! .parts  °f  integrals  which  defined?3  ^ 

iltaLi  J.6.5.1,  where  we  attempted  actually  to  evaluate  such  an 
ntegral,  this  caused  no  problem.  In  that  section,  however  we  obtained  an 

nfeSrai  (j7  ^“^Th';/311'5'1  Vv?.!ui,te  only  the  P*rt  of  the 

ntegral  (J.b.254).  That  is,  we  should  compute 


a 


SS  1 
rnop  p 


sh  1 im  ff  1 

K e»0  r*,  p 3 p 

**  c 


dS* 


( J.6.260) 
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where  Eg  is  a polygonal  region,  entirely  within  Dp,  which  approaches  E'nDp 


as  g goes 

to 

zero 

(cf. 

Then, 

if 

E’g 

has  K 

1 im 

-sh 

a = 

€»0 

< 

1 im 

1 

= 

G>0 

< 

5* 

k=l 


Kf 

k=l 


h+ 

h+ 

J 4) 

0k~ 


h*  1 

( id* 

J G 

h~ 


(J.6.261) 


1 im  1 

g>0  g 


h+ 

5 dd 

h~ 


(0.6.262) 


But  it  follows  from  section  J.5  (cf.  (J.5.22),  along  with  figure  J.20,  which 
shows  that  (s+t)/(s-t)  > 0)  that  ^ is  a smooth  function  on  Dp,  and  bounded 
on  Ee  . In  particular,  i>  is  single-valued.  Thus  by  the  fundamental  theorem 
of  calculus 


h+ 

5 d d 


f dd 

3e: 


= 0 


(J. 6.263) 


and  thus  the  second  term  of  (J.6.262)  is  zero,  and  thus  should  be  neglected, 
as  we  do  in  section  J.6.5.1. 


J.6.7.5  Summary  of  Finite  Part  Integrals 

We  now  briefly  summarize  the  role  of  finite  parts  of  integrals  in 
influence  coefficient  computation.  First,  we  state  the  fundamental  integral 
equation  (B.0.1),  which  involves  the  finite  part  of  a surface  integral,  and 
whose  validity  we  do  not  prove,  but  is  discussed  in  Ward  (reference  1.5)  and 
in  more  detail  in  Ehlers,  et,  al . (reference  4*9).  Second,  we  derive  (B. 3. 31) 
from  (B.0.1),  a derivation  which  is  only  valid  because  of  the  properties 
(whose  validity  we  also  do  not  prove)  of  finite  parts  of  integrals  cited  in 
section  J.6.7.2.  Third,  for  reasons  of  clarity,  we  leave  the  finite  parts 
symbol  off  many  integrals  in  appendix  J.  Fourth,  we  see  that  a term  which 
appears  in  section  J.6.5.1  must  be  discarded,  since  we  only  require  the  finite 
part  of  the  integral  which  is  being  evaluated.  In  section  J.7  we  will  see 
that  the  remaining  term  in  this  expression  can  be  evaluated  in  closed  form. 
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J.7  Edge  and  Panel  Functions 

In  section  J.7.1,  we  compute  the  edge  function 


IkU>)  - f ^dv 

vk~ 

and  the  function 

*k+ 

\ (♦)  - s 

*k" 


(J.7.1) 


(J.7. 2) 


where  the  panel  function  J is  given  by  (cf.  (J.6.173)) 

J = £ h Jk  (\|/)  - 2 it  sign  (h)  C0 

We  also  compute  integrals  I (X ) and  J(X)  used  in  sections  J.4 
(cf . ( J.4.68) , (0.5.115),  ( J.6.212 ) ) 


- J.6 


Ik(X)  = 


Vk 

f Rk  dv 

Vk' 


Vk' 


Rak 


Jk(X)  = j -j 

vk-  K 


dv 


*k+ 

y R6i 
h~ 


J.7.1  Expressions  for  Edge  and  Panel  Functions 


(J.7. 3) 


(J.7. 4) 


(J.7. 5) 


J.7. 1.1  Subsonic  Flow 

Since  the  flow  is  subsonic,  r = s = qk  = and  (J.6. 58-59)  become 

2 


Pk2  = ak2 

+ vk 

R2  = ak2 

+ Vk 

have 

V 

II 

ra 

s 

Vk" 

(J.7. 6) 
(J.7. 7) 


ak 


ak2  + vk2 


dv 
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Mak2  + vk2)  dv 


(J.7.8) 


vk 

- s 

vk' 


We  now  exhibit  without  derivation  the  functions  which  are  the  indefinite 
integrals  I(4>),  0(40,  I(X),  0(X).  The  integrations  can  be  verified  by 
differentiating  the  functions  with  respect  to  v,  while  noting  (J. 7.6-7).  The 
differentiations  are  tedious  but  straightforward. 

We  find 


1(4,)  . Sp--  \ log(^) 

(3.7.9) 

J<+>  - S r(32+v2)  dv  - h ph  <hv'aR> 

(3.7.10) 

I (X)  = / Rdv  = } (vR  + (a2  + h2)l(vj;)) 

(0.7.11) 

OCX)  = f = h2  J(40  + al(4») 

+ \ic 

(0.7.12) 

Clearly 

Ik (40  - I (40  (Rk+»  vk+)  - I (4>)  (Rk“,  vk-)  (J.7.13) 

Similarly,  evaluation  at  both  endpoints  of  the  intersection  of  the  panel  edge 
and  the  domain  of  dependence  gives  us  the  remaining  definite  integrals. 


J.7.1.2  Subsonic  Edges  of  Subinclined  Panels  in  Supersonic  Flow 
Now  (J. 6. 58-59)  become 

p2  = v2  - a2  (J.7.14) 

R2  = v2  - a2  - h2  (0.7.15) 


since  s = -1,  r = +1,  q = + 1. 


Also,  we  have 


Jk(40  = 


vk 

5 

Vk~ 


akR 

ak2-  v2 


dv 


(J.7.16) 


0.7-2 


The  indefinite  integrals  now  become 


-W5S) 

(0.7.17) 

«♦>  -;(/-V)r '^ph  (hv’ aR) 

(J.7.18) 

I(X)  = $ Rdv  = ^-(vR  - (a2  + h2)  1(40) 

(0.7.19) 

o(x)  = 5 4R"~t  = - h2  J(40  ' aI(4>) 

(0.7.20) 

1.3  Supersonic  Edges  of  Subinclined  Panels 
Now  r = +1,  s = -1  = q,  so 
p2  = a2  - v2 

(0.7.21) 

R2  = a2  - h2  - v2 

( J.7.22) 

vk  auRdv 

Jk  (40  = / —2 7? 

Vk“  k 

( J.7.23) 

The  indefinite  integrals  become 

1(40  = / jp  = -ph  (v,R) 

(J.7.24) 

■><*)  -/(/^Vj-R-  ' -K  ph  t'"'-aR) 

( J.7.25) 

I(X)  . /Rdv  ( vR  * (a2-  h2)  I(\|i)) 

(0.7.26) 

J(X)  ■/  fdV  , - - h2  J(W  * al<¥> 
a^  - 

( J.7.27) 

.1.4  Superinclined  Panels 

Now  r = s = q = -1,  and 

p2  - a2  + v2 

( J.7.28) 

R2  = h2  - a2  - v2 

( J.7.29) 

J.7-3 


and 


Vk 

Jk(*)  - J 

vk 


a^dv 


_ (a|<2  + v2)R 


(J.7.30) 


The  indefinite  integrals  become 

dv 


I(4>)  = f - -ph(hv.R) 

- s = 4ph(hv»aR) 

I(X)  = 5 Rdv  = ^ (vR  -(a2  -h2)  !(*)) 


J(x)  = / tr;~t  - h2  - aIW 

a^  + v^ 

J.7.1.5  Uniform  Formulas 

We  unify  the  results  of  section  J.7.1  for  I|<(ilO  and  (i|>) 


(J.7.31) 
( J. 7.32) 

(J.7.33) 

(J.7.34) 


We  obtain 


JkWO  = \ 1o9(^I7) 


s = 1 


1 lnn/V+R 

I '09(7^ 


s = -1,  q = 1 


-ph  (hv,R)  q = -1 


( J.7.35) 


Jk('J>)  = ~ £ ph(hv,aR) 


(J.7.36) 


where  evaluation  occurs  at  the  two  endpoints  of  the  intersection  of  the  edge 
and  the  domain  of  dependence. 


J.7.2  Computation  of  Edge  and  Panel  Function  Arguments  in  Reference 
Coordi nates 


In  this  section,  we  compute  h,  v,  a,  and 


g = y^rsq  a2  + rsh2 


( J. 7.37) 


in  reference  coordinates.  These  quantities  are  computed  in  reference 
coordinates  in  PAN  AIR  to  minimize  numerical  error. 


J.7-4 


J.7.2.1  Computation  of  h 
By  (J.6.41) 

h - 2'  - - 


A (P  - Qq) 


(J.7.38) 


where  Qo  is  any  point  on  the  panel,  such  as  the  panel  center,  and  A is  the 
reference  to  local  transformation. 

Thus 

h = L0  0 lj  [A]  [P  - Qo) 

= Z A3j  (P  - Qo) ■; 

J-l 

Applying  (E.0.1) 

h = tssSsi  n°  ■ (p  ■ ?o) 

J.7.2.2  Computation  of  v 
By  (J.6.47) 

v = <t|(,  p>  = t^T  [G]  p 

where  G,  tj<,  and  "p  are  defined  in  section  J.6.1.4.  Now,  define  a 3-vector 

( J.7.43) 

Next,  we  note  from  (E.3.24)  that 

- [A-T]  C0  [A-1]  (J.7.44) 


s 

rs 


(J.7.39) 

(J.7.40) 

(J.7.41) 

(J.7.42) 
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So, 


V = 


tk 


rs 

0 


0 

1 


= t' 


~ rs 

* — ^ ^ 

p 

1 

0 

(J.7.45) 


= st'T 


rs 


A (Q  - P) 


«-T 


= st'  [A  ']  C0  (Q  - P) 


s [A-1  t\  Q -*P] 


= s | A 1 t'|  [tT0,  Q " "P] 


(J.7.46) 

(J.7.47) 

(J.7.48) 

(J.7.49) 


where  t0  is  the  unit  edge  tangent,  P is  the  field  point,  and  Q lies  on  the 
edge. 


Noting  (J. 6. 42-43),  we  see  that 

At 


t = 


T 

7 


(J.7.50) 


j <At,  At> 

where  t is  any  tangent  vector  in  reference  coordinates.  Thus  we  define 

1 


T = -p-  = l<  At0>  At0>l  2 


- |VAl 


G 0 
0 0 

1 


At0|  7 = IV  c to  | ? 


= I [i0.  toll  2 

where  we  have  chosen  a unit  tangent  vector  t0. 
Then 

v = y [t0,  Q - P] 


( J.7.51) 


( J. 7.52) 


J.7-6 


J.7.2.3  Computation  of  a 


The  edge  distance  a^  is  (cf  (J.6.46)) 
ak  = nk  * Pk 

where 


Note  that 


Thus 


t*  x n'  = < 


H 

0 

f 'V 

% 

► X < 

0 

► = - 

0 

k.  - 

1 

k J 

0 

|sf 

UJy 

j . (Q1 

- p"' ) 

in- 1 
:1  - 1 


((Q1  - P‘)  x t 


■1 


0 

= {0 


A (Q  - P)  x 


A tf 


= (cf.  (E.1.12))  (o)  . A‘T  |((Q  -*P)  x t0)j 


(cf  (E.3.59) ) 
det  A 


del_A  (a-13)  . ((Q  _ P)  x t0) 


|{no»no}  | 


Bq  no 


((Q  - P)  x t0) 


(J.7.53) 


(J.7.54) 


( J.7.55) 


( J.7.56) 


(J.7.57) 

(J.7.58) 

(J.7.59) 

(J.7.60) 


J.7-7 


Finally,  applying  (E.3.90)  to  obtain  det  A, 


a = - 


r b 


-j  ( n0,  (Q  - P)  x t0  } 


( J.7.61) 


T | (no»  n0}|^ 

J.7.2.4  Computation  of  g 
Applying  (J.6.59) 

g2  = sq  (R2  - qv2) 


= sq  ( [Q  - P,  Q - IP]  - [t0,  Q - P]2) 


(0.7. 62 ) 
(J.7.63) 


Now  we  use  the  following  identity,  which  we  prove  shortly.  For  arbitrary 
vectors  a and  b,  and  a matrix  C, 

("a  x "b)T  [C*1]  (tx  b)  = det  (C~1)(("aT  Ca)  ("bT  Cb)  - (f  Cb)2)  (J.7.64) 

We  apply  (J.7.64)  to  (J.7.63)  with 

t -■?  - 9 

t Q 

b = — = t 
T 


[C]  = [C0] 


Since  (cf.  E.2.9)) 


Cn— 1 = 


— 7 Bo 
SB^ 


( J.7.65) 


( J.7.66) 


we  get  (by  J.7.64) 


it 


(Q  - P)  x t,  (Q  - P)  x t 


4-  (CQ-P,  <f-p]  [t,t]  - [Q  - p,  t])2 

04 


( J.7.67 ) 


= (cf.  (J.7.51)) 


7 92 


Here  we  use  the  fact  (cf.  (J.7.51)) 

[t0.  ^q]  = q t2 


(J.7.68) 


( J.7.69) 


J.7-8 


Thus 


(0.7.70) 


g2  = s2  j(Q  _ ~P)  x h.  , (Q  - P)  x 

We  now  need  only  to  prove  (J.7.64) 

We  prove  in  general,  for  vectors,  a, b,  c,  d,  and  a-matrix  C 
(aT  x b)T  C (c  x d)  = 

(det  C)  ('bTC"1^)  - (aTC-1d')  (b^-1^) 3 (J.7.71) 

Now,  by  (E.1.23) 

[C]  (cxd)  = (det  C)  (C"1  t)  x (C"1 *d)  (J.7.72) 


Thus 


(a  x'b)  T [C]  (cxd)  = 

(det  C)  (t  x~b)  • (C-1  c x C"1  d) 

Now,  using  the  notation  of  section  B.3,  for  vectors  a,  b,  e,  f, 

(a  x b)  . (ex  f)  (eijk  aibj)  (£mnkem^n) 

v l jmn 

Now,  recalling  (B.3. 31): 

(axb)  x <T  = -(tT  • c)  a + (a  • c)  b 


(J.7.73) 


( J.7.74) 


(J.7.75) 


we  convert  to  e notation  and  obtain 
( (tx  b)  x c)k  = 


eijk  (£mni  am  bn)  cj 

ijmn 

- (b  • c)aj<  + (a  • c)  bk  = 

- I(bn  cn)  a^  + £am  cm  b^  = 

n ni 

«in  5km  ambncj  + .£,  5jm«kn  ambncj 


jnm 


jmn 


(J.7.76) 


(0.7.77) 


(0.7.78) 


where  s is  the  Kronecker  delta  (zero  unless  the  two  subscripts  are  equal,  in 
which  case  it  equals  one). 


0.7-9 


(3.7.79) 


Now,  noting  that  e-jj|<  = ej|<i,  (J. 7. 76-78)  yield 

^ cjkiemni  = 5jm5kn  _ 5jn6km 
i 

Applying  (J.7.79)  to  (J.7.74) 

(axb)  • (exf)  = £ E i j k emnk  ai^jem^n 

ljmn 

= ^ 5 im5jn  ~ 5in5jm)  ai  bj  em  fn 

= (a*  • e)  (b  • f)  - (a  • f)  (b’-'e) 

Substituting  (J. 7. 80-81)  into  (J.7.73) 

(~a  x b) 

(det  C) 

which  is  (J.7.64)  with 


T C (c  x d)  = 


faT  C-lc)  (bT  C_1  "d) 
i-  ("a^  c~l  d)  (b^  C~1  c) 
C~1  replacing  C. 


(J.7.80) 


( J.7.81) 


(J.7.82) 


J . 7—10 


J.8  Rationalization  Formulas 

The  computation  of  the  edge  and  panel  functions  has  been  described  in 
section  J.7.  These  formulas  are  not  always  computationally  stable.  In  this 
section  we  describe  the  actual  formulas  we  use  to  compute  the  edge  and  panel 
functions . 


J.8.1  Edge  Functions 

In  this  section  we  will  discuss  the  computation  of  the  quantites 


I = -|  I(4>)  (J.8.1) 

I V” 

aR  = Rjj*-  R | (J.8. 2) 

K = (q&R  - -j(v+  + v_)  I(4>)  j ) (J.8. 3) 

where 

T -|[t0.  i0]|  * 

q . sign  [t0,  t0]  (J.8. 5) 

f \ '"9  (Sr)  9 - n 

I('t,)  -ph(V.R)  q . -1  (0-8.6) 

?.p.Q  (0-8.7) 

1 

R = [ r , r (J.8. 8) 


and  r+,  v+  denote  the  values  of  r and  v at  the  upper  and  lower  end  points 
of  EflDn,  where  E is  the  edge  in  question.  We  use  a & to  denote  the 
difference  of  a value  at  the  endpoints,  and  a bar  to  denote  the  average. 

The  procedure  used  to  evaluate  these  edge  functions  is  as  follows. 

In  section  J.8. 1.1,  we  will  discuss  edges  for  which 

T 2 > io-4  (J.8. 9) 


J.8-1 


We  will  call  these  non-sonic  edges,  and  will  distinguish  four  cases.  We  will 
first  consider  the  case  where  at  most  one  endpoint  of  the  edge  lies  in  the 
interior  of  Dp,  dividing  this  into  the  regular  case  of  a supersonic  edge  or 
R < ,95v,  and  a special  case  of  a subsonic  edge  and  R > .95v.  We  will  also 
consider  the  case  of  both  endpoints  lying  within  the  interior  of  Dp.  This 
is  divided  into  a regular  case  and  a special  case  in  which  v changes  sign 
(v_  < 0 < v+)  and  g2  « 1. 

In  section  J.8.1.2  we  will  discuss  nearly  sonic  edges,  for  which 

IQ’10  <t2<  IQ'4  (0.8. 10 ) 


Here  the  regular  case  is 
q = 1 

or  sign  (R+R_  + v+v_)  = 1 (J.8.11) 


In  section  J.8.13,  we  will  consider  essentially  sonic  edges,  for  which 


T 


2 


< 


(J.8.12) 


J.8.1.1  Non-Sonic  Edges 
We  will  calculate 

I = ? (I(4»)| v+  - I(*)|v_  ) (J.8.13) 


and 


(J.8.14) 


When  an  edge  intersects  the  Mach  cone,  it  is  possible  to  compute  these 
functions  without  actually  evaluating  the  point  of  intersection.  We  have 


R 


Mach  cone 


(J.8.15) 


( subsonic) 

* v+,Mach  cone 
M.C.  *° 


q . +1 


( supersonic) 


v+,  M.C.  =0 
M.C.  -° 


q . -1 


(J.8.16) 


(J.8.17) 


J.8-2 


Thus,  when  only  one  endpoint  of  the  edge  E lies  inside  the  Mach  cone,  (we 
are  now  treating  the  case  of  supersonic  flow),  we  need  compute  only  one 
elementary  transcendental  function.  For  a subsonic  edge,  we  would  then  compute 


!(♦)  - 7 log  ££  (1  * 


while  for  a supersonic  edge  we  would  have 

1(40  | v = -ph(v.R)  (q  = 

If  we  recall  equation  (J.7.62)  we  obtain 

v2  - g2 


r2  = qv2  + sqg2  = 


g2  - v2 


-1) 

(q 

(q 


+i,  s 
-1.  s 


-1) 

-1) 


(J.8.18) 


(J.8.19) 


(J.8.20) 


we  see  that  some  difficulties  may  arise  in  the  evaluation  of  I (40  | v fo£. 
subsonic  edges  wheu  g2  is  very  small,  for  then  ft  = v and  the  log  functmn 
in  equation  (J.8.18)  blows  up.  Thus,  for  the  very  special  case  in  which 
(a)  one  end  of  EflDp  lies  on  the  Mach  cone  (E  subsonic)  and  (b)  g is  very 
small,  the  following  procedure  should  be  used 


(J.8.21) 

(J.8.22) 


= log  (v+R)  - j log(g2)  (v  > 0) 

= \ log(g2)  - log  (R  + v ) (v  < 0) 

= sign(v)  ( log ( | v|  + R)  - log  g 2 
where  g should  be  computed  by  the  relation  (see  Section  J.7.2.4) 

2 -w  * 

g2  = ( rox  ^0  » rO  x t0> 

The  initial  test  for  small  g can  be  made  by  asking  whether  R > .95|v|  . If 
this  test  is  satisfied,  g2  is  small  and  the  special  procedure  outlined  by 
equation  (J.8.22)  should  be  used. 

This  completes  the  discussion  of  what  must  be  done  when  one  endpoint  of 
EflD0  lies  on  the  Mach  cone.  We  now  turn  our  attention  to  the  case  in  whic 
botR  endpoints  lie  inside  the  Mach  cone.  We  begin  this  discussion  by  deriving 

some  expressions  for  I(4»)|v+  that  are  generally  valid;  that  is,  they  do  not 

depend  upon  the  assumption  that  both  endpoints  of  EflDp  lie  inside  the  Mach 
cone. 


( J.8.23) 


J .8-3 


Using  equation  (J.8.6),  we  have,  for  subsonic  edges 


v+ 

v_ 


1 

2 


log 


( v+v_  - R+R_)  + (R+v_  - v_R+) 
(v+v_  - R+R_)  - (R+v_  - R_v+) 


1 


= 7 


log 


1+z 

rr 


where  z is  defined  by 


R+v_  - R_v+ 
v+v_  - R_R+ 


(J.8.24a) 


(J.8.24b) 


(J.8.25) 


The  definition  (J.8.25)  for  z may  be  arranged  somewhat  by  using  equation 
(J.8.20)  to  obtain 

r2  = v2  + sg2  ( J.8.26) 


Then 


R+v_  - R_v+  R+v_  + R_v+ 

Z = v+v_  - R_ft+  R+v_  + R_v+ 

R+^v_^  - R_^v+^ 

R+v+(v_2  - R_2)  + R_v_(v+2  - R+2) 

v+2  _ v_2 
R+v+  + R_v_ 


( J.8.27a) 


( J .8.27b) 


(J. 8.27c) 


In  a precisly  analogous  fashion,  we  have  for 


1(40 


v+ 


= -ph( v,R) 


v+ 


= - c;- 


supersonic  edges 
ph(R,v)]y+ 


= ph(R+,v+)  - ph(R_,v_) 

= ph(R+R_  + v+v_,  v+R_  - v_R+) 

= ph(a,  az) 


( J.8.28) 


( J.8.29) 
( J.8.30) 


J.8-4 


(J.8.31) 


where  in  this  case  we  define  a and  z by 
a = sign  (R+R_  + v+v_) 


v+R_  - v_R+ 
2 = R+R_  + v+vl 


(J.8.32) 


As  before,  the  definition  of  z may  be  rearranged  somewhat  with  the  help  of 
equation  (J.8.20).  Doing  this,  we  find 


**  R+v-  + R-v+  = (J.8.33 

= 2 R+v_  + R_v” 


_ v+2  ~ v-2  = 7 (J.8.34) 

R+v+  + RJv_ 


Thus,  z = z and  we  can  drop  the  tilde.  Summarizing,  we  have  found, 

r , 

q = +1 


where 


m 


v+ 


1 , 1+z 

2 109  rr 


ph(a,  az) 


q = -1 


z = 


v+2  _ y_2 
R+v+  + R_v_ 


(v+  - v_)(v+  + v_) 
R+v+  + R_v_ 


= sign(R+R_  + v+v_) 


(0,8.35) 


(J.8.36) 


Equation  (J.8.35)  will  permit  stable  and  accurate  evaluation  of  1(40 


v + 


v_ 


in 


all  instances  with  the  exception  that  when  g2  is  small,  q = 1,  an 

changes  sign  along  the  edge,  some  additional  care  must  be  taken.  We  now 
describe  the  procedure  to  be  used  in  this  case. 

Since  v changes  sign  along  the  edge,  the  flow  must  be  subsonic. 
Consequently,  equation  (J.8.20)  gives  us 


r2  _ v2  + g2 

Next,  we  note  that  the  function  1(40  may  be  written 

1 v+R  1 , / R+v , . i 

1(40  « J log  i log  (-  Rl^)  1 


( J.8.37 ) 


(J.8.38) 


J.8-5 


Concentrating  on  the  function  ^ log  , we  find 


\ log  {j~-  = log  g - log  (R-v) 


( J.8.39) 


Evaluating  I(<J>)  at  the  two  limits  and  noting  that  since  v_v+  < 0,  we  must 
have  v_  < 0 < v+,  we  get 


I(vi>) 


v+ 

v_ 


/I  lft_  R+v*  ,1  - R+v, 

■ <7  109  KI7>V+  - <7  109  IT7>». 


= (log  (R+  + v+)  - log  g)  - (log  g - log  (R_  - vj) 


= log  ((R+  + v+)(R_  + v_  ))  -2  log  g 


( J.8.40) 


or 


IW|vV;  ■ lo, 


s = 1,  q = 1 
v_  < 0 < v+ 


(J.8.41) 


With  g2  computed  from  equation  (J.8.23),  equation  (J.8.41)  may  be  used  for 

v+ 

the  evaluation  of  I(i^)  whenever  g is  small,  q = +1,  and  v changes  sign 
along  the  edge. 


This  completes  our  discussion  of  non-sonic  edges. 


J.8.1.2  Nearly  Sonic  Edges 

The  very  fact  that  we  are  discussing  nearly  sonic  edges  ensures  us  that 


( J.8.42) 


the  flow 

itself  is 

supersonic,  that  is. 

s = -1. 

gives  us 

r 

R2  = 

v2  - g2 

q = +1 

< 

g2  - v2 

q = -1 

Also,  we  know  that  on  subsonic  edges,  v cannot  change  sign.  Note  also  that  in 
the  evaluation  procedure  for  AIC's  for  nearly  sonic  edges,  the  expression  aR 
is  not  needed.  However,  as  we  will  shortly  see,  it  will  be  necessary  to 
compute  "rt  for  nearly  sonic  edges  (recall  that  are  the  values  of  P-Q  at  the 
first  and  last  points  of  EflDp). 


J.8-6 


The  basic  idea  of  the  evaluation  procedure  for  nearly  sonic  edges  is  to 

use  equation  (J.8.35)  for  1(40  | and  at  the  same  time  notice  two  facts:  (a)  z 

will  almost  always  be  quite  small“and  (b)  on  supersonic  edges,  we  will  almost 
always  have  a - +1.  The  first  of  these  two  observations  follows  from  the 
calculation 

(v+  - v_)(v+  + v_) 

2 = R+V+  + R_v_ 

where  the  definition  of  v,  v = tv,  and 


(av)v 

TO 


qsAS0v 


(J.8.43) 


(cf . (J.6.54)) 


Av  = iqs( as0) 


(J.8.44) 


have  been  used.  Because  of 
(J.8.43),  we  may  expect  that 
small.  The  second  of  these 
is  to  be  equal  to  -1,  v must 
edge  and  control  point  must 
angle  6 = t /2  is  very  small 
sonic  only  ifx<  .01.  This 
and  expanding  equation  (J.8. 


the  presence  of  the  coefficient  t in  equation 
z is  of  order  i,  and  consequently  that  it  is 
two  observations  follows  from  the  fact  that  if  o 
change  sign  along  the  edge.  Consequently,  the 
be  arranged  as  shown  in  figure  J.27,  where  the 
. (Recall  that  an  edge  is  said  to  be  nearly 
implies  6 < .00005)  Invoking  our  two  assumptions, 
35)  in  a maclaurin  series,  we  obtain 


K40 


v+ 

v_ 


oo 

£ 

J-0 

OO 

£ 

j=0 


Z2J  + 1 


(-i)J 


z2j  + 1 


q = +1 

q = -l,o  = +1, 
|z|  < 1 


K40 


v+ 

v_ 


(qz2) J 


q = -1 
o = +1 

|z|  < 1 


( J.8.45 ) 


We  may  now  use  this  expression  to  obtain  stable  and  accurate  expressions  for 
I,  K.  We  begin  by  defining  the  function  $q(z)  such  that 


K40 


v+ 

v_ 


z (1  + z^^q(z) ) 


( J.8.46) 


Evidently,  for  |z|  < 1 and  a = +1,  0q  has  the  expansion 


(z)  ‘ q j«i 


( J.8.47) 


J.8-7 


Substituting^thg  expression  (J.8.46)  into  (J.8.1)  and  (J.8.3)  yields  the 
results  for  I,  K 


I - ^ (1  + z2  t q(z)) 

K = (jp  (q  aR  - vz))  - (-£  z3)  ^q(z) 

We  now  show  how  to  evaluate  the  three  expressions 

ai  , i (qAR . ^ 

First, 

qz  (aR)2  RaR  RaR 

t - itSvT  = nw  = rv 

NOW 

Rv  - R v = | (R+v+  + R_v_)  - ^ (R+  + R_)(v+v_) 
= ^ aRav 

Thus 

qz  _ RaR 

T T(Rv  + T aRav) 

aR 

v + J (sq  t2  as0)aR/R 


since 


Next, 


sq  t ^ as0  = AV 


(l/T)  (qAR  - vz)  = (l/T2)(qAR  - v ) = 

2Rv 


T?ikr C2Rv  lR  ■ “(r2>]  ' x^ik) [2Rv  iR  - 25R  sR] 


(0.8.48) 
( J.8.49) 

( J.8.50) 

(J.8.51) 

(J.8.52) 

( J.8.53) 

( J.8.54) 

( J.8.55) 
(J.8.56) 


J.8-8 


x?-2Rv 

[ 2 aR  « 

(aR)2 
T Rv 

i . .. 

(aR)2 

= 4 s ASo 

II 

h5 

(AR)2 

X 

V 

(J.8.57) 


1 R(&R)3 

" ^ Irr 


(J.8.58) 


Finally, 


vz 


3 ' (^)3 


*77  = qTV 


(J.8.59) 


where  (qz/x)  is  given  by  (0.8.53).  In  deriving  these  equations,  we  have  used 
(J.8.54)  and  the  definition  of  v. 

To  summarize  our  procedure  then,  I and  K are  to  be  evaluated  using 
equations  (J. 8. 48-49)  for  all  subsonic  edges  and  for  supersonic  edges  wen 
o = +1.  When  izi  < .3,  say,  the  series  (J.8.47)  should  be  used  to  evaluate 
however  for  larger  Izi,  one  should  use 


tfqU)  = 

1 . 1+z 

2 09  T^z  - 2 

q = +1 

( J.8.60a) 

zS 

izi  > .3 

*q(z)  = 

ph ( 1 , z ) - z 

Z-* 

q = -1 
izi  > .3 

( J.8.60b) 

i,  Fortran 

library  routines 

should  be 

used  for  the  evaluations.  The 

z = T 


qsAso  v 
R$ 


( J.8.61) 


We  know  in  particular  that  this  approach  works  for  supersonic  edges  even  when 
izi  > 1 provide  only  that  a = +1.  This  is  because,  as  long  as  o = +1, 


I(i»>)  V+  ph ( 1 , z ) = z(l+z2  i> q(z)) 

v_ 


( J.8.62) 


J.8-9 


Consequently,  we  are  done  except  for  the  case  of  supersonic,  nearly  sonic 
edges  for  which 


a = sign(R+R_  + v+v_)  = -1 


(J.8.63) 


In  this  case,  both  I and  K are  quite  close  to  an  actual  singularity  of 
strength  (1/x).  Consequently,  we  will  only  show  how  the  quantities  il,  tR  can 
be  stably  evaluated.  The  first  of  these  is  trivial.  Using  (J.8.1)  and 
(J.8.35), 


T I 


= q 


— ph ( — 1 , -z) 


( J.8.64) 


where  z may  again  be  computed  from  (J.8.61).  For  tK,  we  have,  using  (J.8.2) 
and  (0.8.35), 


T K = q (^-)  - j ph(-l,  -z) 


( J.8.65) 


We  now  conclude  our  discussion  with  a prescription  of  what  is  to  be 
done  in  and  case  of  edges  that  can  only  be  regarded  as  truly  sonic, 

T2  < 10-1°. 


J.8.1.3  Essentially  Sonic  Edges 


In  this  case,  the  only  reasonable  thing  to  do  is  to  evaluate  the  limits, A 
as  t >0  of  the  functions  I,  aR,  R.  aR  is  trivial  to  compute,  but  both  I and  R 
require  great  care.  We  begin  with  equations  (J. 8. 48-49)  and  evaluate  the 
following  expressions  in  the  limit  as  T»0  : 


51 

T 


1 


(qAR  - vz), 


vz^ 

T 


4q(z) 


( J.8.66) 


First,  equation  (J.8.53)  gives  us 


lim  ^ = £ ( J.8.67 ) 

r>0  t v 

Next,  from  (J.8.58) 


and 


lim  Rv  = R v 

T>0 


( J.8.68) 


J.8-10 


we  obtain 


1 , „ - , SAS„  (4R)2  _ 1 (4 R)3 

# - VZ)  ■ T IT  ' « (?pr 

Again,  equation  (J.8.59)  combined  with  (J.8.67)  yields 


vz3 

T>0  T7 


lim 


= q v (aR / v)3 


Finally,  equation  (J.8.67)  implies  that  z = 0 so  that 

lim  0a(z)  = 0q(o)  = q/3 

t>0  M 

Combining  all  these  results,  we  find 

■|T,0  - $ ¥ - sR/" 


and 


&U-  4iS  (7?<qaR  - vz)  - k *q(z,) 


SAS_o_  lARji  . q 0 (^)3  1 

0 J 


R v 


Now 


= 9"  t7 


(SAS0)(v)  - T 

|a(v2)  = \ aR2  = RaR 


so  that 


1 RaR  (aR)2 
t =0  T o 

1 (aR)3 


v /ARx3 

I 


(0.8.69) 


( J.8.70) 


( J.8.71) 


( J.8.72) 


( J.8.73) 


( J.8.74) 


(J.8.75) 
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J.8.2  Panel  Function  Computation 


The  panel  function  J is  defined  by 
J = -sign(h)  J' 


J' 


2ttC#  + 


E 

edges 


ph( | hi  v,  akR) 


vk 


Vk" 


(J.8.76) 


where  C«  = 

1 if  (x ' , y ' ) e £'  f|  Op'  and  rs  = +1 
. 0 otherwise  ( J.8.77) 


In  section  J.8.2. 1 we  compute  a "standard  rationalization"  which  is  valid 
even  for  a panel  with  sonic  edges.  In  section  J.8.2. 2 we  consider  the  special 
case 


g2  « 1 

In  section  J.8.2. 3 we  consider  a point  on  the  panel. 


(J.8.78) 


J.8.2. 1 The  Standard  Rationalization 

Defining  h'  = |h|  (J.8.79) 

we  have 


J'  = Eph(h'vk+,  akR+)  - (*  sign  ak  - ph(-h'vk',  akR-)) 

+ 2ttC0  = 

E (ph(h'vk+,  akRk+)  + ph(-h'vk~,  akRk-))  - it  Esign  ak  - 2irC« 

= £ (ph(h'vk+,  akRk+)  + ph(-h'vk+i,  ak+]Rk+i))  - it  Esign  ak 

k corners 

+ 2irCg  (J.8.80) 


We  now  define 

Qk  = ph(h'vk+,  akRk+)  + ph(-h'vk+i,  ak+iRk+i)  (J.8.81) 
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Then,  using  the  sum  of  angles  formulas. 


cos  = (_h2vk+Vk+i  “ ak3k+lR2^ 
sin  Qk  = (h 'R( ak+ivk+  - akvk+l  )) 

We  then  define 

Qk  = ph(-h2Vk+Vk+i  - akak+iR2,  h'R(ak+lvk+  _ akvk+l^ 


(J.8.82) 


(J.8,83) 


We  now  investigate  the  sign  of  ak+i  Vk+  - ak  vk+l 
definition,  (cf.  Section  J.6.1.4) 

a = £tf|  - nt£ 

v = rs£t£  + n tn 

tk  = (t£,  ^n)  5 tk+i  = (t^,  tn) 


First,  by 


(J.8.84) 


Thus 


ak+lvk+  - akvk+l  = " ntjr) (rs£t^  + nt„) 

= £2(rs  tnt  - rs  tnt^)  + n(-rst£t£  + tnt„  + rst^  - t„tT1) 

+ n2(-\tn  ♦ tCtn) 

= (rsC2  + n2)  (tctn  - trtn) 

- rsp2(t"k  x tk+l)^ 


(J.8.85) 

(J.8.86) 

(J.8.87) 


Now  since  the  region  is  convex, 

(tic  x tk+l^  > 0 


Thus 


sign(ak+i  Vk+  - ak  vk+l)=  rs 


We  first  consider  the  case  of  rs  - 1. 

Careful  consideration  of  the  range  of  Qk,  Qk  and  ak  sh0ws 
J'  = EQk  - 2w  - it  sign  ak  + 2irC« 

= ZQk  - + 2n  + K 


(J.8.88) 


(J.8.89) 


(J.8.90) 
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where  = 1 if  < 0 and  ak+i  < 0 , zero  otherwise,  and 

K=Eit-2tt-E  2irrti|<  - E it  sign  ak  + 2ttC* 
k k k 


Let 


Tk  = 1 if  ak  > 0 
= 0 if  ak  < 0 


(0,8.91) 


( J.8.92) 


Then 


sign  ak  = 2ik  - 1 

mk  - (1-Tk)d-Vl) 

Ce  = TTtk 


(J.8.93) 


and 


K = E [it  - 2 IT ( 1 - Tk)(l  - Tk+i)  - ir(2Tk-  1)]  + 2ir(Ce  - 1) 
k 

= E2Tr(l-Tk)  T^  + j + 2tt(C®  - 1) 
k 


(J.8.94) 


or 


= £ (1  - Tk)  Tk+1  + wTk  “ 1 


(J.8.95) 


It  follows  by  a careful  analysis  from  the  convexity  of  the  polygonal  region 
that  K = 0. 

Next,  we  assume  rs  = -1. 

8y  definition,  Ce  = 0. 

Defining  lk  = 1 if  ak  > 0 and  ak+i  > 0 , it  follows  that 

Qk  = Qk  + 2 -it  1 k (J.8.96) 


Thus 


J1  = EQk  + 2 it  1 k - it  sign  ak 

= (Qk  + n)  - 2 tt  + K 


(J.8.97) 


So, 


K = 2tt  - Eir  + E2it  lk  - IT  Esign  ak 


(J.8.98) 
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^=1-4  +£lktk+1  - 5-S(2Tk  - 1) 

= 1 + Slk(Tk+l  - 1)  - 0 


Thus  in  general 


J'  = E Qk  + rs(2ir  - J-  ir) 
corners  edges 


Now,  Qk  = 

ph(-h2vk+vk+i  - akak+iR2,  h'Rrsp2  (tk  x tk+i)^) 


So, 

J = -sign(h)  J'  = 

- sign(h)rs  ( 2 t - £ ir  + £ ph(-h2vk+vk+l  - akak+iR2,  >hl  Rp2U|< 

EC 


We  now  define 

Xk  = -h2  vkvk+i  - akak+lR2 
Yk  = 1 hi Rp2(tk  x tk+l)? 

Then 


Xk  = -h2vkvk+i  - akak+i(rsh2  + rP2) 


Now, 


vk+vk+l  + rs  akak+i  = (rs£t£  + ntT1)(,,'s£t£  + ntf,) 
+ rs(Ctn  - ntc)(Ctn  - nt$) 

= C2(t^C  + rsVn)  + S2<Vn  + rst4tC) 

+ rs  £n(tnt£  + tnt^  - t^tn  - t^tn) 


(J.8.99) 

(J.8.100) 


(J.8.101) 


tk+l)^) ) 

(J.8.102) 


(J.8.103) 


(J.8.104) 


(J.8.105) 

(J.8.106) 
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(J.8.107) 


« P2(t^  + rstntn)  = p2rs  <tk,  tk+i> 


So, 


Thus 


xk  = -h202  rs  <tk,tk+^>  - akak+irp2 


(J.8.108) 


where 


J = -sign(h)rs(2w  - l ir  + l ph(Xk  k+i,  Yk,k+l)) 

E C 


( J.8.109) 


xk,k+l  = "h2rs  <^k»  tk+l>  " rakak+l 
^k,k+l  = R h (tk  x tk+j)^ 

Using  the  results  of  Sections  J.7.2.1  and  J.7.2.2  we  find  for  Xk+j 
B (n0  • (xq  - £0)n 


(J.8.110) 


xk,k+l  = - 


| {n0,n0  > | ^2 

\2 


r t^k»  ^-k+1^ 


-r 


. - ~ ,.i/o|  <n0,  (£0  ~ xo)  x ^o,k)  {no»{(£o  “ xo)  x ^o.k+l) 

l{n0’n0}l1/7  (J.8.111) 


2 y k w 

n~V~~  t(no>  xo  - ^o)2  [to.k.  to.kn] 

no » Mo 

+ { n0,  (Co  ~ xo)  x to,k)  {no»  (Co  ■ xo ) x ^o,k+l) 

-s2  G 

{Mo)  G° 


(J.8.112) 


We  will  now  simplify  the  expression  G0  (J.8.112).  Employing  the  identity 
(J.7.64)  with 

a = c = n0  , b = (Co  - x0)  x ^k 

d = (Co  - Z)  x tk+i 

C-l  = Bn  (J.8.113) 
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we  find 

G o - (no>  xo  ” Co)2  [^o,k»  ^0^+1] 

+ (n0TB0n0)  ((£,  - x0)  x t0>k)  T B0  ((C0  - xo)  x to.k+l) 

- (n0  x ((&  -t0)  x ?0jk))  T (no  x ((to  ' xo) 


Now  (cf.  (6.3. 31 ) ) 

n0  x ((Co  ~ xo)  x to,k)  = (Co  " xo)  ("o»  '•o.k)  “ to,k  ("o»  Co 
= (xo  " Co,  no)  ^o,k 

Similarly 

n0  x ((Co  " x0)  x ~to,k+l  = (xo  - C0,  n0)  t0,k 
Using  the  results  (cf.  Appendix  E) 

C0B0  = sb^I 

det  B0  = 0^ 


we  find 


Bo'1 

det  B0~l 


» C0 


Consequently,  we  find  for  G0 

G0  = (n0,  ~x0  - C0)2  [to.k,  to,k+ll 

+ {n0,  n0}  ((Co  - x0)  x ^o,k)T  B0  ((Co  - xj)  x to.k+l) 
- (n0,  Xq  _ Co)  (to,kT  C t0>k+i)  (n0,  x0  - Co) 

The  first  and  last  terms  cancel  and  we  are  left  with 

G0  = (no,  no>  ((to  - t0)  x t0,k)T  B0  ((Co  - xo)  x *o,k+l) 
Substituting  this  result  into  equation  (J.8.108)  we  find 
Xk,k+1  - -re2  ((Co  - xo)  x t0,k)T  Bo  ((Co  - to)  X t0>k+i) 


x ^Ojk+l)) 

(0.8.114) 

t0) 

(J.8.115) 

( J.8.116) 

(J.8.117) 
( J.8.118) 


( J.8.119) 
(J.8.120) 
( J.8.121) 
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(J.8.122) 


Turning  now  to  Yk<k+j,  we  find 

Yk,k+1  * R I h(tk  x tk+i)| 

The  expression  inside  the  absolute  value  sign  can  be  written 
h(tk  x tk+i)  = (z1  - C)(tk  x *k+l) 

= (x'  - £')  • (tk  x tk+i)  (J.8.123) 


Transforming  this  expression  into  the  reference  coordinate  system  we  find 
h(t*  x rk+i)  = (A(xJ)  - C0))  * (At0jk  x At0>k+i) 


= (xq  - Cq)"*"  AT(det  A)  A-T  Uo.k  x ^o.k+l)  = 


6^  (x0  - £0)  * (^o,k  x to,k+l)  (0.8. 124 ) 

Thus  for  Ykjk+i  we  have 

Yk,k+1  = I (xo  - Co)  * (to,k  x t0,k+l) | (0.8.125) 

Upon  comparing  equations  (J.8.121)  and  (0.8.125)  we  see  that  the  factor 
6*/fk  Tk+i  can  be  extracted  from  each  of  them  and  that  we  can  write 

Ph(xk,k+1 » Yk,k+l)  - Ph(xk,k+1>  Yk,k+1)  (J.8.126) 


where 

xk,k+l  = “ t (Co  ~ xo)  x ^o,k»  (Co  _ xo)  x ^-o.k+l) 

Yk,k+1  = R | (Co  ~ xo » ^o,k  x ^o,k+l)|  (J.8.127) 


Thus  we  obtain  the  standard  rationalization 


J = -sign(h)  rs(2w 


E n + 2 

edges  corners 


Ph(xk,k+1»  Yk,k+l)) 


(0.8.128) 


J.8.2.2  A Special  Rationalization 


In  equation  (J.8.128)  the  summation  extends  over  the  straight  edges  of  E' 
and  over  the  corners  of  E'  internal  to  Dp'.  When  h»0,  the  form 
(J.8.128)  may  not  be  sufficiently  stable  for  accurate  evaluation  if  on  any 


edge  aR  * o. 
arise  is  when 


The  precise  situation  in  which  resolvable  difficulties  can 
g^2  = r(qkh2  + a^)*5  0 and  the  panel  is  subinclined 


J.8-18 


(r  _ +1).  Although  it  can  happen  that  * 0 for  some  edge  on  a 
superinclined  panel  (see  figure  J.28)  the  difficulties  associated  with 

evaluating  the  panel  function  for  this  configuration  are  quite  unavoidable  and 
the  standard  rationalization  must  be  regarded  as  optimal.  To  l 1 lustrate  this 
difficulty,  we  point  out  that  for  the  configuration  shown,  the  value  of  I hi 
decreases  down  to  the  inner  circle. 


Having  identified  the  situation  g2  a 0 as  a source  of  difficulty,  we  now 
show  how  this  problem  may  be  resolved  (when  it  is  resolvable).  Thus  we  de  me 
the  procedure  to  be  used  for  evaluating  J'. 


First,  if  r = -1 


or  r = 1,  s = -1  and  gk  > 10-4  max(ak  + h2,  Oj-2) 

on  all  subsonic  or  nearly  sonic  edges 

or  r . 1,  s - H,  and  g^  » ICf4  Oj-2  »•••“*> 

(where  is  the  panel  diameter)  we  use  the  standard  rationalization. 


Otherwise,  we  calculate  J'  by 

O'  = 2*Ce  + J Qk 
edges 


where  ( cf . ( J . 8 . 81 ) 

Qk  = ph( 1 h | v,  aR) 


Vk 

Vk‘ 


(J.8.130) 


We  now  describve  stable  methods  for  computing  Ce  and  Qk. 

Since  either  the  flow  is  subsonic  or  Co  = 0,  the  most  direct  way  of 
getting  C«  is  by  the  formula 

f 1 if  { n,  (Qk  - Pk)  x tk}  > 0 for  all  k 

Co  = I 

10  otherwise 


The  topologies1  justification  of  the  procedure  defined  above  stems  from 
the  following  observation.  As  one  traverses  the  boundary  of  a.con^ex 
Dolvaonal  region,  proceeding  in  a positive  fashion,  any  point  inside  the 
fegion  always  lies  to  the  left  of  the  extension  of  the  edge.  Thus  the  edge 
distance  ak  is  always  positive. 
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We  now  provide  a detailed  prescription  for  the  computation  of  Qk.  This 
description  will  consist  of  two  parts. 

(i)  Evaluation  of  ph ( I hi v , aR)  when  R = 0 together  with  the  evaluation  of 
Qk  on  edges  that  intersect  the  Mach  cone,  and 

(ii)  Evaluation  of  Q|<  when  both  end  points  of  edge  k lie  inside  the 
domain  of  dependence  Op. 


It  is  a fairly  straightf orward  matter  to  show  that  the  value  of  v at  the 
point  at  which  an  edge  enters  the  domain  of  dependence  satisfies  the  inequality 


0 

V 

1 

> 

(J.8.134) 

" 1 R=0 

Similarly,  when  an  edge  leaves  Dp,  v£  satisfies  the  inequality 

vk+|  >0 

K 1 R=0 

(J.8.135) 

These  inequalities  can  in  fact  be  verified  by  a careful  study  of 
cases  in  figure  J.29. 

the  special 

As  a consequence  of  these  observations,  we  see  that 

ph ( | h | vj^,  ak  R)|r_q  = sign(ak)ir 

( J.8.136) 

w* 

and  . 

ph  ( | h | vf,  akR)|  R_Q  = 0 

(J.8.137) 

If  just  the  lower  endpoint  of  the  edge  intersects  0p,  Qk  is  given  by 

Qk  = ph( |h | v£,  ak  Rk)  - * sign  ak  (J.8.138) 

If  just  the  upper  endpoint  intersects  Dp  we  have 

Qk  = -Ph(M  vk*  akRk)  (J.8.139) 

Finally  if  both  endpoints  intersect  Dp 

Qk  = -it  sign  ak  (J.8.140) 
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We  now  develop  a rationalization  for  Qk  when  Rk  * 0,  Rk  # 0 
Evaluating  (J.8.128)  we  have 


Qk  = Ph ( 1 h | v,  ak  R) 


Vk 


vk' 


ph ( 1 h | vk+,  ak  Rk+)  - Ph ( I hi  Vk  » ak  Rk  ) 

= Qk  + 2wn  n an  integer 

where  Qk  is  defined  by 

Qk  = ph(h2Vk+Vk"  + ak2Rk+Rk”»  lhl  ak(Rk+vk“  _ Rk“vk+)) 


(J.8.141) 


(J.8.142) 


In  order  that  we  might  determine  n,  we  investigate  the  sign  of  Rk+Vk  - Rk  vk 

+ 


_ + vk 

Rk+Vk_  - Rk_vk+  » Rk+Rk"(^T  “ ^ = "Rk+Rk"  f d(j^ 


(J.8.143) 


Now  R2  = sqg2  + qv2,  hence, 

,v,  1 qv2  sc 

d W = * ' rJ  f 

£ 

(J.8.144) 

Consequently 

sign(RkVk  - RkvJ)  = - 

-sdk 

(J.8.145) 

Thus 

-sqk  sign(ak)  Qk  £ 

(o,  w ) 

(J.8.146) 

Now  an  inspection  of  equation  (J.8. 138)  shows  that  Qk  e(0,it). 
Consequently  we  see  that  no  phase  wrap  is  possible,  and  that  n = U ana 


Multiplying  both  arguments  of  Qk  by  (Rk+Vk  + Rk  vk+)»  we  find  that 
Qk  = Qk  = ph(X,Y) 


(J.8.148) 
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(0.8.149) 


aX  * Rk+vk+(h2yk  2 + ak2f*k  2)  + Rk  vk~(h2vk+2  + ak2Rk+2) 

Y = I h I ak  sign(Rk+vk-  + Rk-vk+)(sqg2)(vk-2vk+2) 

Now, 

sign(R+v-  + R_v+)  = -sq  sign((R+v-)2  - (R~v+)2) 

o p 

= -sq(sq)  sign(v_  - v+  ) 

2 -2 
= sign(v+  - v ) 

= sign(v+  + v~)  (J.8.150) 

Consequently,  Y is  given  by 

V = -ak  |h|  g2  |a(R2)  I (J. 8.151) 

Next,  we  examine  X.  First,  note  that 

h2v2  + a2R2  = (h2  + qa2)(v2  + rsa2)  ■ rqg2(v2  + rsh2) 

= rg2(qv2  + rsq)  = rg2(R2  - rsh2)  (J.8.152) 


Consequently  aX  = 

(Rk+Vk+(Rk-2  - i-sh2)  + Rk_vk~(Rk+2  “ rsh2))  rg2  (0.8.153) 

Comparing  (J.8.152)  and  (J.8.153)  we  see  that  they  contain  a common  factor  of 
g2.  We  remove  this  common  factor  to  obtain  the  rationalized  expression 
for  Qk 

Qk  = -ph(o[Rk+  vk+(Rk-2  - rsh2)  + Rk-  vk~(Rk+2  - rsh2)],  Tak I h| I a(R2) I ) 

(J.8.154) 

This  is  the  basic  formula  we  use  to  compute  Qk  for  subsequent  substitution 
into  equation  (J.8.130)  for  J'.  The  arguments  for  the  expression  (J.8.154) 
may  be  computed  in  the  obvious  fashion  using  the  relations  found  in  Section 
( J.7.2) . 


We  can  now  evaluate  J'  if  Ihl  = 0.  In  doing  this,  we  use  the  following 
formula  for  J'  (cf.  J. 8. 109-110) 

J'  = rs  (2*  - £ it  + 2 ph(-h2rs  <tk,  tk+p  - rakak+i,  Ihl  Rk+tk  • tk+i)) 

E c 

( J.8.155) 
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Setting  |hl  = 0 we  find 

J'l  . n = rs(2ir  - I it  + I pht-ra^ak+i,  0+)) 
l n =U  E c 


(0.8.156) 


Since  > 0 for  all  k,  we  then  obtain 


J' 


h =0 


= rs(2ir 


_ E 
E 


(1+r) 

2 


( J.8.157) 


We  can  now  examine  the  three  special  cases  described  by  Figure  J. 30.  First, 
consider  s = 1.  Then  r = +1  and  the  number  of  corners  in  the  domain  of 
dependence  equals  the  number  of  edges  (=n,  say).  Thus 

Z tt  = nir,  E ir  = nir 
E c 

and 

i.  | _ (0.8.158) 


Next,  suppose  rs  - -1.  Then  r = +1,  s = -1  and  the  number  of  straight  edges 
of  o'  exceeds  the  number  of  interior  corners  by  1.  Hence 


E it  = mrr 

C 


(0.8.159) 


and 


(0.8.160) 


Finally,  suppose  r = -1.  Here,  r 
or  corners.  Hence 


O' 


h =0 


2 7f 


-1,  s = -1  and  o'  has  no  straight  edges 


(0.8.161) 


Summarizing,  for  a field  point  lying  on  the  panel 


O’ 


h 


=0 


'2Trrs  if  rs  = 1 
k irrs  if  rs  = -1 


(0.8.162) 


In  general  we  write 


O' 


h =0 


f(rs  + 3) 


(0.8.163) 
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Of  additional  interest  is  the  jump  in  J and  the  average  value  of  J.  In 
order  that  we  might  define  the  jump  in  J we  must  define  it  by 

[J]  = [J(P  ♦ en)  - J(P*  - en)]  (J.8.164) 

The  average  value,  ( J ) Av » is  the  average  of  these  two  quantities.  First  let 
s = 1.  Here 

[J]  = —2  IT  - (2ff)  = —4  TT 

(J)Av  = ^(-2ir  + 2tt)  = 0 (J.8.165) 

Next,  consider  rs  = -1.  Here 
[J]  = 2ir 


(J)AV  - 0 


(J.8.166) 


Finally  let  r = -1.  Here  we  must  proceed  very  carefully.  First  we  must 
recall  that  a panel  may  influence  a point  only  when 

sign(h)  sign(n,c0)  = 1 (J.8.167) 


Next,  we  must  compute  the  sign  of  h for  field  points  lying  just  above  the 
panel  (P  + en)  and  for  points  just  below  the  panel.  Now 

sign(h(P  + en))  = + 1 (J.8.168) 

Thus, 

[J]  =2tt  sign(n,c0) 

(J)Av  = * sign(n,c0)  (J.8.169) 


J.8-24 


J .9  Far  Field  PIC's 

As  noted  earlier  in  appendix  1.4,  the  far  field  estimation  of  a panel 
influence  is  calculated  by  implementing  the  following  approximations: 

( i ) The  panel  is  replaced  by  its  mean  panel 

(ii)  Singularity  distributions  o and  u are  replaced  by  their  quasi  far 
field  approximations  (see  section  1.3.1) 

(iii)  The  kernel  functions  (1/R)  and  V ( 1/R)  are  replaced  by  Taylor  series 
approximations  of  degree  0 (monpole),  1 (dipole)  or  2 (quadrupole) . 

in  this  section  we  carry  out  the  analysis  of  these  approximations  as  they 
relate  to  the  computation  of  the  integrals  defined  by  equations  (J.l.l), 

(J .1.2) , (J .1.4) , (J .1.5) . 

We  begin  this  analysis  by  noting  that  the  far  field  evaluation  procedure 
is  used  only  when  the  panel  I (and  its  mean  plane  approximation  2m)  is 

completely  contained  within  the  domain  of  dependence,  Dp*  uIn.fac^’ 

Doints  of  2 are  required  to  be  some  distance  away  from  the  boundary  of 
E . As  a consequence,  we  find  that  for  all  cases  of  interest. 


2 n Dp  = 2 

2 H D = 2m 
p m 


(far  field  evaluation  condition) 


(J.9.1) 


The  local  coordinate  system  associated  witt  the  mean  panel  is  de J*  JJJ 
panel  center  Pg,  and  the  mean  panel  normal  nm,  which  determines  the  reference 

to  local  transformation  matrix  Am  by  means  of  equation  (E.0.1).  This  transfor- 
mation gives  the  local  coordinates  Q‘  of  a point  Q by  the  formula 


Q‘  = Am  (Q  - P9) 


(J.9.2) 


The  area  Jacobian  Jm  for  this  transformation  is  given  by  (E.3.109),  (with 
appropriate  modifications)  by 


Using  the  basis  functions  defined  by 

[*  ] = [1,  f , n,  S2/2,  *n,  n2/2] 
a 


(J  .9.3) 


( J .9.4) 


we  write  the  mean  panel  singularity  approximations  (1.3.1)  and  (1.3.2)  in  the 
form 


0 = 


3 

2 

a=l 


aa  0a  (f,  n) 


(J  .9.5) 
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6 

u = 2 u„  (£,  n)  (J.9.6) 

8=1  B 

If  we  now  substitute  all  these  results  into  the  defining  relations  for  v$ 

given  by  (J. 1.1-2),  replacing  integrals  over  2 with  integrals  over  2m 
we  obtain  the  following  approximations 


* 


s 


<ir>  <J»  d"> 


1 

K 


( Vg  £)  (jm  d4  d„) 


( J .9.7 ) 


(J .9.8) 


The  corresponding  transformations  for  0n,  vn  requires  the  use  of  the  identity 
(cf.  (E.1.28) ) 


n'  dS'  = B2  A’1  nm  dS, 

and  the  identity 

V = B V =BATV' 


n_  dS 
m 


1 » T ^ i jh 

— k-  A n d5 
6^ 


The  crucial  calculation  for  the  treatment  of  0D  reads 

n_  dS  . V = K (AT  n'  dS' ) . B AT  V' 
m 6Z 


(J .9.9) 


(J.9.10) 


= -^  n1  dS  . (A  B AT)  V‘  = s n'dS'  . D V' 
s ( J .9.11 ) 

where  0 = diag  (r,  s,  rs)  (see  equation  (E.3.31)).  In  deriving  the  last 
result  we  have  used  the  identity  (E.3.106),  modified  for  the  present  context, 
that 


ABA  = S8  D 


(J .9.12 ) 


Substituting  (0.9.11)  into  the  definition  of  0D>  (J.1.4),  and  taking  account 
of  our  earlier  observations  yields: 


_ s 


'D  - 


6 

( 2 
8 = 1 


ue  *6)  (n‘  dS1 


m 


(J  .9.13) 
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The  crucial  calculation  for  the  treatment  of  vQ  reads 

(nm  dS  x Vn)  x Vf  = AT  n'  dS'  x AT  V'u)  x B AT  V’f 


i^-A1  [ ( n ' dS ‘ xV'p)  x A B ATV'f] 


= s AT  [(n1  dS’  x V'u)  x D V'f] 

(J .9.14) 

Here  we  have  used  twice  the  standard  identity  for  the  transformation  of  a 
cross  product  (cf.  equation  (E.1.12)): 

Gx  x Gy  = det(G)  G_T  (x  x y) 

as  well  as  the^result  (J .9.12) . Substituting  ( J .9.14)  into  (J .1.5)  as  usual 
we  obtain  for  vD: 

vD  = f AT  in'  dS ' x V'u)  x D V'  (-^)  (J .9.15) 


Having  implemented  the  first  two  approximations  set  forth  in  our  list 
the  beginning  of  this  section,  we  now  simplify  our  expression  a bit  and 
identify  some  common  integrals  before  proceeding  further.  We  begin  this 
simplification  process  by  examining  in  somewhat  greater  detail  the  form  ot  our 

integrals  in  the  local  coordinate  system  for 

In  panel  local  coordinates,  the  metric  matrix  C'  is  defined  by  equation 
(E.2.18)  to  be 


C' 


C A 


-1 


By  taking  the  inverse  of  equation  (E.3.31)  and  recognizing  that  the  matrix  D 
is  its  own  inverse,  we  conclude  that 


C' 


(c1)*1  = D = 


( J .9.16 ) 


Letting  P'  denote  the  local  coordinate  representation  of  the  control  point  P, 


P'  = Am  (P  - P9) 


(J .9.17) 


we  find  that  the  kernel  function  (1/R)  has  the  following  representation  in 
local  coordinates 


J .9-3 


1/R  = 1/  CO*  - P\  Q‘  - P’]1/2 


+ -►  T -►  -+  1/9 

= 1/  C ( Q ' - P')  C'  ( Q ' - P')]  ' 

Introducing  the  following  notation  for  the  components  of  Q'  and  P', 


Q’  = 


P' 


r 

n 

LC. 

X 

y 

z 


( J .9.18) 


(J.9.19) 


(J .9.20) 


we  obtain  for  the  kernel 

(1/R)  = 1/  [ r ( ( - x)2  + s (n  - y)2  + rs  ( { - z)2  ]1/2 


(J.9.21) 


Rather  than  compute  v ' ( 1/R) , we  prefer  to  work  with  the  quantity  D V1  (1/R) 
On  the  mean  panel  ^ = 0 and  we  obtain 

m 


1 

l 

X 

1 

D V'  (1/R) 

s 

y - n 

II 

O 

L Z J 

/R 

We  now  write  out  the  formulas  for  0S  and  vs  that  we  require: 

3 


(J.9.22) 


m 

— T o 

k a 

a=l 


v = Jm  AT  D v1  ° 

S — L a 

a=l 


j; 


0 


d£  dn 
R 


(J .9.23) 


m 


rr  i 

"x  - { “ 

jj ^ 

y - n 

7 

X 

4 

df  dn 


m 


( J .9.24) 


The  formula  for  v follows  from  { J .9.8)  by  using  (J.9.22)  together  with  the 
result 

V = AT  V'  = ATD  (D  V1 ) 

Upon  examining  these  equations  we  are  led  to  define  the  integrals  and  by 
♦ = - ff  0 4 d(  dn  ( J .9.25 ) 

* JJ  a R 


J .9-4 


" W. 

1 ,a 
Wo 

s 

1C* 

~ * . * 
y - n 

2, a 

Wo 

o ,cx  J 

= K 

JJ  a 

z 

7 


di  dn 


(J  .9.26) 


The  reason  for  including  the  factor  (s/k)  will  become  apparent  when  we 
consider^ the  case  of  the  doublet  influence  coefficients.  Using  the  quantities 
♦ and  W , we  can  rewrite  0S  and  v$  as 


= ~Sjm 

s m 


La  y 

a 

a=  1 


(J .9.27) 


v = sJ  AD  o W 

s m Z-r  a a 

a=l 


( J .9.28) 


The  corresponding  equation  for  0Q  is  obtained  by  using  the  fact  that 


0 
0 

L 1 J 


and  substituting  (J .9.22)  into  (J.9.13)  to  obtain 

6 


(J .9.29) 


£ 

K 


JJ  £ UB  *8  ^ d£  dn 
8=1 


m 


= z "3,6 
8=1 

The  required  equation  for  vQ  is  obtained  by  first  recognizing  that  the 
integrand  in  equation  {J .9.15)  can  be  written 

■>3 


( J .9.30) 


{ n ' x V'ti)  x D V'  (1/R)  = 


z/r 

u z/R3 

n o ' 

-u,  (x-O/R  - un  (y-n)/Rv 


( J .9.31) 


J .9-5 

c-l 


Differentiating  the  relation  (J.9.6)  for  u yields 

3 

- w2  0l  + u4  02  + w5  03  = E ^x,a  0a 

a=l 

3 

% = u3  01  + u5  02  + u6  03  = E uy,a  0a 

a=l 


(J .9.32) 


(J .9.33) 


with  the  obvious  definitions  for  nY  „ and  Uv/  . Substituting  these  expressions 

A ,a  Jr  * 0 l 

into  (J.9.31)  and  the  result  of  that  back  into  (J.9.15)  yields  after  some 
manipulation  and  taking  account  of  the  definition  of  W 


3 

at  E 


a=l 


My  W 

X ,a  6 ,a 

u w- 

y,a  3, a 

“My  „ W,  -Uv  „ W? 

X j (i  1 ,a  j >oi  fc  > ci 


(J  .9.34) 


We  have  now  reduced  the  problem  of  computing  the  approximate  influence 
coefficients  for  0$,  vs,  0^  and  v^  down  to  the  evaluation  of  the  integrals 

y and  W defined  by  (J.9.25)  and  ( J .9.26) . We  will  now  focus  our  attention 

a a 

on  the  computation  of  these  quantities  bringing  into  play  our  final 
approximation  technique,  the  Taylor  expansion  of  the  kernel  functions  about 
the  panel  center. 


Letting  RQ  denoted  the  value  of  R at  the  panel  center,  the  origin  of  the 
local  coordinate  system,  we  observe  (cf.  J.9.21) 


2 o p 1/2 

Rq  = [rx  + sy  + rsz  ] 

We  may  expand  (1/R)  in  a Taylor  series  about  the  point  Q' 
the  surface  of  2 (4=0): 


( J .9.35 ) 

= 0 and  obtai n on 


(1/R)  - ( 1/Rq  ) 


(J .9.36) 


J .9-6 


The  corresponding  expansion  for  the  kernel  D V ' ( 1/R ) reads, 

,3 


D v1 (1/R) 


C=0 


x - ( 

y - ti 

z 


/FT 


X 

y 

. z j 


7 

Ko 


3rx(  + 3syn 
Z5 


o')  2 2 

. 1 ISfx't  + 2rsx  yn(+  y n ) - 
▼ ^ 


n 
,o  J 


1 

7 

Ko 


3rx  + 3syn 


(J .9.37 ) 


Monopole,  dipole  and  quadrupole  expansions  are  obtained  by  ^"9^® 
approximations  (J .9.36)  and  (J .9.37)  retaining  respectively  terms  that  are 
coSstant,  linear  and  quadratic  with  respect  to  J and  expansions  can 

be  written  in  terms  of  the  basis  functions  0a  defined  by  (J.9.4)  by  the 
equations 


1,3  or  6 K 
(1/R)  * I 
j = l 


j J 


( J .9.38) 


D V ( 1/R)  = 


x 

y 

L z J 


1,3  or  6 

1 

j=l 


or  3 

I 

j=l 


f 

n 

o. 


( J .9.39) 


K K 

where  kernel  moments  Gj  and  Hj  are  defined  by 


[gK]  = [I  , r* 


sy  3x 
. —r*  “T» 

J R R’ 

Ko  Ko  Ko  K< 


r 

“T* 

Ro 


3rsxy 


3y 
— r 

r: 


7 

Ko 


] 


(J  .9.40) 


[H*] 


r 1 3rx  3sy 

"S- ’ ~!>  * 
% Ro  Ro 


15x^  3r  15rsxy  15y  3s-. 

3T  ? T-’  T'«5 


(J  .9.41 ) 


In  equation  ( J .9.39) , a monopole  expansion  is  obtained  by  taking  the  upper 
limit  of  the  first  sum  to  be  1 and  ignoring  the  second  sum.  The  dipole 
(quadrupolel  eiplnsions  are  obtained  by  taking  3 (resp.  6)  terms  in  the  first 
sum  and  1 (resp.  3)  terms  in  the^second  sum.  Substituting  these  expansions 
into  the  definitions  of  and  Wq,  we  obtain 


J .9-7 


X (I  JJ  "« *i  d'd" 


(0.9.42) 


[»]  SS*.*!*** 

J 2m 


I 

j 


* n 


t 

n 

LOJ 


0 0.  d(  dn 

a J 


"5 


( J .9.43 ) 


These  equations  motivate  the  definitions  of  the  panel  moments  given  previously 
by  equations  (1.4.4)  and  (1.4.5).  Using  these  panel  moments,  *a  and  Wa  can 
be  expressed 


H j Gi 

aj  J 


■4* 

" X " 

K 

\Rlaj" 

W = 

a 

y 

2 Haj  Hj  * 2 

H2aj 

_ z _ 

j J 

L o J 

(J .9.44 ) 


( J.9.45) 


*► 

Note  that  in  the  second  term  of  this  expression  for  , the  sum  over  j is 

null  for  the  monopole  case  and  extends  to  1 (resp.  3)  for  the  dipole  (resp. 
quadruple)  case. 


We  can  now  summarize  our  results  and  at  the  same  time  provide  a fairly 
concise  procedure  for  computing  far  field  influences.  First  we  define  Hq  and 

H.  by 

la  J 


H 

a 


1,3  or  6 

I 

j = l 


H i H*J 

aj  J 


( J .9.46 ) 


0,1  or  3 

2 

j=l 


H . . H* 
laj  J 


i = 1,2 


(J  .9.47 ) 
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Using  these  we  can  write  for  Wa: 


Consequently  we  obtain  for  our  various  panel  influences 

3 

«L  = -SJ  V a y 
Fs  rn  ^ a 

a=l 


(J  .9.48) 


( J .9.49) 


(J .9.50) 


6 

*0  = I we  zHb 

B = 1 


(J .9.51 ) 


( J .9.52 ) 


J .9-9 


J.10 


Line  Vortex  PIC's 

The  line  vortex  term  of  the  velocity  is  given  by  (cf . (B.3.55)) 


->  * if 

v0  = - J 


u V('R’)  x d1 

K aSnDp 


Differentiating  in  compressibility  coordinates  yields 
V(i)  = -SB2  (Q  - P)  /R3 


(J.10.1) 


(J.10.2) 


and  thus 


- * -SB* 
VD  * T” 


f 

aSflDr 


u 

51 


(Qo  ~ Pq)  x ^ 


( J. 10.3) 


In  general,  the  doublet  strength  is  assumed  to  be  continuous  e^ywhere, 
and  thus  the  line  vortex  contribution  to  the  velocity  ca"celsa"d  be 
ignored.  In  addition,  evaluation  of  this  integral  is  not  possible  in 
supersonic  flow  without  additional  assumptions. 

In  subsonic  flow,  however,  the  inclusion  of  a "line  vortex"  corresponding 
to  a discontinuity  in  doublet  strength  may  be  meaningful  (see  Appendix  B). 
fSe  opiion  is  not  available  in  version  1.0  of  Pan  Air,  but  the  theory  is 
included  here  as  background  material.  In  this  section,  we  compute  t 
matrix  which  gives  vq  in  terms  of  u_,  u0»  and  u+».  the  values  f line 

doublet  strength  at  the  initial  point,  center  point,  and  endpoint  of  a line 

segment,  such  as  a panel  edge. 


J.10.1  Computation  of  vq 

Now  along  a straight  segment  of  o»  we  have 
dx0  = t0  ds0 


( J. 10.4) 


where  tft  denotes  the  unit  edge  tangent  in  reference  coordinates  and  dSg 
denotes  the  element  of  arc  length.  Also,  as  one  moves  along  such  an  edge,  the 
point  of  integration  Q0  varies  according  to  the  rule 


Qo  « Qo 


(°)  + 


bo  s 


( J. 10.5) 


Thus 


Vtjf)  X Jx 


O = -ss2H(Qo(o)  -To)  x t( 


dSg 


( J. 10.6) 
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Substituting  this  into  equation  (J.10.3)  we  obtain  the  line  vortex  velocity 
due  to  a straight  segment  of  edge  E 


-»  * -SB* 

vo  * -3“ 


(Qo(o)  - P0)  X t0)  [ 


( J. 10.7) 


This  equation  motivates  us  to  define  the  integral 

f u ds0 
U)  = J * — 


(J.10.8) 


j * 

so  that  v q 


is  given  by 


VQ 


* 


((Qo{o) 


Pq)  X t0)  U 


(0.10.9) 


Thus  VQ  is  a constant  vector  times  the  integral  u.  We  evaluate  u by 
applying  a coordinate  transformation  from  the  reference  system  X0  to  a local 
coordinate  system  X’  such  that  in  X',  the  element  of  arc  length  along  the  edge 
image  is  ds’l  = sqdx'.  Our  new  coordinate  system  is  defined  by 

I edge 

the  transformations 


r 


X 


o 


E _ A 
X - X - 


X1 


(J. 10.10) 


The  transformation  r is  discussed  in  Appendix  E.  The  coordinates  X are 
compressibility  coordinates,  while  E is  a scaling  transformation. 


E = 


(J.10.11) 


We  define 


A-  K'Ur 


Stx  a 0 

-So  Sty  0 

0 0 q. 


1 0 _ 0 
0 t^  / o 1 2 / o 

0 — & ty/o_ 


(J.10.12) 


where  _ 

t - E r t0 

= tx2  + ty2 

q = sign  [t,  t]  (J.10.13) 


Before  proceeding  further,  we  note  in  passing  that  when  t0  is  chosen  to  have 
the  normalization 


then  t,  t,  and  t ' , defined  by 
t = rt0 
t = E t 
t'  = A t 

retain  this  normalization 

[t,  t]x  = [t,  t]x  - C*.  t']x.  = q 

Because  of  this  nice  property,  we  will  assume  that  has  the 
normalization  (J.10.14).  We  can  now  prove  the  two  identities 

ds0  = |f0|  ds' 

ds ' = sq  dx1 

The  first  identity  is  proved  by  the  calculation 

(ds')2  = (t1  ds')  • (t'  ds’)  = (&')  • (dx') 

= (AE  r dx0)  • ( AE  r dx0)  = 

(AE  r t0  ds0)  • (AE  T t0  ds0)  = 

(ds0)  2 | a!  r t0 1 2 

Now  since  t0  = t0/|t0|  , we  find 

(ds1)2  = (ds0)2  | AE  r t0  | 2/|t0|2 

= ( d s o ) 2 |t’|2/|t0|2 

where  we  have  used  equation  (J.10.15)  to  notice  that 
t'  - AE  rt„-At 


The  quantity  A t is  readily  computed: 


A t = 


|[t!  t]|l/2 


sq  )/|[t,  t]| 


(J.10.15) 

( J.10.16) 

( J.10.17) 
(J. 10.18) 

( J. 10. 19) 
(J. 10.20) 

(J. 10.21) 
(J. 10.22) 

(J. 10.23) 
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Invoking  the  normalization  condition  (J.10.16)  we  then  find  that 


t 1 = A t = sq 


'1' 

0 

10 


, I A t!  = 1 


(0.10.24) 


Using  this  in  equations  (J. 10.21-22)  then  yields  the  required  identity 

1 10|  ds ' = ds0  (J.10.25) 


The  second  identity  (0.10.18)  can  be  proved  by  noticing  that 


/s  t 1 -> 

f - f-sq 


n 

0 

0 


(J. 10.26) 


The  identity  dx'  = t*  ds ' then  provides  the  desired  result  as  follows 


fdx'l 

sq' 

CL  CL 
rvi  «< 

= dx 1 = t'  ds 1 = 

0 

lo  J 

(J. 10.27) 


It  should  be  noted  that  the  ratio  of  arc  elements,  |t0|  (cf . (J. 10.17) , is 
closely  related  to  the  quantity  T defined  by 


t2  = |[t0,  t0]| 

To  see  this  relationship  note  that 


(J. 10.28) 


t0  = 


|[t0,  t0]|1/2  T 
Taking  norms  and  remembering  that  |t0|  = 1,  we  find 

|t0l  - i 


(J. 10.29) 


(0.10  30) 


The  next  piece  of  information  we  will  need  is  the_form  of  the  function  R 
in  the  coordinate  system  X'.  Using  the  fact  that  in  X,  R^  is  given  by 


R2  = (£-  x)2  -1-  s(n  - y)2  + s(  c - z)‘ 


( J.10.31) 


one  may  then  use  the  definition  (0.10.12)  of  A to  compute  R2  in  X'.  One 
quickly  finds  that 


r2  = q(^'  - x')2  + sq (n 1 - y')2  + s(C  - z')2 


(0.10.32) 
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If  we  now  define  the  edge  variable  v and  the  edge  parameter  g by 
v = £'  - x 1 

sqg2  = sq(n ' - y' )2  + s(e'  - z' )2 


(0.10.33) 

(0.10.34) 


one  quickly  obtains  the  necessary  expression 
R2  - qv2  + sq  g2 


for  R2 


(0.10.35) 


We  may  now  write  the  integral  u>  in  the  concise  form 


f |t0l  ds ' sq  f 

" a i u — S3  = t ; 


dv 


/qv 


2 + sqg2  ^ 


(0.10.36) 


Now  on  a given  edge  E,  u is  assumed  to  be  a quadratic  function,  completely 
determined  by  its  values  at  the  lower  and  upper  endpoints  v_  and  v and 
at  the  midpoint  vD  = 1/2  (v_  + v+).  The  corresponding  values  of  u are 
denoted  u+,  u0.  As  a function  of  v,  y may  be  written 


y = y(v)  = 1»_  (v)  + U0  fO  (V)  + U+  f+  ^ 


= Jl.  HQ  W+j 


f_ 


f + 


(0.10.37) 


where  the  functions  f are  defined 

(v  - v0)(v  - v+) 
f-  (v)  = (7_  - v0)(v.  - v+T 

(v  - v_)(v  - v+) 

fo  <v>  ■ (v0  - v_xv0  - v.y 

(v  - V_)(v  - v0) 

f+  (v)  = T7T^T-)(v+  - v0T 

If  we  introduce  the  basis  functions  <t0  (v),  <t>\  (v),  $2  (v)  by  the 
definitions 

AV  = V+  - V_ 

*0  (V)  = 1 


(0.10.38) 


(0.10.39) 
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V 


0l(v)  = — j- 


- v. 


AV 


i ^ (v  - v0)2 

^2(v)  = -J : - 1 


^ ( 4v)2 

we  see  that  the  f functions  can  be  written 


(J. 10.40) 


1 

"1 

1 

1 

f_ 

2 

1 

7 

► — 

0 

0 

-1 

f+ 

0 

1 

1 

J 

— 

7 

7-1 

r . 


*0 
*1 

4>? 

(J. 10.41) 

Substituting  (0.10.40)  into  ( J. 10. 36)  and  thence  into  (J. 10.35)  we  obtain  for  < 


dv 

P 


1 

1 

1 

7 

*7 

7 

ia/  « 

T E 

r ^o  l 

0 

1 

0 

1 

-1 

1 

*1  v 

[*2j 

L* 

7 

7 

= jU-UqU+j 


where  w-j  are  defined  by 


p 

1 

n 

7 

"7 

7 

<*>o| 

0 

0 

-1 

< 

1 1-1  1 

1 

_7 

l 

7 

1 

7j 

hJ 

(J. 10.42) 


“l 


sq  f *idv 

1=T  IT 


( J.10.43) 


The  functions  m]  can  be  computed  by  repeated  integration  by  parts.  In  doing 
this,  we  treat  the  general  case  of  a quadratic  basis  function  i>.  We 
consider  then 


O) 


U = 6 dV 


dU  = t' (v)  dv 


dv 

^qv2  + sqg2  3 

dv 

^qv2  + sqg2  3 

V = — V* 
sqg^R 


(J. 10.44) 


(0.10.45) 
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Thus 


(0.10.46) 


U\  _ sq  r iy  _ _1  f 
w T sqg2R  sqg^  ^ 


v+ 


dv] 


v_ 


v dv 


Again  integrating  by  parts,  let 

U « *' (v)  dV  = 


dU  = (v)  dv  V = qR 


Thus, 


(«)  = _ 0'  qR  + qtf"  / Rdv] 


v+ 


sqg 


Now,  note  that 
d 


37<“r>  * 


r*  gvi.R.ii^aai 


= 2R 


H3i 


Consequently 


J Rdv  = y [vR  + sqg2  Jdv/R] 
and  we  obtain  for  u>(0)« 

v 

„(*)  = [*1  - 0'qR  + (VR  + sqg2I(4»))]  ^ 


where,  of  course,  1(40  is  given  by 


K4>)  = Sr- 


{1,  v + R 
?1o9  V-TR 
-ph(v,R) 


q = +1 
q = -1 


(J. 10.47 ) 
(J. 10.48) 

(J. 10.49) 

( J.10.50) 

( J.10.51) 
( J.10.52) 
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We  now  apply  the  formula  (J. 10.50)  to  the  evaluation  of  wj,  i * 0,  1,  2. 


First 


Cl)0 


sq  v 
sqg2  * 


v+ 


v 


sq/T 

sqg? 


v+  v_ 

(ir  ' nr 


) 


sq/i  R-v+  - R+v_  R_v+  + R+v_ 
sqg  2 fT+ft_  R_v+  + R+v_ 

sq/i  sqg2(v+2  - v_2) 

7qg2'  R+R_(R_v+  + ft+v_ 

sq  2^v  vo 

T R+R_(R_v+  + R+v_) 

where 

v0  » ^(v_  + v+) 


(J. 10.53) 

(J. 10.54) 
(J. 10.55) 


(0.10.56) 


In  perofrming  this  evaluation,  we  have  taken  special  care  that  the  possibility 
that  g2  » 0 not  cause  any  difficulty. 


Next,  we  consider  u»i,  which  corresponds  to 

<h(vJ  = -i 

♦l(v+)  = +1 

4>l'  = -2/av  (J.10.57) 

Using  equation  (J. 10.50)  we  find 

“1  ■ + 1C  ' * R-^  (0.10.58) 

After  considerable  manipulation,  one  then  finds 

*1  = - j [A(i)]2  — (0.10.59) 

tWTT) 

where  the  overscore  denotes  the  average  value  of  the  quantity  at  the  lower  and 
upper  endpoints.  Finally  we  compute  u>2,  which  corresponds  to 

02(v+)  = $2(v-)  = 0 

i>2'  (v+)  = -^2 ’ ( v_)  = 

#2"  =^~7  (0.10.60) 

{w)d 
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Applying  equation  (J.10.50),  we  find 


coo  [-  p-  (R+  + R_)  + 7^-7  (&(vR)  + sqg2al)] 

2 ( sqg2)  *v  (av)2 


p- ^ [-av(R+  + R_)  + a(vR)  + sqg2  al] 

Tsqg^av)^ 


Now 


av(R+  + R_)  + a(vR)  = VaR  + Rav 
= vaR  - avR  = v_R+  - v+r_ 

sqg2(v_2  - v+2) 
v_R+  + v+R_ 


- 2avR 


Consequently 


to  2 = 


4s 


(av)« 


This  may  be  written 


(J.10.61) 


(J. 10.62) 
(J. 10.63) 


(J. 10.64) 


_ _4s  rAl v i (J. 10.65) 

“2  ' av  av  " R+R_  - (v/R) 

As  in  the  case  of  « and  top  we  have  found  a form  that  is  perfectly  well 
behaved  in  the  limit  g2  » 0.  Of  course,  the  expression  al  must  be 
calculated  in  a stable  manner.  This  problem  has  already  been  considered  in 
Section  J.8.1. 
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J.ll  Singular  Behavior  of  Integrals 


In  this  section  we  will  examine  the  behavior  of  the  perturbation  potential 
and  velocity  induced  by  a discontinuous  source  strength,  a discontinuous 
doublet  strength,  or  a discontinuous  doublet  gradient.  It  can  be  seen  that  no 
generality  is  lost  by  examining  the  potential  and  velocity  induced  by  various 
non-zero  source  and  doublet  distributions  on  the  triangular  region  in  figure 

J.31. 


We  will  consider  the  cases  of  discontinuous  singluarity  strength  or 
qradient  across  edges  in  subsonic  flow,  and  subsonic,  supersonic,  or  near  y 
sonic  edges  in  supersonic  flow.  The  case  of  e = 0,  = 0 e ° of 

sufficient  generality  in  subsonic  flow.  For  supersonic  flow,  the  cases  o 
subsonic  and  supersonic  edges  may  be  treated  by  considering  edge  3,  and  e a 
small  positive  or  negative  real  number.  Finally,  the  compressibility 
direction  may  always  be  taken  to  be  the  x-direction,  except 

the  case  of  a superinclined  panel.  Thus  with  the  exception  of  this  last  case, 
the  reference  to  local  transformation  (cf.(E.O.l))  is  the  identity. 


In  the  sections  which  follow,  we  will  first  compute  the  potential  and 
velocity  induced  by  the  three  discontinuities  in  singularity  strength  or 
aradient  in  terms  of  edge  and  panel  functions.  We  will  then  evaluate  the 
computed  expressions  for  each  of  the  flow  regimes.  We  will  borrow  heavily 
from  the  notation  of  Section  J.6,  especially  J.6.1.4  and  J.6.5. 


J.ll.l  Discontinuous  Source  Strength 

The  source  strength  may  be  discontinuous  across  a panel  edge  in  such  a 
fashion  that  the  discontinuity  retains  the  same  magnitude  along  the  entire 
edge  in  which  case  the  tangential  derivative  of  source  strength  is 
continuous.  On  the  other  hand,  the  magnitude  may  vary,  in  which  case  the 
tangential  derivative  is  discontinuous.  The  two  representative  cases  are  the 

constant  source  strength 

/ \ (J.ll.l) 

<n(x,y)  =1 


and  the  linearly  varying  strength 
<J2(x,y)  = x - y 


(J.ll. 2) 


We  will  now  consider  the  potential  and  velocity  induced  by  o i and  a2- 
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We  recall  the  definition  of  [S0] 


the  local  coordinate  value  of  the  field  point. 


J . 11—2 


We  first  consider  the  potential  and  velocity  induced  by  the  source 
distribution  oj. 

We  have  (cf . J.6. 179) 


*k+  V 

b = — ( E C Rdtf  - 2 it  |h|  Cq  ) 

K \ k 1 _ ' 

h 

( J.11.9) 

= (cf (0.7.5)) 

T l JkOO 

(0.11.10) 

. (cf (0.7.3) , (J.7.12),  (J.7.27),  (J.7.34)) 

^ 0 - | r akqkIk 

(0.11.11) 

where  (cf(J.7.3)) 

J = I h Jk(40  - 2 w sign(h)  C0 
k 

(0.11.12) 

is  the  panel  function  and  Ik  is  the  edge  function.  Ik  and  Jk  are 
defined  by  (J.7.1)  and  (J.7.2)  respectively. 

Next,  we  have  (cf ( J.6.174)) 

-s  , 
a = — J 

(0.11.13) 

and  (cf ( J.6.185)) 

a = | J nkqkIk 

(0.11.14) 

Thus  we  have 

«s,l  = b = -£T-  J - ^ I akqkIk 

(0.11.15) 

(vSfi)  x,y  - a = | £*kqkIk 

(0.11.16) 

(vs,i)  z = a - ir  J 

(0.11.17) 
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Next  we  consider  the  potential  and  velocity  induced  by  the  second  source 
distribution.  We  have  (cf (0.6.195)) 

b = ^ E vkqk  a(Rv)  - ~ E vk(ak2  + qkh2)  lk  (0.11.18) 

Thus 

tfs,2  = &1  - b2  + b(di  - d2 ) » 

' TJc  ^ “ ^k,2)  dk  ^(Rv)  - I (vk,l  - vk,2)  (ak2  + dkh2)  Ik 

+ *s,l  (xo*  - y0')  (0.11.19) 

Next,  by  (0.6.201) 

[B]  = b I + E nkakvk1  !k  + £ £ dk^kV aR  (0.11.20) 

Thus 

vs,2,x  = «l(di  - d2)  + Bn  - B12  = 
vs,i,x  (V  - y0')  + *s,i  + 

^ £ "k,l  ak(vk,2  - vk,l)  Ik  + 

^ ^ dk  nk,l(^k,l  “ ^*k,2)  aR  (0.11.22) 

Similarly, 

vs,2,y  = a2(di  - d2)  + B2i  - B22  (0.11.23) 

= vs>i-y(x0'  - y0')  - 0S, 1 

+ ^ J "k,2  ak("k,l  ~ vk,2)  Ik 

+ ^ k qk"k,2(^k,l  - ^k,2)  aR  (0.11.24) 

Finally,  . 

vSi2,z  * a(dl  - d2)  - hr ( ( G"S ) i - (Ga)2)  (0.11.25) 
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Now, 


Gn  = v 


( J. 11 .26) 


and  so  ^ ^ 

Vs,2,z  = vs,l,z(xo'  “ yo' ) 

- t (ltk>1  - Sk,2)  qkIk  { J.11.27) 

K 


J.11.2  Discontinuous  Doublet  Strength 

A complete  discussion  of  the  potential  and  velocity  induced  by  a 
discontinuous  doublet  strength  would  require  consideration  of  a varying 
doublet  distribution  as  well  as  a constant  one,  in  parallel  with  the 
discussion  on  discontinuous  source  strength.  This  process  would  be  lengthy, 
however,  and  not  contribute  any  additional  insight,  and  so  will  be  neglected. 
We  thus  consider  a panel  with  constant  doublet  strength  y - 1 only. 


J. 11.2.1  Doublet  Potential 
We  have 


1x10 

$D  = C°oh,. 


' U0  ' 


'nn 


(J.11.28) 

where  D0  is  given  by  (J.6.253),  and  y0  = 1,  while  all  other  coefficients 


are  zero. 
Thus 


j ~rs  i 

$D  = ra  * “IT  J 


= ill  (£  h J(4»)  - 2n  sign(h)  C0) 


(J.11.29) 
( J.11.30) 


J. 11.2.2  Doublet  Velocity 

To  compute  the  velocity  indeuced  by  a discontinuous  doublet  strength,  we 
must  use  the  results  of  Section  J.10.  We  consider  (J. 10.41)  in  light  of  the 
fact  that  y = 1 on  the  entire  panel.  Thus 


yl  = y0  = M+ 


= 1 
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and 


f “ol 

a)  = L1  0 Oj  j «i  I = o)0  (J.11.31) 

l w2  J 


(J.11.32) 


Combining  (J.10.9)  and  (J.11.32) 

^D,edge  ” — ((Qo_^o)x^o)  uo  (J.11.33) 

where  Q0  is  any  point  on  the  edge.  From  (J.10.52), 

“o  “ 7^?  * K?  ( J.11.34) 

and  thus 

^otedge  3 ^“7  ^ “ 1T*^  " ^o)  x to  (J.11.35) 

J . 11.3  Discontinuities  in  Doublet  Gradient 

Since  a discontinuity  in  the  tangential  derivative  of  doublet  gradient 
produces  a doublet  discontinuity  of  the  type  we  are  neglecting  to  consider,  we 
need  only  consider  a discontinuity  in  the  normal  derivative  of  the  doublet 
gradient  across  a panel  edge.  It  is  clearly  not  possible  to  find  a panel  with 
a quadratic  doublet  distribution  which  has  zero  doublet  strength  on  its 
perimeter  without  being  identically  the  zero  distribution.  Thus  we  look  at 
the  effect  of  a discontinuous  doublet  gradient  across  a single  edge  of  the 
panel.  We  must  later  consider  the  possibility  that  some  of  the  singular 
behavior  of  the  induced  potential  or  velocity  is  artificial,  resulting  from 
the  isolation  of  a single  edge.  That  is,  the  contribution  from  a neighboring 
panel  may  cancel  the  contribution  from  this  panel  edge. 

We  thus  assume  that  the  coordinate  system  is  translated  so  that  it  lies  on 
the  kth  edge  of  our  triangular  region,  k = 1,  2,  3,  and  that  the  doublet 
strength  on  the  panel  is  given  by 

vk  (Q)  » Q ' 


where 


nk  = mk 


( J.11.36) 


and  nk  is  the  outward  pointing  edge  normal,  normalized  by  (J.6.43)  and 
(J.6.45) . Thus  u = 0 on  the  kth  edge,  while  the  normal  derivatrive  of  y jumps 
by  1 on  the  edge. 
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Thus,  applying  (0.6.240)  and  (J.6.253),  the  potential  and  velocity  induced 
by  uk  is 


1 ” raj^  rad^  - h (Ga)^ 

2 0 1 ra  I 


1 0 | -(Gt)  T 


"k  J 

(J.11.37) 


We  now  recall  that  reference  and  local  coordinates  are  identical.  Thus 
(cf ( J.6.39)  and  (J.6.46)) 


Thus, 


Next, 


while 


-*  -»  1 *f  -» 

ak  = -d  • nk  = - y d ’ nk 

(J.11.38) 

),  (J. 6. 49-50),  and  (J.6.55)) 

(G  nk) • nk  = vk  • nk  = 9krT 

( J. 11 .39) 

<t  = ra  nk  - h (Ga)  ^ nk 

= -ra  iak  - h (Ga)  T nk 

( J.11.40) 

..13-14),  and  (J. 11.39)  the  contribution 

due  to  the  kth  edge  is 

*k-rf  U 

( J. 11 .41) 

r*  "k  1 

V =|-(Ga)T  nk) 

( J.11.42) 

.»  -rs  , -» 

vk ,x,y  - — Jk  k 

(J. 11.43) 

vk,z  = *k 

( J.U.44) 

This  concludes  our  reduction  to  fundamental  integrals  of  the  potential  and 
velocity  due  to  discontinuous  singularity  strength  or  gradient.  We  now 
consider  the  behavior  of  the  panel  function  J. 
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J.11.4  Singularities  of  the  Panel  Function 


The  panel  function  J is  defined  by  (J.11.12)  where  (cf  Section  J.7) 


JkW  = ~ ^ ph(hr ,aR) 


( J. 11 .45) 


We  also  have  (cf.J. 8. 105-106) 

J = -sign(h)rs  2ir  - l * + 2 Ph(Xk  k+1,  Yk  k+1) 

edoeS  rrtirnfl»*c  * * 


corners 


(0.11.46) 


where 

xk,k+l  = -h2r$  <*k»  tk+l>  - rakak+l 

Yk,k+1=RIM  |tk  x tk+i|  (0.11.47) 


0.11.4.1  The  Plane  h = 0 

We  see  that  a possible  region  of  discontinuity  for  0 is  the  plane  h = 0. 
On  this  plane. 


xk,k+l  * -rakak+l 

Yk>k+i  = 0 (0.11.48) 

Thus  0 is  not  readily  defined  on  the  h = 0 plane  whenever  a = 0 for  some  edge, 
that  is,  whenever  the  field  point  lies  on  the  line  containing  the  edge.  In 
addition,  on  all  Mach  lines  downstreasm  from  the  panel  corners,  the  number  of 
edges  or  number  of  corners  in  Dp  may  change,  and  thus  0 may  experience  a 
jump.  In  figure  0.32,  we  illustrate  potential  lines  of  discontinuity  for  the 
expression 


J+  = hlo+  J = -rs(2ir  - Zit  + l ph(-rakak+1,  0+))  (0.11.49) 

These  lines  include  some  which  are  upstream  of  the  panel  and  thus  apply  only 
in  subsonic  flow. 


We  now  claim  that  0+  has  a constant  value  on  the  exterior  of  the  panel 
and  a (perhaps  different)  constant  value  on  the  interior  of  the  panel.  This 
assertion  may  be  proved  by  careful  examination  of  the  behavior  of  0+  in  the 
vicinity  of  a Mach  line  or  a panel  edge  extension.  In  any  region  which  does 
not  contain  such  a line,  the  number  of  corners  and  edges  in  Dp  is  a 
constant,  while  in  addition  akak+i  never  changes  sign,  and  thus  J+  is  a 
constant. 
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Now,  careful  examination  of  figure  J - 32  makes  it  clear  how  J+  changes 
when  an  extension  of  a panel  edge  (though  not  part  of  the  panel  edge)  is 
crossed.  If  the  panel  is  superincl ined  it  has  no  influence  on  the  field  point 
since  h = 0.  If  the  flow  is  subsonic,  ak  changes  sign,  for  some  edge  Ek, 
while  all  the  a^,  i = k,  have  unchanged  sign.  Thus  ak_].ak  an^ 
akak+i  both  change  sign,  and  so  two  of  the  phase  functions  change  in 
value,  one  from  zero  to  *,  the  other  from  ir  to  zero.  Thus  J+  remains 
unchanged. 

Next,  when  the  extension  of  the  edge  Ek  of  a subinclined  panel  in 
supersonic  flow  is  crossed,  then  either  both  the  (k-1)  and  kth  corners  lie  in 
0D  or  neither  does.  In  the  former  case,  the  value  of  J+  remains  unchanged 
for  the  same  reasons  as  in  subsonic  flow.  In  the  latter  case,  none  of  terms 
of  J changes,  since  the  summation  over  corners  includes  only  those  in  Op. 

Next  we  consider  the  behavior  of  J+  as  Mach  lines  are  crossed.  Here  we 
need  only  consider  subinclined  panel  in  supersonic  flow,  since  for 
superincl i ned  panels  the  Mach  cones  from  panel  corners  intersect  the  h ■ 0 
plane  only  at  the  corner  itself.  Careful  consideration  of  figure  J.33  yields 
the  following  conclusions. 


First,  suppose  sign  (akak+i^  = +^'  Then  as  the  field  point  P moves 
such  that  the  kth  corner  moves  into  Dp,  the  number  of  edges  intersecting 
D increases  by  one.  On  the  other  hand,  if  sign  (akak+i^  = a^ 

the  kth  corner  moves  into  Dp,  the  number  of  edges  intersecting  Dp 
increases  by  zero  (if  the  panel  already  intersected  Dp)  or  by  two  (if  the 
panel  did  not  previously  intersect  Dp). 


Thus  in  the  first  case,  as  the  corner  enters  Dp,  the  sum  in  (0.11.49) 
over  edges  decreases  by  » while  the  sum  over  corners  increases  by  t,  and  so  J 
remains  constant.  In  the  second  case  (Figure  J.33b)  the  sum  over  edges  is 
unchanged,  but  -rakak+i  > 0,  and  so  the  sum  over  corners  is  changed  by 

ph ( 1 , 0+)  = 0 ( J. 11 .50) 


In  the  third  case,  J+  is  zero  when  the  corner  is  outside  Dp  since  by 
convexity,  the  entire  panel  is  outside  Dp  (note  that  (J.11.49)  is  not  valid 
when  the  entire  panel  is  outside  Dp).  Now,  when  the  corner  enters  Dp, 

J+  becomes 


J+  = -rs(2n 


l n + l ph  ( 1 ,0) ) = 0 

E 1 corner 


( J.11.51) 


Thus  in  all  cases,  J+  remains  constant  across  Mach  lines,  even  if  the 
point  P0  lies  on  the  panel.  In  addition,  J+  remain  constant  across  panel 
extensions.  Thus  in  supersonic  flow,  J+  = 0 whenever  P0  is  outside  the 
panel,  since  it  is  zero  for  a point  P0  for  which  the  panel  lies  outside 
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Dp.  On  the  other  hand,  if  P0  lies  inside  the  panel,  a^a^+i  is  always 
positive,  and  so  in  both  supersonic  or  subsonic  flow  we  have 

J+  = -2*rs  (J.11.52) 


by  choosing  P0  such  that  the  same  number  of  edges  and  corners  lie  in  Dp 


Finally,  considering  a point  P0  outside  the  panel  in  subsonic  flow,  we 
see  that  as  P0  crosses  from  being  inside  the  panel  to  outside,  sign 
(akak+l)  changes  from  +1  to  -1  for  exactly  two  corners,  and  so  -rsJ+ 
decreases  by  2ir  from  its  value  inside  the  panel  of  2*. 


Summarizing, 

J+  = -2irrs  P0  inside  panel 

J+  = 0 P0  outside  panel 


We  may  go  through  the  same  arguments  for  J_, 

J_=  lim  J = rs(2it  - Z * + £ ph(-ra|<a|<+i,  0+) 
h*0-  E c 

= -J+ 


(J. 11.53) 


(J.11.54) 


But  now,  the  panel  lies  outside 
J_  = 2-rrrs 


Dp  for  a superinclined  panel, 
r = +1,  or 
P0  inside  panel 


and  thus 


J_  = 0 


r = -1,  or 
P0  outside  panel 


(J. 11.55) 


We  thus  see  that  J is  continuous  on  the  h = 0 plane  except  on  the  panel 
itself,  where  J experiences  a discontinuity 

J+  — J_  = ir(n  3)s  (J. 11.56) 


J. 11.4.2  Discontinuities  Due  to  C* 

Let  us  recall  our  original  definition  of  J { cf ( J . 11 . 12 ) and  (J.11.45)) 

J = Z hJfc^)  - 2 it  sign(h)  C«  (J. 11.57a) 
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where 


(J. 11. 57b) 


Jk('V)  = “ft  ph(hv,aR)  | 

We  now  wish  to  investigate  whether  the  discontinuity  in  Jrif 

discontinuity  in  0.  To  do  so,  we  consider  the  formulation  (J. 11.46-47)  of  J. 
Note  that  we  need  only  consider  subsonic  flow  and  superinclined  panels.  We 
also  assume  h = 0,  and  that  we  are  not  directly  above  a corner  of  the  panel. 

Thus  v_  < 0 < v+. 


Now  consider  Figure  J.34.  If  the  point  PQ  is  moved  so  that  it  lies 
above  the  panel,  crossing  edge  1,  then  a^  changes  sign,  while  h,  v^  -, 
and  Rj  - remain  essentially  unchanged.  If  R^  - > 0,  we  have 


ph(hv!  -,  aiRi)  = ph(sign(hv-) , (£) 

If  we  first  consider  the  case  of  h = 0,  a^  > 0 we  have 
ph(hvi,a]Ri)|  = ph(l,0+)  - ph(-l,0  ) = -w 


If  h = 0,  ai  < 0,  we  have 
ph(hvi,  a^i) 


= ph(l,0“)  - ph(-l,0“)  = ir 


( J.11.58) 


(J. 11.59) 


(J. 11.60) 


Thus  as  Pq  moves  from  being  not  above  the  panel  (a  > 0)  to  being  above 
it  ( a < 0 ) , ( + 

ph(hv , aiRi)|_ 

jumps  by  2n.  In  general,  by  considering  h < 0,  we  find 

Jl('iJ)outer  " Jl(4>)inner  = si9n(h)  (J.11.61) 

On  the  other  hand,  when  we  consider  any  other  edge,  we  find  that  the  small 
change  in  point  location  has  no  effect  on  J|<(  ).  That  is. 


Jk(4»)outer  - JkWinner  = 0 
if  k * 1 

If  we  combine  (J.11.56)  with  (J. 11. 61-62) , we  find 
^outer  - Jinner  = 0 

Thus  under  the  assumptions  v±  ^ 0,  R > 0,  the  function  J has  no 
discontinuity  where  C«  does. 


(J. 11.62) 


( J. 11 .63) 
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These  are  not  regions  of  discontinuity  either,  however.  The  lines 
v±  = 0 cannot  be  regions  where  a jump  of  2v  occurs,  since  jumps  in  a 
function  can  only  occur  across  a surface.  The  problem  of  R = 0 may  be  handles 
by  redefining  0^: 

Ok(iJ>)  = lim  ph(hv+,  akR) 

R»R+ 

- lim  ph(hv_,  akR)  (0.11.64) 

R»R“ 

Summarizing,  we  find  .that  the  discontinuity  in  C#  is  exactly  matched  by  a 
corresponding  discontinuity  in  0k(4)). 


J.ll.4.3  Discontinuities  in  0k(\J>) 

We  note  that  the  function 

f (x,y)  = ph(x,y)  ( J. 11 .65) 

may  be  discontinuous  if 

x < 0 and  y ~ 0 
or 

x ~ 0 and  y ~ 0 (J.11.66) 


We  have  already  noted  that  if  h * 0,  a discontinuity  in  Jk(4i)  due  to  ak 
changing  sign  is  matched  by  a corresponding  discontinuity  in  C®,  provided  that 
Pq  lies  directly  above  the  panel.  We  now  consider  the  case  where  ak 
changes  sign,  while  Pq  is  not  directly  above  the  panel.  Then  defining 

- (Jk  |ak>0)  - (Jk|  ak<0>  (0.11.67) 

A0k  = ph(hv+,  0+)  - ph(hv~,  0+) 

- (ph(hv+,  0-)  - ph(hv-,  0-))  (0.11.68) 


= ph(hv+,  0+)  - ph(hv+,  0") 

- (ph(hv~,  0+)  - ph(hv-,  O')) 


(0.11.69) 
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Defining 

s—  = 0 if  hv-  > 0 

= 1 if  hv—  < 0 

(J.11.70) 

&Jk  = 2irs+  - 2 tt s — 

(J.11.71) 

since 

ph(-l,0+)  - ph(-l.O-)  = 2 it 

( J.11.72) 

But,  looking  at  the  point  Pq'  in  figures  J.34  and  J.35,  with  subsonic 
flow  in  figure  J.34,  we  see  that  if  a*  changes  sign  and  P0  does  not  lie 
directly  above  the  panel,  then  v+  and  v-  have  the  same  sign.  Thus  s = 
s-,  and  so 

aJk=0  (0.11.73) 

So,  we  conclude  that  if  a ~ 0,  h = 0,  then  J is  a continuous  function. 

Thus  we  can  assume  that  aR  has  constant  sign  (since  R > 0)  as  Pn  moves 
slightly,  though  perhaps  with  changing  magnitude.  Since  we  need  only  consider 

the  case 

v+  « 0 


R « 0 
lai  > 0 
Ihl  >0 

(J.11.74) 

Now, 

by  (J.6.59), 

r2  = rsqa^  + qv^  + rsh^  > 0 

( J.11.75) 

Thus 

(J.  11.74)  can  only  be  satisfied  if 

rsqa^  + rsh^  ~ 0 

( J. 11 .76) 

that 

is,  if 

sign(rsq)  = sign(rs) 

(J.11.77) 

But  this  is  equivalent  to 

q = -1 

( J. 11 .78) 
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Thus  we  need  only  look  at  a supersonic  edge,  as  illustrated  in  figure  J.36. 

For  Pg  as  located  there, 

Jk  = ph(hv+,  aR+)  - ph(hv  , aR“) 

= ph (hv+,  aR+)  - ph(hv-,  0)  (J. 11.79) 

= ph(hv+,  aR+)  - ttS-  (J.11.80) 


But  as  Pg  is  moved  slightly,  aR  may  range  over  small  numbers  of  constant 
sign,  while  hv+  ranges  over  small  number  of  constant  sign.  More  precisely, 
for  any  real  number  e > 0,  and  any  real  number  x,  -v  < x < w , there  exists  a 
point  P such  that 

if  - Pol  < « 

and 

ph(hv+(P) , aR+(P) ) = x (0.11.81) 


This,  by  definition,  means  that  the  phase  function  is  discontinuous  at 
Pg.  Since  s-  is  a constant  which  is  not  dependent  on  the  precise  location 
of  Pg,  the  function  Jk  is  in  fact  discontinuous  at  Pg. 


Finally,  let  us  consider  the  behavior  of  the  phase  function  in  the 
neighborhood  of  Pg'.  Then  if  the  edge  intersects  Dp, 


-hJk  = ph(hv,  aR) 


= lim  (ph(hv+,  aR)  - ph(hv-,  aR)) 
R»0+ 


Since 

v“  < 0 < v+ 


( J. 11 .82) 
( J.11.83) 


we  have  (considering  the  four  separate  cases  for  sign  h and  sign  a) 

-hJk  = -ir  sign(h)  sign(a)  (J. 11.84) 


On  the  other  hand,  if  the  edge  does  not  intersect  Dp,  Jk  is  zero. 


J. 11.4.4  Summary  of  Panel  Function  Behavior 

We  now  summarize  the  results  we  have  obtained  concerning  the  panel 
function.  We  find  that  J experiences  a simple  jump  discontinuity  of  magnitude 

J+  - J_  = n(r+3)  s (J.11.85) 
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(J.11.86) 


across  the  panel.  In  addition,  J experiences  a jump 
J+  - J_  = -w  sign(h)  s i gn ( a^ ) 


across  a portion  of  the  boundary  "Mach  wedge"  emanating  downstream  from  any 
supersonic  edge.  We  illustrate  such  a Mach  wedge  in  cross-section  in  figure 
J.37a,  where  the  plane  of  the  paper  is  a plane  downstream  from  the  edge  and 
perpendicular  to  the  flow  direction.  If  the  panel  is  subinclined,  it  is  a 
plane  of  constant  ak,  while  if  superinclined,  it  is  a plane  of  constant  h. 

In  figure  J . 37b,  we  illustrate  a Mach  wedge  in  three  dimensions. 


Finally,  there  are  certain  lines  in  space  along  which  J takes  infinitely 
many  values  over  a range  of  2»  as  a point  on  the  line  is  approached  from 
different  directions.  These  lines  are  the  panel  edges  and  the  lines  emanating 
from  a supersonic  panel  edge  along  which  v = 0 and  R = 0 (see  figure  J.37a). 


J 
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.5  Singularities  of  the  Edge  Function 
By  (J.7.35) 


r / I \ 1 i R + V 

IkW)  = ? lo9  fTT-v 


if  qk  = +1 


= -ph(v,R)  if  qk  = -1 


J. 11. 5.1  Supersonic  Edges 

We  first  consider  the  behavior  of  the  edge 
edge.  Defining 


(J. 11.87) 


function  for  a supersonic 


1^  = -ph(v*.  R*)  (J.11.88) 

we  see  that  Ik  * is  continuous  if  v*  = 0,  since  if  v*  < 0 and  R*  = 0, 

Ik*  = -lim  ph(v±  ,R)  = -ph(-l,0)  = -»  (J.11.89) 

R>0+ 

But  by  (J.6.59),  for  supersonic  edges, 

r2  = r(a2  _ fo2)  _ v2  (J.11.90) 
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Thus 

R ~ v ~ 0 

lal  s Ihl  (J. 11.91) 


We  therefore  see  that  1^  is  discontinuous  along  the  lines  defined  by  the 
intersection  of  the  Mach  cones  with  the  planes  vl  = 0 (cf.  figure  J.37),  the 
same  lines  along  which  is  discontinuous. 

Even  when  Pg  approaches  the  panel  edge  (except  at  its  endpoints),  Ik 
is  continuous  provided  the  limit  is  taken  such  that  the  edge  intersects  Dp. 
For  then 


V*  = ± |e|  e ~ 0 

R*  = 0 (J.11.92) 


Thus  1^  = 


-ph(v,R) 


+ 


— ph ( lei , 0+)  + ph(-  Id  , 0+) 


(-J.11.93) 


regardless  of  the  direction  from  which  the  point  approaches  the  edge,  unless 
the  edge  is  approached  so  that  it  does  not  lie  in  Dp,  in  which  case  the 
limit  is  zero. 


J.ll.5.2  Subsonic  Edges 

By  (J.11.87)  we  see  that  1^  is  continuous  unless 
I R*l  = lv*l 

or  R±2  - v*2  _ o (J.11.94) 

By  (J.6.59)  we  have,  since  r = q = 1, 

r2  = v2  + s(a2  + h2)  (J. 11.95) 


Thus  Ik  may  be  singular  when 


| R*2  . v*2  I - Is(a2  ♦ h2)| 


(J. 11.96) 


that  is,  whenever  the  field  point  Pg  lies  on  the  line  containing  the  panel 
edge.  Now,  if  Pg  lies  on  an  extension  of  the  edge,  v and  v~  have  the 
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same  sign,  and  are  non-zero.  Applying  the  rationalization  (J. 8. 35-36) 


Ik  - \ log  (f^i) 

(v+  - v_)(v+  + v_) 
^ “ R+v+  + R_v_ 


(J.11.97) 


(v+2  + v_2)  sign( v+) 


(J.11.98) 


we  see  that  Izl  <*1.  Thus  Ik  is  a continuous  function  in  this  case 


Next,  suppose  P0  lies  very  near  the  panel  edge.  If  the  flow  is 
supersonic,  this  means  R~  = 0,  and  thus  by  (J.8.27) 

v+*  - v-2  ( J. II .99) 

2 R+v+ 


As  long  as  the  point  is  away  from  the  edge,  v+  < R+  , v_  > 0,  and  so 
|z|<  1 , making  I|<  continuous.  But  as  Pq  approaches  the  edge,  v+ 
approaches  R+  , v_  approaches  zero,  and  so  |z|  approaches  1.  Thus  l|< 
becomes  infinite  as  the  point  approaches  the  panel  edge. 


For  subsonic  flow,  if  Po  approaches  the  panel  edge,  v changes  sign  along 
the  edge  and  we  thus  use  the  rationalization  (J. 8. 40-41)) 


Ik  = i°g 


(R+  + v+)(R_  + | v_| ) 

3 


(J. 11. 100) 


The  denominator  is  non-zero,  and  thus 
supersonic  flow,  the  edge  function  Ik 
the  field  point  approaches  the  edge. 


we  see  that  is  both  subsonic  and 
becomes  logarithmically  infinite  when 


J. 11 .5.3  Subsonic  Nearly  Sonic  Edges 


The  same  arguments  used  for  subsonic  edges  show  that  the  only  potential 
singularity  occurs  when  v = R,  that  is,  when  the  point  P$  Js.°"  Jin« 
extending  the  subsonic  edge.  This  situation  is  illustrated  in  figure  J.38. 


Defining  a unit  edge  tangent 

; 0+  ~ Q- 

0 = |(f+  +1T 1 


(J. 11. 101) 
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we  see  that 


R±2  = [Q±  - Pg,  Q±  - Pq] 


- |q±  - P0I2  [t0,  t0]  - T2  |Q.  - Pol2 

(0.11.102) 

while 

v±  = [tg,  Q±  - Pg]  = Q±  - Pq  = R± 

(J. 11. 103) 

Applying 

(J. 11. 97-98) 

Ik  - J 1o9  ( 

(J. 11. 104) 

where 

|Q+  - "Po I2  - lQ-  - ^ol2  (s0  + AS)2  - s02 

z ' |Q+  - Pol2  + |Q-  - pol2  ' (s0  + AS)2  + s02 

(J. 11. 105) 

where  we  have  used  the  notation  of  figure  J.38. 


So, 


m 


2s0as  + as2 


2s02  + 2s0as  + as2 


(J. 11. 106) 


whenever  s0  > 0.  But  as  s0  approaches  zero,  z approaches  1. 

1 i m Ik  = i lim  log  4 
Sn>0  * 7 Sn» 0 lrrT 


1 I 2sqas  + AS2 

1 lim  log  \1 5 

2 sn*0  \ 2s02  + 2s0as  + AS2 

2(2s02  + 2s0as0  * as2) 


i 1 im  log 
7 sn>0 


i lim  log 
7 so»0  s? 


2Sn7 


In  fact 


(J. 11. 107) 
(J. 11. 108) 

(J. 11. 109) 


Thus  as  P approaches  the  endpoint  of  the  edge,  I|<  becomes  logarithmically 
infinite.  Otherwise,  however,  I|<  is  continuous. 
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J.ll.5.4  Supersonic  Nearly  Sonic  Edges 

We  have  seen  that  v = R only  when  the  point  P0  on  the  line 
containing  the  edge.  But  a supersonic  edge  has  the  property  that  no  point  on 
the  edge  lies  in  the  domain  of  dependence  of  any  point  on  the  line  containing 
the  edge.  Thus,  if  v = R,  the  edge  does  not  influence  P0.  Thus  I|<  is 
continuous  everywhere  except  along  the  edge  itself. 


J.ll.5.5  Essentially  Sonic  Edges 

Combining  (J.8.13)  and  (J.8.72),  we  see 

["(*)  - Jis qi'  ^f- 


that  for  essentially  sonic  edges 

(J. 11. 110) 


Now, 


I _ 1 

T * ^ a 

V v+  + v_ 

2t 


2 

v+  + v_ 


(J. 11. Ill) 


But  v can  not  change  sign  for  an  essentially  sonic  edge,  in  fact,  both  v+ 
and  v_  will  be  very  large  numbers  (of  order  1/t)  of  the  same  sign,  unless 
Pn  lies  very  near  to  the  edge  itself.  We  thus  find  that  I|<  is  not  only 
continuous,  but  of  order  x,  everywhere  except  at  the  edge. 


J.11.6  Singularities  in  Subsonic  Flow 

In  this  section,  we  consider  the  effect  of  a continuous  source  ^tren^b. 
doublet  strength,  or  doublet  gradient  on  the  potential  or  velocity  in  subsonic 
flow.  We  illustrate  the  distances  h,v,a,g  and  R for  subsonic  flow  in  Figure 

J.39. 


J. 11. 6.1  Discontinuous  Source  Strength 

We  see  by  (J.11.15)  that  the  potential  due  to  a panel  with  source  strength 

1 is 


>s,l  - nr  J " I IakqkIk 


(J. 11. 112) 


But  by  Section  J. 11. 4.4,  J is  continuous  in  subsonic  flow  except  for  a 
jump  by  4 it  across  the  panel.  Thus  hJ  is  continuous  everywhere  in  subsonic 
flow  except  near  the  panel  edge,  where 


. , /Constant^ 

Ik  = 1o9  ( — — ) 


(J. 11. 113) 


= constant  - 2 log  |g  | 
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But 


g2  = 


or  igi  > la | 


(J. 11. 114) 


and  thus  a^I^  is  continuous  and  bounded  everywhere.  We  thus  see  that  in 
subsonic  flow  the  potential  due  to  a constant  strength  source  panel  is 
continuous  everywhere. 


Next  we  consider  the  velocity  due  to  the  constant  source  distribution.  By 
(J.11.6) 


v s = 


(J. 11. 115) 


where 


a = k 

a=^J  fj.-ll.116) 

We  thus  see  that  the  component  of  the  source  velocity  perpendicular  to  the 
edge  becomes  logarithmically  infinite  as  we  approach  the  panel  edge. 


That  is, 

^syx,y  = bounded  terms  - n^  log(g) 
as  P0  approaches  the  kth  panel  edge. 


(J. 11. 117) 


In  addition,  the  z-component  of  velocity  jumps  as  the  panel  is  crossed, 
which  is  to  be  expected  in  light  of  the  definition  of  source  strength  as  the 
jump  in  normal  mass  flux  (or  normal  velocity  at  Mach  zero). 


We  will  leave  consideration  of  the  varying  source  distribution 
(cf . (J.ll .5))  to  the  reader.  We  do  note,  however,  that  no  new  discontinuities 
or  singularities  appear. 


J. 11.6.2  Discontinuous  Doublet  Strength 

By  (J.ll. 29)  the  potential  induced  by  a constant  strength  doublet  panel  in 
subsonic  flow  is 


= ra  = 


(J.ll. 118) 
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This  function  is  continuous  in  subsonic  flow  except  for  a jump  across  the 
panel,  which  is  to  be  expected  since  the  doublet  strength  is  defined  as  the 
jump  in  potential. 


Next,  the  line  vortex  term  of  the  doublet  velocity  is  given  by 
(cf- (J.11.35)) 


(J. 11. 119) 


Thus  in  subsonic  flow  this  velocity  is  continuous  whenever  g = 0.  Applying 
the  rationalization  (J.10.54)  for  the  case  g ~ 0, 


vD,edge  - 


-82  Av(v+  + Vj  IQ  p ) 

= Ict  R+R_(R_v+  + R+v_  (Q°  o) 


x tf 


(J. 11. 120) 


we  see  that  if 


R_v+  + R+v_  * 0 


(J. 11. 121) 


the  velocity  is  again  well-behaved,  since  (J. 11. 120)  cannot  occur  whenever 
R+  or  R_  is  zero.  But  if  g = 0 

R_2  = v_2 

r+2  . v+2  (J. 11. 122) 

and  so 

R_v+  + R+v_  = 0 
R+  = v+ 

_r  _ w (J. 11. 123) 


That  is,  v+  and  v_  have  opposite  sign  unless  one  of  them  is  zero.  Thus, 
the  point  P0  lies  on  the  panel  edge.  So,  the  velocity  is  well-behaved  for 
all  points  which  do  not  lie  on  the  panel  edge. 


We  now  consider  the  limiting  value  of  the  velocity  as  P0  approaches  the 
panel  edge.  By  (J. 11. 122) 


v+ 

R7 


(J. 11. 124) 


except  perhaps  at  the  endpoints  of  the  edge.  Further,  it  is  easy  to  see  that 


(Q0 


- p0) 


(J. 11. 125) 
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and  thus 


1im  7n*  .2*1  (J. 11. 126) 

P0»edge  *9 


That  is,  the  velocity  has  a magnitude  proportional  to  the  inverse  of  the 
distance  from  the  point  to  the  edge. 


J.ll.6.3  Discontinuous  Doublet  Gradient 

We  have  seen  that  the  potential  due  to  a discontinuity  in  the  normal 
component  of  doublet  gradient  is  (cf (J.11.41)) 


-rshr  ak  rshT  T 

—i + "if—  >k 


(J. 11. 127) 


Examination  of  section  J.11.4  shows  that  the  panel  function  contribution  to 
the  potential  is  continuous  except  on  the  panel  surface.  On  the  other  hand, 
(J. 11. 100)  describes  the  edge  function  behavior  in  subsonic  flow.  We  thus  see 
that  the  potential  becomes  infinite  in  the  neighborhood  of  a panel  edge,  and 
is  proportional  to  the  logarithm  of  the  distance  from  the  edge. 


j. 11.7  Discontinuous  Source  Strength  in  Supersonic  Flow 


J. 11. 7.1  Source  Potential 

We  recall  from  (J.11.15)  that  the  potential  due  to  a constant  source 
panel  is 


J — I E‘k1k  Ik  (J. 11. 128) 

An  examination  of  the  results  of  Sections  J.11.4  and  J.11.5  show  that  hJ  and 
are  continuous  with  several  exceptions.  One  exception  for  J is  that  if  the 
kth  edge  is  supersonic,  and  a = h,  R±  = v±  = 0,  Jk  may  take  on  any 
value  (cf.  Section  J.11.4. 3).  Also,  if  R+  = 0 = R_,  H = a , then  Jk 
undergoes  a jump  across  the  "Mach  wedge"  located  there.  On  the  other  hand 
(cf.  Section  J. 11. 5.1)  I has  discontinuiutes  at  the  same  locations. 
Consideration  of  (J. 11.82)  and  (J. 11.88)  shows  that  if  h » a 

-h  Jk  = -sign(h)  sign(a)  Ik  (J. 11. 129) 


Thus 


(J. 11. 130) 


-sh  sai< 

— (hJk)  + h = 0 
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when  |h|  = lal.  So,  while  Jk  and  Ik  are  discontinuous  away  from  the 
panel,  the  sum  is  continuous  everywhere  except  on  the  panel. 

J. 11.7.2  Source  Velocity 

By  (J. 11. 16-17) 


| £ "k^k 


Thus  the  z-component  of  the  velocity  is  always  finite,  though  it  is 
discontinuous  on  the  panel  and  on  the  Mach  wedges  emanating  from  supersonic 
edges.  On  the  other  hand,  by  Section  J.11.5,  the  tangential  component  of 
becomes  logarithmically  infinite  as  the  point  P0  approaches  a subsonic  or 
sonic  edge  and  is  discontinuous  as  P0  approaches  a supersonic  edge. 


Now,  for  nearly  sonic  edges,  Ik  remains  bounded  but  non-zero.  Since 
nj,  = nk/T  is  of  order  1/T,  the  velocity  in  a very  small  region  (that  is, 
along  the  extension  of  the  edge)  is  of  order  1/t.  This  is  not  a singularity 
since  for  any  particular  nearly  sonic  edge  the  resulting  velocity  is  bounded. 


Finally,  for  essentially  sonic  edges,  the  edge  function  is  of  order  t 
everywhere  except  at  the  edge,  and  thus  the  source  velocity  remains  bounded. 


j.11.8  Discontinuous  Doublet  Strength  in  Supersonic  Flow 

By  (J. 11. 29-30) , the  potential  due  to  a panel  with  unit  doublet  strength  is 


^D 


-rs 

K 


J 


(J. 11. 132) 


Thus  the  singularities  of  the  doublet  potential  are  exactly  those  of  the 
panel  function.  That  is  (cf  Section  J. 11.4.4)  the  potential  has  a jump  across 
the  panel,  snd  across  the  Mach  wedge  emanating  from  any  supersonic  edge,  and 
is  discontinuous  with  multiple  limiting  values  at  panel  edges  and  the  lines 
R+  = v+  = 0. 


J. 11-23 


Next,  we  consider  the  doublet  velocity.  By  (J. 11.35) 


(Qo  _ po)  x ^o 


(J. 11. 133) 


We  state  here  without  proof  that  a "finite  part"  of  the  doublet  velocity 
line  vortex  term  may  be  computed  as 


-*  * -se*- 

VD, finite  ■ ^ 

( 1 

I edge  vertices 

\ In  Dp 


(Qo  - Po)  x to  * 
sign(vertex) 


(J. 11. 134) 


Using  (J. 11. 134),  it  is  straightforward  to  show  that  v is  bounded  over  any 
region  of  space  which  does  not  include  the  Mach  cone  emanationg  downstream 
from  the  vertices  of  the  edge.  In  the  vicinity  of  these  cones,  "v  is  of  order 
(1/R). 


J.11.9  Discontinuous  Doublet  Gradient  in  Supersonic  Flow 

By  (J. 11.41),  a discontinuous  doublet  gradient  along  an  edge  yields  a 
potential 


h =,  ^-TakJk  “^-TIk  (J. 11. 135) 

It  can  easily  be  seen  that  this  function  is  continuous  along  panel  edges, 
since  h and  ak  are  zero  there.  In  addition,  the  discontinuities  of  Jk  and 
Ik  on  the  surface  1 h I = lal  cancel  (cf (J. 11. 129)).  Thus  the  potential  due 
to  a discontinuity  in  doublet  gradient  is  continuous  away  from  the  panel. 


Next  (cf ( J. 11 .43) ) , 


vk,x,y  = Qknk  (J. 11.136) 

and  so  is  discontinuous  on  the  Mach  wedge  emanating  from  a supersonic  panel 
edge.  Finally  (cf ( J. 11 .44) ) 

Vk.z-^lk  (0.11.137) 

and  so  the  normal  velocity  is  logarithmically  infinite  in  the  neighborhood  of 
subsonic  edges,  and  discontinuous  on  the  Mach  wedge  emanating  from  a 
supersonic  edge. 
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Notation 


o 


unit  compress i bi 1 ty  vector 


metric  matrix 

c0  = sb2i  * d-sB2)  e0  eoT 


positive  definite  metric  matrix 

c0  =S2I  + (1-82)  c0  ?oT 


domain  of  dependence 


dual  metric  matrix 

B,’"  ‘SB2-1>  ?0 


V 


P control  point  or  field  point 

Q point  or  panel,  point  of  integration 

Qq  panel  center 

Q.,,  i*l, . . . ,9  panel  defining  points 

compressible  inner  product, 
corresponding  to  [c0] 

dual  inner  product,  corresponding  to 

ji 

Q - P 


nQ  subpanel  unit  normal  vector 

t unit  edge  tangent 

A reference  to  local  transformation 

o 

A..  reference  to  local  transformation  for  region 


Figure  J.3- Notation  used  frequently  in  Appendix  J 


Figure  J.9- Point  of  closest  approach 


Figure  J. 10  - Subinclined  and  superincl ined  panel 


Figure  J. 11  - P*  lies  in  the  interior  of  the  subpanel 

straight  portion  of  boundary 
curved  portion  of  boundary 

I 

C 

Figure  0.12  - Region  of  integration,  E*n  for  a typical  subpanel 


(a)  (b)  (c) 


|a|  > h (no)  |p-|  < h , |tf+|  < h (yes)  |($-|  < h (yes) 


IP4-!  < h (yes)  |a|  < h (yes)  |a|  < h (no) 

and  Oe  [v-,  v+]  and  0$[v-,  v+] 


Figure  J.17  - Determining  if  an  edge  of  £'  is  an  edge  of  £' n 


J. 12-10 


Figure  J.18  - Definition  of  P (♦)  > the  upper  limit  of  integration  for  p 
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Figure  0.20  - Transformation  to  (s,t)  variables  and  region  of  integration 


Figure  J.21  - Numbering  of  edges  of  E'n  Hh 
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Figure  J.27  - Illustration  of  supersonic,  nearly  sonic 
edges  on  which  v changes  sign 


Figure  J. 28  - An  example  of  a superincl ined  panel 

o ? 2 

with  g = h -a  ~ 0 
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Figure  J.29  - Evaluating  v on  the  boundary  of  D : the 
various  special  cases  p 
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Figure  J.30  - The  value  of  J'  for  some  special  configurations 
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Figure  J.32  - Potential  lines  of  discontinuity 
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Note:  P - Q is  perpendicular  to  the  plane  of  E 


Figure  J.39  - The  distances  h,  v,  a,  g,  and  R in  subsonic  flow 
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K.O  AIC  Matrix  Assembly 


The  process  by  which  a boundary  condition  is  transformed  into  a row  of  an 
AIC  matrix  was  discussed  briefly  in  section  5.7.1.  Here,  we  discuss  those 
details  of  the  AIC  assembly  process  omitted  from  section  5.7.1.  Initially,  we 
will  study  this  process  when  no  symmetry  exists  in  the  problem.  Having  done 
this,  we  will  then  study  the  problem  formulation  in  the  presence  of  first  one, 
and  then  two  planes  of  symmetry.  When  we  do  treat  the  symmetry  cases,  we  will 
first  pose  the  problem  as  though  it  had  no  planes  of  symmetry,  and  then  use 
the  symmetry  side  conditions  to  formulate  a boundary  value  problem  for  each  of 
the  various  symmetric  and  antisymmetric  parts  of  the  perturbation  potential, 

0.  For  example,  when  one  plane  of  symmetry  is  present,  we  will  obtain  a 

boundary  value  problem  for  each  of  the  two  potential  functions,  0 the 

symmetric  part  of  the  0 and  0A  the  antisymmetric  part  of  0.  When  one^plane  of 

symmetry  is  present,  PAN  AIR  obtains  and  solves  matrix  equations  for  0 and  0 . 
This  approach  of  formulating  a separate  boundary  value  problem  for  each 
symmetry  condition  turns  out  to  be  quite  fruitful  when  we  address  the  problem 
of  enforcing  doublet  matching  at  abutments  and  abutment  Intersections.  In 
particular,  when  an  abutment  or  abutment  intersection  lies  on  a plane  of 
symmetry,  doublet  matching  will  usually  be  performed  differently  for  each 
symmetry  condition. 

Having  given  the  overall  plan  of  the  analysis,  the  individual  sections  of 
this  appendix  are  now  briefly  summarized. 

In  section  K.l,  the  generation  of  rows  of  the  AIC  matrix  is  discussed 
under  the  assumption  that  no  planes  of  symmetry  are  present  in  the 
configuration.  In  particular,  the  construction  of  a row  of  the  AIC  matrix  is 
described  in  detail  for  three  forms  of  boundary  conditions:  (i)  general 

boundary  conditions  of  the  form  (5.6.1)  (including  singularity  specification 
boundary  conditions),  (ii)  matching  boundary  conditions  of  the  type  discussed 
in  detail  in  appendix  F and  in  appendix  (H.2.4),  and  (iii)  closure  boundary 
conditions  of  the  form  (5.7.3). 

Next,  the  concepts  of  symmetry  are  introduced  in  section  K.2  where  the 
constraints  on  the  admissable  planes  of  symmetry  are  derived. 


For  the  case  of  one  plane  of  symmetry,  section  K.3  then  defines  the 

symmetrized  potential  functions  0S  and  0A,  investigates  their  properties  and  the 
form  that  general  boundary  conditions  take  when  imposed  on  these  functions. 

Using  the  ideas  developed  in  this  section,  the  same  analysis  is  repeated  for 
configurations  with  two  planes  of  symmetry  in  section  K.4. 

Much  of  the  analysis  of  sections  K.3  and  K.4  is  then  combined,  refined  and 
summarized  in  section  K.5.  In  this  section,  explicit  detailed  instructions 
are  provided  for  the  evaluation  of  potential  and  velocity  influence 
coefficients  when  symmetry  is  present. 


In  section  K.6  the  generation  of  rows  of  the  AIC  matrices  for  the  various 
symmetry  conditions  is  described  in  terms  of  the  symmetrized  influence 
coefficients  described  in  section  K.5.  As  in  section  K.l,  we  describe  the 
construction  of  an  AIC  row  for  general,  matching  and  closure  boundary 
conditions. 


K.0-1 


Finally,  in  section  K.7,  the  implementation  of  the  IC  update  capability  in 
the  construction  of  the  AIC  matrix  is  discussed.  This  capability  permits  a 
user  to  change  the  geometry  of  a portion  of  a configuration  and  then  analyze 
the  modified  configuration  without  recomputing  the  entire  influence 
coefficient  matrix. 


K.0-2 


K.l  Generation  of  AIC's  in  the  Absence  of  Symmetry 


K.1.1  Transformation  of  a General  Boundary  Condition  into  an  AIC  Row 
(No  bymmelryT  " ~ ~~ 

We  now  describe  the  process  by  which  a general  boundary  condition  of  the 
form  (5.6.1)  is  transformed  into  an  equation  which  can  then  be  entered  as  a 
single  row  into  the  AIC  matrix.  Recalling  the  boundary  condition  equation 
(5.6.1),  imposed  at  a point  p,  we  write, 

[ aA  * CA  h ' \ ' *A  * aD  0 * C0  “ * *D  ' - - b ,K-1,U 

where  the  coefficients  aA,  c A,  tA,  ap,  cp,  tp,  b are  assumed  to  be 

known.  A single  equation  to  be  imposed  upon  the  global  singularity  parameters 

Aj  is  obtained  by  combining  the  basis  function  representations  of  a an  u 

(cf.  (3.3.1)  and  (3.3.2)) 

ct( p ) = 2 s.(p)  x.  (K.l. 2) 

1 = 1 1 

u ( P ) = 1 mT (p)  xT  (K.l. 3) 

1=1  1 

together  with  the  integral  representations  of  0(p)  and  v(p)  (cf.  (5.2.8)  and 
(B.3.9)  with  the  line  vortex  term  removed) 

0(p)  = (1/k) Jj*  C-o(q)/R  + u(q)  n(q)  • Vq(l/R)]  dSq  (K.l. 4) 

snop 

v(p)  = (1/k)  J*J  o(q)  7q  (1/R)  dSq  (K.l. 5) 

sn  Dp 

♦ (1/K)  JJ  [(n  dSq)  x VU]  X Vq(  1/R) 
sn  Dp 

and  then  substituting  these  representations  into  equation  (K.1.1).  There 
results  from  this  process  the  aerodynamic  influence  equation 


N 

2 AIC,  x.  = b 
1=1  1 1 

where 

AICI  ■ aA  5A,I  ' fi  * CA  *A.I  * *A  ' ?A,I 

* aD  ,j(p)  * cD  nij (p)  * tp  . Tpm,(p) 


(K.l. 6) 


(K.l. 7) 
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and. 


Vi<’> 

7a,i(?) 

5a,i,5) 


average  potential  induced  at  p_by  a source  distribution  s (q) 

and  a doublet  distribution  mT  (q)  . , * 

I ( K • 1 • o ) 


average  velocity  induced  at  p by  a source  distribution  s (q) 

and  a doublet  distribution  mT(q)  . * 

i K.i.y ) 


B v.  T(p)  (cf.  equation  (5.4.10  )). 
o A,  I 


(K.1.10) 


Thus,  j(p)  is  obtained  by  performing  the  substitutions  a(q)^Sj(q), 

u ( q ) — nij(q)  in  equation  (K.1.4)  while  v^  j ( p ) is  obtained  by  performing  these 

same  substitutions  in  equation  (K.1.5).  The  evaluation  of  integrals  of  the 
form  (K.1.4)  and  (K.1.5)  when  a(q)  and  u(q)  are  polynomial  functions  of  the 
local  coordinates  on  S^has  already  been  treated  in  exhaustive  detail  in 
appendix  J.  Since  Sj(q)  and  mj(q)  are  explicitly  known  functions  of  this 

type,  the  evaluation  of  ^ j(p)  and  v^  j(p)  clearly  presents  no  difficulty. 

Turning  now  to  the  terms  s..  (p),  itk  (p)  and  t^  . V m.  (p)  appearing  on  the 
second  line  of  equation  (K.1.7),  we  readily  see  that 


Sj(p)  = Ll,  n j 1x3  [SPSPlV5  { B j 


Sn3x5  |nS|5xl 


(K.1.11) 


mjfp)  = Ll,  V,  n' * *,2/2,  «V,  n,2/2jlx6  [SPSPL°]6x9(Bj 


i 2 /0  1x6 


0n6x9lnD|9xl 


where : 


(K.1.12) 


( £'  n ' ) are  the  local  coordinates  of  the  control  point  p on  the  subpanel 
in  which  it  lies 


[SPSPLS] 


[SPSPL0] 


is  the  source  subpanel  spline  matrix  for  the  panel  in  which  p lies 

S 

is  the  column  of  the  source  outer  spline  matrix  B corresponding 
to  Xj.  (Zero,  if  no  such  column  exists) 

is  the  doublet  subpanel  spline  matrix  for  the  panel  in  which  p^  lie 

is  the  column  of  the  doublet  outer  spline  matrix  B^  corresponding 
to  Xp  (Zero,  if  no  such  column  exists) 


The  evaluation  of  tn  . V mj(p)  ^presents  somewhat  more  difficulty. 
First  of  all,  since  the  function  mj(p)  is  only  defined  for  points  p in  the 
singularity  surface  S,  we  must  first  be  sure  that  this  expression  is  well 
defined. 


K.l-2 


To  see  that  this  is  so  for  p e S,  recall  that  for  an  arbitrary  function  f(p). 


the  directional  derivative  (tQ  • vf))  •*  satisfies  the  relation 


<V  vf)  p 


[( d/dr)  f(c(r))] 


T = 0 


(K .1 .13) 

(K. 1.14a) 
(K.  1.14b) 


whenever  c(r)  is  some  curve  lying  in  S and  satisfying 
c(o)  = p 
(dc/d  r ) Q = tD 

Thus,  for  t0  . V mj (p)  to  be  well  defined,  we  merely  need  to  observe  that  the 
function  m^cM)  is  well  defined  by  virtue  of  the  fact  that  c(r)  lies  on  S,  on 
which  nij  is  well  defined.  In  order  to  obtain  an  explicit  formula  for 
t .Vnij  (p)  we  must  now  introduce  the  local  coordinate  system  for  the  panel  in 
which  p lies  (cf.  equation  (5.2.23)  with  the  origin  shift  qQ  included): 


q ' = A(q  - qQ) 


For  points  5 lying  on  the  subpanel,  q'  has  the  form  J""?-  ! since 

c(  t ) lies  on  the  subpanel  for  t in  some  neighborhood  of  r = 0,  we  have 

’ S(r)~ 


A(  c(t)  - qQ)  = 


n( T) 

L o 


Moreover,  given  the  local  coordinates  of  a point  p,  mj  is  given  by  equation 
(K.1.12);  thus 


nij.  (c(t  ) ) = 1 I(t)  ti(t  ) r(r)/2  €(t)h(t) 

[SPSPLD]6x9  | B°  1 9X1 

Differentiating  this  and  evaluating  at  t=0,  we  find 
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-(t)/2 
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0 £(0)  n(0) 

S(0) 
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[spspld]6x9 
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o 

,D  ) 9x1 


0 

n(  0) 

0 J 


Nov,  ({(0),  n(0),  0)  and  (d/dr)  ({(r),  ,(T),  0)o  can  be  readily  evaluated: 


t (0) 

n (0) 

0 -I 


A(  c(0)  - qQ  ) = A (p  - %)  = 


V 

n ' 

.0  J 
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while 


d€/dr 

d-n/dr 

o 

Consequently  we  find, 


(d/dr)  [ A(c(T)-q ) ] = A(dc/dT) 


= A 


(c(t))  q = tjj  . Vmjfp) 


■ y aT 
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n'  [SPSPL0]  ( B? 
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(K.1.15) 


as  asserted  in  equation  (5.7.1). 

K.1.2  Transformation  of  a Matching  Boundary  Condition  into  an  AIC  Row 
(No  Symmetry) 


In  the  absence  of  a plane  of  symmetry,  the  conversion  of  a doublet 
matching  boundary  condition  (cf.  equation  (F.5.1)  or  (H.2.11a)) 


I 

k 


(K.1.16) 


into  a row  of  aerodynamic  influence  coefficients  is  straightforward  in  light 
of  the  explicit  representation  of  u provided  by  equations  (K.1.3)  and  _ 
(K.1.12).  To  see  this  suppose  that  is  the  evaluation  of  u(q)  at  point  p^. 


and  that  ( f * ^ , 


n£)  are  the  local  coordinates  of  p 


in  the  panel  in  which  it 


lies.  Combining  (K.1.3)  and  (K.1.12)  we  then  obtain 


yk 


N 

u(Pk>  = X 1 U 

K I=1  L K 


CSPSPLk]  lBk°,il  'i. 

(K.1.17) 


Here,  [SPSPL^]  is  the  doublet  subpanel  spline  matrix  for  the  subpanel  in  which 

Pk  lies  while  (b£  j)  is  the  column  corresponding  to  Aj  in  the  doublet  outer 

spline  matrix  of  p.'s  panel.  Combining  (K.1.16)  with  (K.1.17)  leads  to  an 
equation  K 


N 

X AICt  at  =0  (K.1.18) 

1=1  1 1 

where 
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AIC 
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2 sk  tl  ^ nk  «k2/2  (t«'k  ,'2/2  , [SPSPL°k]  K.ll 

k (K.1.19) 

(Remark:  The  actual  determination  of  the  form  of  the  matching  conditions, 

i.e.,  the  values  of  and  p^,  is  fully  discussed  in  appendix  F). 

The  conversion  of  a source  matching  condition  into  an  AIC  row  is  performed 
in  essentially  the  same  way.  Here,  the  representation  of  a provided  by 
equations  (K.1.2)  and  (K.1.11)  allows  us  to  transform  the  n?ft* 

condition  (cf.  equation  (H.2.13))  into  an  AIC  equation  of  the  form  (K .1 .18) . 

The  result  reads. 


1 

k 


sk  °k  = 


I 

I 


AICj  Xj  = 0 


(K.1.20) 


where  the  matrix  entries  AICj  are  given  by 


AICj  = S sk  LU  li  y , tSPSPL*]  (B^j 
k 


(K.1.2I) 


The  conversion  of  the  velocity  jump  matching  condition  into  an  AIC  row  1S 
sliahtly  more  complicated.  Combi ning^the  basic  matching  condition  (H.2.11  ) 
the9formulas  for  the  velocity  jumps  Avk  given  by  the  Helmholtz  relation  (see 
equation  (H.2.12)),  we  obtain  after  some  manipulation. 


0 = 2 

k 

= 2 

k 


sk  1 


AV. 


{ a(t.n)/(n.TJ)  + ((vxt)xn).  Vu/(n.v)  } 


(K.1.22) 


llDon  usinq  the  representations  (K.1.2)  and  (K.1.3)  for  « and  u,  together  with 
the  equation  formulae  (K.1.11)  for  Sj ( pk ) and  (K.1.15)  for  the  tangential 

derivative  of  m^p),  this  becomes  an  AIC  equation  of  the  form  (K.1.18)  with  the  AIC 
row  entries  given  by  the  formula 


AIC. 


sk(t.fik)/(Sk.vk)  L1  {k  nkJ  [SPSPLk]  { ,) 


* 2 
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("k  • V 


[Ak((vkxt)xnk)] 
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0 
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1 

0 
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0 

1 
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0 
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nk 
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nk 
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K.1.3  Transformation  of  a Closure  Boundary  Condition  into  an  AIC  Row 
(No  Symmetry)  - — — 


The  closure  boundary  condition  (see  equation  (5.7.3)  or  (H.2.14))  may  be 
imposed  in  place  of  a source  or  doublet  matching  boundary  condition  at  the 
control  points  on  a matching  edge  of  a source  or  doublet  design  network.  The 
boundary  condition  is 


If  (aA  V"  * aD  1,1  dS  * 6 

column 
or  row 


(K.1.24) 


where  the  column  or  row  of  panels  is  that  one  which  is  headed  by  the  edge  control 
point. 


The  row  vector  which  defines  the  above  integral  in  terms  of  the  singularity 
parameters  is  computed  by  approximating  the  average  normal  mass  flux  and  source 
strength  on  a panel  by  their  values  at  the  panel  center.  That  is,  we  estimate 


If 


(aA  wA*  n + aD  a)  dS  = 


panel s 


Ak  (aAwA" 


n + an  CT 
Pk  D 


Pk 


) = 


I 

panels 


aA  nk  Bo  *-VICk-*  + aD  i.1*  *k,  nk  j ^SPSPLk^  ^Bk^  ) * 

(K.1.25) 


Here  Ak  is  the  area  of  the  k-th  panel,  VICk  is  the  VIC  matrix  for  pk,  the 
center  control  point  of  the  panel  (see  below  for  a complete  definition), 

— ► C 

(fk,  nk)  are  the  local  coordinates  of  pk,  [SPSPL  ] the  source  subpanel  spline 

matrix  for  the  subpanel  in  which  pk  lies,  and  Bk  the  5xN  matrix  (N  the  total 

number  of  singularity  parameters)  which  is  the  extension  of  the  panel's  outer 
spline  matrix  from  9 columns  to  N columns.  Thus  the  row  of  the  AIC  matrix 
corresponding  to  the  closure  boundary  condition  is  given  by  the  row  vector 

multiplying  x on  the  right  side  of  (K.1.25).  The  3xN  VIC  matrix  VICk  is 

defined  in  terms  of  the  velocity  influence  coefficients  of  equation  (K.1.9)  by 


[V!Ck] 


(pk)  ; I = 1,  ...  , N] 


(K.1.26) 


K.l-6 


K .2  Symmetry 


Having  discussed  the  process  of  AIC  construction  in  the  absence  of 
considerations  of  symmetry,  we  must  now  address  the  problem  of  AIC  construe- 
tionwhen  symmetry  is  present.  Much  of  our  discussion  will  consist  of  carefu 
definitions  of  symmetric  and  antisymmetric  parts  of  the  perturbation  potential, 
J Once  these  definitions  have  been  carefully  laid  out  and  the  appropriate 
representation  formulae  obtained  (i.e.,  formulae  analogous  to  (K. 1.4)  and 
(K?1.5)  for  the  various  symmetry  conditions  of  t>),  it  will  be  a relatively 
straightforward  matter  to  derive  the  form  of  boundary  conditions  when  symmetry 

is  present.  In  the  process  of  analyzing  what  is  to  be  done  s^^rfrnm 

present,  we  will  find  that  the  most  intricate  technical  questions  arise  from 
the  treatment  of  boundary  conditions  on  the  plane  of  symmetry.  Because  PAN 
AIR  performs  control  point  recession,  the  only  control  points  that  actually 
lie  on  a plane  of  symmetry  are  those  that  lie  jin  a plane  of  symmetry  in  the 
sense  defined  in  section  (H.1.2). 


K.2.1  Admissible  Planes  of  Symmetry 

The  basic  principle  of  symmetry  is  that  for  each  point  p on  the  configura- 
tion of  networks  and  panels,  there  is  also  an  image  point  p'  lying  on  the^ 
configuration  of  networks  and  panels.  The  point  p*  is  the  reflection  of  p in 
some  plane  containing  the  point  p0  and  having  normal  n (cf.  figure  K.l) 

p ' - p0  = (I  - 2 n nT)  (p  - p0)  (K.2.1) 


that  is, 

p'  = p - 2 n (n,  p - p0)  (K-2*: 

If  we  assume  that  the  plane  of  reflection  defined  by  p0  and  n contains  the 
origin  of  the  coordinate  system  (i.e.,  (n,  0 - p0)  = 0).  then  we  obtain 

p1  = p - 2n(n,p)  = (I  - 2 n nT)p  (K*2, 


If  this  reflection  in  a plane  of  symmetry  is  to  be  of  any  use,  the 
compressible  length  of  a vector  must  be  invariant  with  respect  to  reflection. 
Thus,  we  require  that 

[p‘,  p']  = [p,  p]  (K,2,4) 


where  [.,.]  denotes  the  compressible  inner  product  of  section  (E.2).  Defining 
the  reflection  matrix  [R]  by 


A AT 

[R]  = I - 2 n nl 


(K.2.5) 


notice  that  [R]  satisfies 

[R]  = [R]T  = [R]"1 
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(K.2.7) 


and  that  p'  is  given  terms  of  p and  [R]  by 
p'  = [R]  P 

Now  the  invariance  condition  (K.2.4)  can  be  written 
pt  [c0]  p = Cp,p]  = Cp'.p']  = 

= PT  [R]T  [C0]  [R]  p 

If  this  condition  is  to  hold  for  all  vectors  p,  we  must  require  that 
[C0]  = [R]t  [C0]  CR] 

or  equivalently,  since  [R]  [R]T  = [R]T  [R]  = I, 

CR]  CC0]  = [C0]  CR]. 

Substituting  the  definition  of  [R],  equation  (K.2.5),  into  this  yields 
[R]  CC0]  = (I  - 2 n nT)  [C0]  = [C0]  - (2  n nT)  [C0] 

= CC0]  [R]  = [C0]  (I  - 2 n nT)  = [C0]  - [C0]  (2  n nT ) 

Thus,  we  find 

n nT  [cQ]  s [c0]  n ^ 

Substituting  formula  (E.3.9)  for  [C0]  then  yields,  in  a similar  manner,  the 
identity 

2%  ,A  A . rA  AT  A ATn 

(1-sb  ) (n,cQ)  [n  cQ  - cQ  n ] = 0 

This  relation  will  hold  and  n will  be  admissable  as  a normal  to  a plane  of 
symmetry  provided  one  of  the  following  three  conditions  is  satisfied: 

(i)  1 - sb^  = 0 <=>  Moo  = 0 (incompressible  flow)  (K.2.8a) 

or  (ii)  (n,  c0)  =0  (n  is  perpendicular  to  c0  ) (K.2.8b) 

or  (m)  [n  cQ  - cQ  n ] = 0 <=>  n = ± cQ  <=>  (n,cQ)  = ± 1 (K.2.8c) 

Having  obtained  a characterization  for  the  normalAto  a single  plane  of 
symmetry,  we  next  characterize  a pair  of  vectors  r^,  n^  that  are  taken  to  be 

normals  to  two  planes  of  symmetry.  Defining  [R^]  and  [Rgl  by 

[R.j]  = I - 2 n.  n T i = 1,2  (K.2.9) 

it  is  easy  to  see  that  both  n^  and  must  satisfy  one  of  the  restrictions 

(K.2.8)  if  the  compressible  length  of  a vector  is  to  be  invariant  with  respect 
to  reflection  in  each  plane  of  symmetry.  In  addition  to  these  conditions,  we 
also  require  that  the  reflection  of  p in  both  planes  yield  a unique  point. 
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independent  of^the  order  in  which  the  two  reflections  are  performed.  Thus, 
for  arbitrary  p we  require  that  (see  figure  K.2  for  a geometric 
i nterpretation) , 

[Rj]  [R2J  p = [R2]  CR^  P 

which  implies 

crl]  cr2]  = cr2]  [R^. 

Substituting  the  definitions  (K.2. 9)  into  this  expression  yields,  after  some 
manipulation,  the  condition 

■ A A,rA  aT  A a"|"^ 

(nj,  n?)  [n1  n2  - n2  n1  J = 0 

which  holds  provided 

(i)  (n.,  n2)  = 0 (nx  and  n2  are  orthogonal) 

or  (ii)  n ^ = * n2  <=>  (n^,  n2)  = *1. 

The  second  of  these  conditions  corresponds  to  two  identical  planes  of  symmetry; 
consequently  we  ignore  it.  Summarizing  our  results  then,  n1  and  n2  are 


admissable  normals  for  a pair  of  planes  of  symmetry  provided 

(i ) (n^ , n2 ) = 0 (K.2. 10a) 

and  (ii)  either  Mx  = 0 or  [n.,  cQ)  = 0,  ±1  (K.2. 10b) 

In  practice,  the  program  requires  that  somewhat  more  stringent  conditions  be 
satisfied,  regardless  of  Mach  number.  These  conditions  are; 

(i)  (n^,  n2)  = 0 \ Two  planes  of  (K.2. 11a) 

(ii)  ( n-j , c0)  = 0 i = 1,2  I symmetry  (K.2. lib) 

Similarly,  for  just  one  plane  of  symmetry  the  program  requires  that  n satisfy 

(n,  c0)  = 0 (one  plane  of  symmetry)  (K.2. 12) 


In  what  follows,  we  will  assume  that  whichever  of  these  conditions  is 
appropriate,  is  in  fact  satisfied. 

Reflecting  a moment  on  the  significance  of  the  restrictions  (K.2. 11)  and 
(K.2. 12),  we  see  that  if  there  are  two  planes  of  symmetry,  they  must  be 
perpendicular  to  one  another  and  that  the  compressibility  axis  must  be 
perpendicular  to  any  plane  of  symmetry  normal.  This  second  restriction 
implies  that  when  PAN  AIR  is  used  to  compute  a potential  flow  solution  for  a 
symmetric  configuration  with  nonzero  sideslip  in  the  onset  flow,  the 
compressibility  axis  will  not  be  aligned  with  the  onset  flow.  Thus,  an 
additional  approximation  is  implicitly  performed  in  the  treatment  of 
nonsymmetric  flows  about  symmetric  configurations.  Note  however  that  for 
incompressible  flows  (Mac  = 0),  no  approximation  is  made. 
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K.3  Problem  Formulation  for  One  Plane  of  Symmetry 

In  figure  K.3  we  illustrate  a configuration  with  a single  plane  of  symmetry 
with  normal  nr  The  singularity  surface  S on  which  sources  and  doublets  are 

defined  is  decomposed  into  three  parts:  S+,  the  principal  image,  lying  in  the 

interior  of  the  region  C+  = { p I (p,  > 0 } ; S',  the  reflected  image  of  S+ 

lying  in  the  interior  of  the  region  C ={p  I (p,n^)  < O};  and  that  part  of 

S lying  on  the  plane  of  symmetry  = { p I (p,n^)  = o}.  The  singularity  distribu- 
tions on  S+  (S')  are  denoted  o+,  m+  (cr~»  u").  In  contrast  to  this,  the  source 
and  doublet  distributions  on  are  denoted  and  uA  respectively.  The  reasons 

for  these  conventions  are  that  the  potentials  induced  by  and  given  by 


^1  = JJ  ^iS^q^R  dS 


SinDp 


^ (p)  = (1/k)  JJ  ^A(q)  n(q)  - vq  (I/R)  dS£ 


(K.3.1 ) 


(K.3. 2) 


Sin°p 


are  respectively  symmetric  and  antisymmetric  functions  in  the  sense  that 

0,  (R,p)  = 0i  _ (p)  (K.3. 3) 

1,0  1 1*0 


0 (R  p)  = -0.  (p) 

1 ,li  i A * u 


(K.3. 4) 

We  will  prove  the  two  identities  (K.3. 3)  and  (K.3.4)  in  the  course  of  our  discussion. 

The  perturbation  potential  induced  by  all  of  the  singularity  distributions 
o*.  u* , and  £A  is  given  by  the  formula 


0(p)  = I ■ 
1 e 


(1/k)  If  o’Jq)  (1/R(p,q) ) dS 


S n D„ 


+ I (1/k)  JJ  u1 (q)  n(q)  • Vq  (1/R(p,q)  dS( 


i £ (+1,-1 


s1  n d. 


- (l/»c ) JJ  0^(q)  ( 1/R(p»q) ) dSq 


SinDp 


♦ (1/K)  JJ  Z*  (q)  n(q)  . Vq  (1/R(p,q))  dSq 


Sin°p 


(K.3. 5) 
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Notice  that  we  use  the  set  |+1,  -1}  as  an  index  set  for  the  summation. 

This  will  be  the  usual  index  set  in  all  the  expressions  that  follow,  so  that 
we  will  frequently  write  ( 2 ) with  the  implicit  convention  that  i is  to  take 

1 (+1)  + 

on  the  values  +1,  -1.  Notice  also  that  a and  a refer  to  the  same  function  - 
because  the  index  set  is  just  ( +1,  -1  ( , it  is  only  necessary  to  specify  the 
sign  of  a particular  superscript. 

Our  next  task  will  be  to  introduce  the  definitions  that  will  enable  us  to 
express  the  integrals  in  equation  (K.3.5)  as  integrals  over  the  regions  S+  and 

i i + 

Sj.  First,  we  define  R , the  reflection  matrix  that  maps  S into  S . 


R = I 

R =1-2  n^n| 

Next,  observe  that  the  functions  a1. 
Thus  we  define  o1(q),  q e S+  by 


(K.3.6) 

are  defined  only  for  points  q e S1. 


o1 (q)  = CT1 { R1 q ) 


q e S 


(K.3.7 ) 


Notice  as  well  that  the  unit  normal  in  S1  is  related  to  the  unit  normal  in  S+ 
by  the  relation. 


n ( R1 q ) = R1  n (q)  q e S+  (K.3.8) 

Next  observe  that  the  invariance  relation  for  the  compressible  inner  product 
gives  us 


R2  (p,  R^ q)  = [p  - R1  q,  p - Ri  q]  = [R1  (R^p  - q),  R1  (Ri  p - q)] 


= [R^  p - q,  R^  p - q]  = R2  (R1  p,  q)  (K.3.9) 

Using  these  relations,  one  has 

or"*  (q)  = <7"*  (R^q)  (K.3.10) 

r\l~*  “*\  n/ni  — * n^- / ~T  \ (K.3.11) 

R ( p , q ) = R(R  p,  R q)  (q  e S , R q e S ) 

dS( q)  = dS(R1q)  (K.3.12) 

u ^ ( q)  = n (R  q)  (K.3.13) 


n(q)  • ( 1/R ) = n^q)  • R1  (-SB2)(q-p)/R3(p,q) 
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= n(Riq)-(-SB2)(Riq  - R1p)/R3(R1p,  R’q) 

= [n(u) . V y (1/R(v.u)]  | (-  = Ri  = r1  q) 

(K.3.14) 


Thus  the  expression  (K.3.5)  may  be  rewritten 


0(p)  = S - (I/O 


JT  31(q)  (l/R(RV,q) ) dSr 


s+  n d. 


+ 1 (1/k)  //  [i1  (q)  n(q)  . vQ  ( 1/R( R1  p , q) ) dS 

i s+  n Dp  M 


- (1/k)  XT  o?  (q)  (1/R(p,q))  dS( 

r-  A n * 


sinDP 


Ml/*)//  S,A  (5)  n(q)  • V (1/R(p,q)l 

r*  n r\  -*• 


dS. 


Sin°p 


If  we  define  operators  <Mp,a),  <tOp>0.  ^^(p.O  and 

relations: 

4>  (p ,a)  = -(1/K)  JJ  o(q)  1/R(p.q)  dS 

a + - 

s n d_ 


* (pfU)  = (1/k)  JJ  u(q)  n(q)  • V (1/R(p.q>) 
“ s+n  d_ 


dS. 


<t>,  ( p,a)  = -(1/k)  //  a(q)  1/R(p,q)  dS 

i»°  s,n  d M 

1 p 


4>.  (p,u)  = (1/k)  JJ  u(q)  n(q)  * V (1/R(p,q))  dS 

S^Dp  M 

then  0(p)  can  be  written  in  shorthand  form  as 


(K.3.15) 

(p,u)  by  the 
1 »u 

(K.3.16) 

(K.3.17) 

(K.3.18) 

(K.3.19) 
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(K.3.20) 


0(p)  =1  j<D  (RV,  51  ) + <t>  (R1  p,  J1)} 


* * 1 ,c  <?’  S1S)  * *1,„  <?•  *»/> 


We  now  have  the  machinery  necessary  to  define  the  symmetric  and  antisymmetric 
part  of  0.  Letting  H1J  be  the  2x2  matrix 


(K.3.21) 


+ + 
H 

+ _ 

H 

1 

1 

_+ 

H 

H‘“  _ 

1 

-1 

we  define  0Mp)  by 


01'(p)  = 1 Hij  0 (RJp). 
j 


(K.3.22) 

Ai  a+ 

With  functions  0 so  defined,  we  remark  that  0 is  called  the  symmetric  part  of 

0 and  is  frequently  denoted  0s,  while  0"  is  called  the  antisymmetric  part  of  0 

a a A i 

and  is  frequently  denoted  0 . The  symmetry  relations  satisfied  by  0 may  be 

compactly  summarized  by  the  expression 


01  (RJp)  = H1J  01(p)  (no  summation) 

The  proof  of  (K.3.23)  depends  upon  two  easily  proved  facts: 


(K.3.23) 

(K.3.24) 

(K.3.25) 


rV  = R(l*j) 

Hi(j.k)  _ Hij  Hik 

Using  these  facts  we  write 

01  (Rj  p)  = I H11  0(R1(RJ’p))  = I H1’1  0{R1Jp) 

1 1 

Let  k = l.j;  then  as  1 range  over  (+1,  -1  } , so  does  k,  independent  of  the 

value  of  j.  Notice  also  since  j = 1,  1 = j.k.  Thus  changing  the  index  of 
summation  to  k we  find 


01  (Rj  p)  = 1 Hi(j*k)  0(Rkp)  = I Hlj  H lk  0(Rkp) 
k k 


ilk 

This  proves  the  assertion  of  equation  (K.3.23). 


= Hij  I Hlk  0(Rkp)  = H1J  01  (p) 
k 
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(K .3 .26) 


If  functions  a1’  and  (P  are  defined  by 

s1  (p)  = I Hlj  oj(p)  = I H1^  (P  G s ) 

j J 

^(p)  = I Hij  JJ(p)  = I H1J  Mj(Rjp) 

j j 

then  we  will  show  that  equation  (K.3.20)  implies  the  following  analogous 
representation 


I H1J  4>  (Rjp,  S1)  + Hlj  4>  (RJP,  u1) 

. a u 

j 


* 2 5'*  <t’l,a(P*Sl 


s)  * 2 s'" 


(K .3.28) 


Here  6^  denotes  the  usual  sort  of  Kronecker  delta,  «'J 
otherwise.  The  proof  of  this  assertion  follows  directly 

facts: 


= 1 if  i=j  and  0 
from  the  following 


?„  HiJ  * (RJRk  P,  .2  H1 1 <t*  (R1?.  S1  ) 

J,k  a 1 0 


? H1^  4>  (R^Rk  p,  uk)  = 2 H1 1 <j>  ( R1  p , u ) 

J,k  u 1 u 


| H1J<Kli0  (RJP.  31S)  = 2 (P-  SlS> 

? H1j  4>.  (K3?,  5,A)  > 2 «'■  ♦j  (P.i/) 

J l.U  1 1,11 


(K.3.29) 

(K.3.30) 

(K.3.31) 

(K.3.32) 


which  we  now  prove.  Equation  (K.3.29)  is  established  by  the  following  argument. 

Hijd>  (RJ  Rk5,  3k)  = ,2k  H,(1-kl®  (R'p,  3k) 

J ,k  a ' 

= I H1’1  2 HilC4»  (R1?,  ak) 

1 k ° 


„ il  .„1-  v ,,i k -k, 

= 2 H 4>  (R  P.  2 H a ) 

1 a k 
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Equation  (K.3.30)  is  established  in  an  identical  fashion.  Equations  (K.3.31) 
and  (K.3.32)  follow  fairly  readily  from  the  standard  symmetry  relations 

4>l,a(RlP’a)  =<t>l,a(P’a)  (K.3.33) 

•l#|1(RlP.u)  = -*lf|i(P.u)  (K.3.34) 

which  we  now  prove.  For  the  first  we  have,  using  the  definition  (K.3.18), 

(R.p.o)  = -(1/k)  JJ  0(q)  l/R(R.p,q)  dSn  (K.3.35) 

i,CT  1 S.HO  1 q 

1 P 

Now  by  the  invariance  condition  (K.2.4)  applied  to  we  have 
R (RjP.q)  = [RjP  - q,  R^  - q]  = [p  - Rjq,  p - Rj  q] 

= R2(P,  Rxq) 

For  q e Sj,  Rj<j  = q so  that  we  obtain 

R2(RjP,q)  = R2(p,q)  (q  e (K.3.36) 

Substituting  this  into  the  expression  (K.3.35),  we  find 
4>1  a(R1p,a)  = -(1/k)  JJa(q)  1/R(p,q)  dSq 

SinDp 
= 4>1>a(p,a) 

and  we  are  done.  Turning  now  to  equation  (K.3.34)  we  find,  using  the  definition 
(K.3.19) 

(R.p)  = (1/k)  JJ*  u(q)  n(q)T  vJl/RfR.p.q) ) dS 
i.ui  S.dD  q q 

1 P 

Now,  for  q e S1 

(l/R^p.q))  = -SB2  q ' RlP 

R3(R1P.q) 

= -SB2  R1(q-p)/R3(p,q) 

= Rj  Vq(l/R(p,q) ) 


(K.3.37) 


( K .3 .38 ) 


Now  for  networks  lying  in  the  plane  of  symmetry,  n(q)  = an^,  a = * 1,  so  that 
n(q)^  = a n^  = a (I  - 2 n^  n^)  = -a  n^ 

= - n(q)T  (q  e S^) 

Using  all  these  observations,  we  find 

<t>-  (R,p,u)  = (1/k)  JJ  n(q)  n(q)T  R,  V (1/R(p,q))  dS 

1 sn  n d q 

i p 

= (1/k)  Jj  u ( q)  ( -n( q)T)  V (1/R(p,q) ) dS 
S,  n D_  + q q 

1 p (note  the  minus  sign) 


and  we  are  done. 


We  have  derived  all  of  the  representation  and  symmetry  results  that  we 
require  for  the  potential  and  must  now  state  and  prove^the  implied 
representation  and  symmetry  results  for  v ( p ) = Vp  j)(p) 

With  the  understanding  the  line  vortex  velocity  singularities  are  always 
to  be  removed,  one  finds  after  some  manipulation  that  v(p)  is  given 


v(p)  = V 0(p)  = I R1  [^(R1  P»  S1)  ♦ MR'p,  0')] 


,1"*  A 1 


* *1,,  (P'S1S)  * 71,u(P'£1A) 

where  the  operators  V , V , V,  V.  are  defined 

r 0 n i|0,  |i 


v (p 

a 


,a)  = -(1/k)  JJ  a(q)  VpCl/R(p.q))  dS£ 


s+n  d 


(K.3.39) 


(K.3.40) 


V (p,n)  = (1/k)  JJ  (n(q)dSq  x Vq  u)  x Vq(l/R(p,q) ) (K.3.41) 


s+n  D 


V,  (P,a)  = -(1/k)  JJ  a(q)  V_(l/R(p,q))  dS 

1»°  S^Op  p 

V,  ( p ,a ) = (1/k)  JJ  (n(q)dsq  x V q|l)  x Vg(  1/R( P.q) ) 


Sin°p 


(K.3.42) 


(K.3.43) 
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Notice  that  V and  V.  are  not  defined  as  the  gradients  of  <i>  and  <t>,  in  that 

M » U [l  1 ,[] 

the  line  vortex  singularity  has  been  removed.  Nevertheless  for  all  practical 

purposes,  V and  V,  behave  like  the  gradients  of  <i>  and  4>,  . Formal 

u i»i1  u l.u 

differentiation  of  the  definition  (K .3.22 ) for  0 leads  to  the  following  defini- 
tion for  v1 (p) : 


v1  (p)  = 2 H1J  RJ  v (RJp) 

j 

The  symmetry  relation  analogous  to  (K.3.23)  is  given 

v^iR^p)  = h'W  (p)  (no  summation) 
and  is  proved  just  as  easily  - 

v^R^p)  = l H1 1 R1  v( R1  R^p ) = l Hl(j,k)R(j,k)v{Rkp) 
1 k 


(K.3.44) 


( K .3 .45  ) 


= H1JRJ  i HlkRkv(Rkp)  = H^R^v1  (pj 
k 

The  representation  result  analogous  to  (K.3.28)  is  given 


v\p)  = 2 H^Rj'CV^RJp.S1')  + Vu(Rjp,^)] 

J 

+ 2 51+  ^(P,^)  ♦ 2 SHIPS')  (K.3.46) 

The  first  two  parts  of  this  identity  are  generated  in  the  obvious  way  from  the 
corresponding  terms  in  equation  (K.3.39)  while  the  last  two  parts  follow  from 
the  symmetry  relations 


* R1  h.a  ^ 


V.  (R,P,m 1 = -R.  V,  (p,„) 
l»u  1 1 l.u 


(K.3.47) 

(K.3.48) 


The  proof  of  (K.3.47)  is  trivial  in  view  of  the  symmetry  relation  for  <J>^ 
(K.3.33)  and  the  definition  of  V.  , (K.3.42).  The  proof  of  (K.3.48)  offers 

1 9 <7 

somewhat  greater  challenges;  using  (K.3.37)  we  find. 


V1  4(riP’^  = (1/*)  J*J  (n(q)dSq  x ?n)  x 

si " DP 


Vq  { 1/R( Rj^p.q) ) 


= (1  /k)  //  (n(q)dS  x Vn)  x R1 


SinDp 


vq  ( 1/R(p,q) ) 
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= (l/<0(det 


Rj)  Rj'T  J"J  CR1(n(^)dSq  x 


Sjfl  D 


P 


Vu)]  x vq  { 1/R(p,q) ) 


Now  R-T  = R1§  det  R1 
R^n  x Vu) 


-1  and  on  the  surface  S]^  lying  on  the  plane  of  symmetry, 

A A T . A 

(I  • 2 ) n x Vu 


= n x Vu  - 2 nx  (^  • n x v*) 

= n x V u 

since  for  points  q e Sp  n(q)  = *n^.  Consequently 

(RjP.u)  = (l/«)  (-1)  JJ  (fi(q)dSq  H.l  x vq(l/R(p,q>) 

Sin°p 


and  we  are  done. 


We  have  now  derived  all  of  the  machinery  necessary  to  perform  the 
symmetrization  of  boundary  conditions.  In  symmetrizing  the  boundary 
conditions,  we  treat  first  the  case  of  a control  point  ™t  lying  in  the  plane 
of  symmetry  and  then  the  case  of  a control  point  lying  in  the  plane  of 
symmetry.  (Note:  A control  point  p isAsaid  to  lie  in  tfie  plane  of  symmetry 

provided  (i)  R^  p = p and  (ii)  n(p)  = *n^.  See  appendi x (H.1.2)  for  a 

detailed  discussion  of  control  point  classification.) 

+ 

Symmetrization  for  p e S 

Let  p e S+  be  a control  point  not  lying  in  the  plane  of  symmetry;  then 
R p e S"  is  the  image  of  p in  the  plane  of  symmetry.  Using  the  notation  developed 

earlier  in  this  section,  we  can  write  the  boundary  conditions  at  p and  R^p  with  a 
single  formula: 


( aAnT(p)BQ  ♦ tAT)  Rj(?(Rjp))A  + cA(0(RJp) >A 
+ aA  aj(Rjp)  ♦ cD  uj(Rjp)  + VrJ  Vv  uJ(7)  I 


(K.3.49) 


Notice  that  we  require  the  scalar  coefficients  of  the  boundary  condition  to  be 
identical  for  both  the  control  point  p and  its  image  R^  while  the  vector 

coefficients  are  reflected  by  Rr  Multiplying  equation  (K.3.49)  by  H1J,  summing 

over  j and  taking  account  of  the  definitions  (K.3.22)  of  0 , (K.3.44)  of  v 

together  with  relations  (K.3.26)  and  (K .3.27)  for  o1  and  ji1,  yields,  after  some 
manipulation, 
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be1:  (aA  nT(p)BQ  + t AT ) ( v1  ( p ) )A  + cA(^(p))A 


+ a. 


a1  ( p ) 


Al  t*' 
U (p. 


V 


an(p)  = 


s 

j 


i1  j 


(K .3 .50) 


Symmetrization  for  p e S^,  n ( p ) parallel  to 

When  a control  point  lies  in  a plane  of  symmetry,  very  special  care  must 
be  used  in  order  to  achieve  the  desired  symmetrization.  Part  of  the  problem 
is  caused  by  the  fact  that  we  do  not  really  have  enough  boundary  conditions  to 

AC 

fully  determine  the  source  and  doublet  parameters  associated  with  both  i and 

A A 

0 . Thus,  the  user  specified  boundary  conditions  must  be  supplemented  by 
special,  program  supplied,  degenerate  boundary  conditions.  We  begin  our 
treatment  of  symmetrization  for  control  points  in  the  plane  of  symmetry  by 
deriving  the  form  of  these  special  degenerate  boundary  conditions. 

Let  p e S.  be  a control  point  lying  in  the  plane  of  symmetry  and  let  n be  the 
normal  to  S1  at  p where  n = Let  0 and  0 be  respectively  the  symmetric  and 

antisymmetric  part  of  0 as  defined  above.  Then  the  following  jump  conditions 
hold  for  0S  and  0A. 


I 0s(p)  j]  = lim  [0S(p  + en)  - 0s(p  - en)]  = 0 (K.3.51) 

e - 0 


|[  a 0A/an  3 = ^ im  [n  • V 0A  (])  + en)  - n * v 0A(p  - en )] 

e - 0 

The  first  of  these  relations  follows  from  the  argument, 

0${p  ♦ e n)  = 0$  (R^(p  + en))  = 0$  (R^p  + e R^  n) 


= 0 


(K.3.52) 


= 0*  (p  ♦ e{ -n) ) 


In  this  sequence  of  equalities,  the  first  equality  follows  from  the  general 
symmetry  condition  (K.3.23)  withj  = +1,  j = while  the  third  equality 
follows  from  the  facts  R^p  = p (p  e S^)  and  R^n  = -n  (n  = *n^). 

Relation  (K.3.52)  is  proved  by  first  noticing  that  the  relation  (K.3.23) 
with  i = -1,  j = -1,  implies. 


(Rjq)  = -iA(q). 

Applying  Vq  to  this,  we  obtain, 

Rl  ? SA(R1q)  =-viA  (q) 
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Letting  q = p + en,  we  see  as  before  that  R^q  = p - en  so  that 
Rj  V 0A(p  - en)  = - V 0A(p  ♦ en) 

Multiplying  by  nT  and  recalling  that  n^R^  = -nT,  we  get 


-n^  V0A  (p  - En)  = -nT  v fiA  (p  + en) 

Equation  (K.3.52)  now  follows  immediately. 

As  a consequence  of  these  jump  conditions,  we  are  led  to  the  conclusion  that 
the  doublet  strength  associated  with  and  the  source  strength  associated  with 
0A  are  both  zero  for  points  p e Sj.  Thus,  we  write 


(^(p)  =0  (p  e Sj ) (K.3.53) 

SjA(p)  =0  (p  e Sx)  (K.3.54) 

These  then  are  the  degenerate  boundary  conditions  to  be  imposed  on,  respectively, 
the  symmetric  and  antisymmetric  problems. 

Turning  now  to  the  symmetrization  of  a regular  aerodynamic  boundary  condition 
imposed  at  p e Sj,  we  use  the  relations 


«(p)  .\  ias(?)  * 0a(p)),  <k-3-551 

v(p)  = Y (vs(p)  + vA{p})  (K.3.56) 

(which  follow  directly  from  the  definitions  (K.3.22)  and  (K.3.44) ) to  obtain 

(a  nTB  + tJ)(i)(vS(p)  + vA(p) ).  ♦ c.(i)(^S(p)  + 0A(p))A 
A ° A 7 A (K.3.57 ) 

♦ aA  3jS(p)  * c„  S^lp)  ♦ V * Sf  - » 
where  we  have  used  the  fact  that  the  source  and  doublet  distributions  on  S l are 
denoted  a*  and  ^A.  Considerable  simplification  is  obtained  by  recognizing  the 
following  average  value  formulae 


(0A(p))A  = 0 

(K.3.58) 

(tAT  vA(J))a  = 0 

(K.3.59) 

(nT  BQ  vS(p))A  = 0 

(K.3.60) 
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Of  these  formulae,  the  first  is  an  obvious  consequence  of  the  asymmetry  of  the 
second  is  an  easy  consequence  of  the  symmetry  relation  (K.3.45)  and  the  identity 
R1  = *A’  and  the  thircl  is  a consequence  of  (K.3.45)  together  with  the  identi- 
ties BQn  = n (since  n = *n^  and  (n^,  c^)  = 0),  R^n  = -n.  Using  the  relations 
(K.3.58),  (K.3.59),  (K.3.60),  the  boundary  condition  (K.3.57)  becomes, 

7 dA  n B0^  ^^A  + CD  ul^  + A)  V U1 


7 ^A  ^ ( P ) ) a + ca <jj^(p)  = b (K.3.61 ) 

A notable  feature  of  this  equation  is  the  fact  that  the  coefficient  (1/2) 
appears  in  three  of  the  terms,  that  is,  those  terms  that  are  computed  from  IC 
integrals.  [This  minor  nuisance  could  be  avoided  if  we  were  to  change  the 
definition  (K.3.22)  to 


iUp)  = 4)  I Hij  0 (RJp) 

and  similarly  for  (K.3.44).  However,  we  choose  to  leave  things  as  they  are.] 

Without  further  additional  assumptions,  it  is  impossible  to  do  any  more  about 
symmetrizing  a boundary  condition  in  a plane  of  symmetry^  However,  a carefuX 
examination  of  (K.3.61)  reveals  that  if  either  (aA,  cQ,  tQ)  = 0 or  (aD,  c A,  tA)  = 0, 

then  equation  (K.3.61)  becomes  a condition  on  just  the  symmetric  or  just  the 
antisymmetric  part  of  j6.  Thus  we  are  led  to  the  definitions: 

Symmetric  boundary  condition.  A boundary  condition  on_a  plane  of  symmetry  is 
said  to  be  a symmetric  boundary  condition  if  (aA,  c^,  tp)  = 0.  From  (K.3.61) 

we  observe  that  a symmetric  boundary  condition  imposes  upon  0^  the  condition 

\ tAT(vS(p»A  + \ cA(SS(p))A+  aD  (p)  = b (K.3.62) 

The  associated  boundary  condition  (of  synmietric  type)  to  be  imposed  upon  0A  is  the 
degenerate  boundary  condition  (cf . (K.3.54) ) 

SxA(p)  = 0 

Antisymmetric  boundary  condition.  A boundary  condition  on  a plane  of  symmetry 
is  said  to  be  an  antisymmetric  boundary  condition  if  Up,  cA,  tA)  = 0.  From 

(K.3.61)  we  observe  that  an  antisymmetric  boundary  condition  imposes  upon  0A 
the  condition 

\ aA  nT  Bq  (v\p))A  + cD  ^A(p)  ♦ tQT  vb*  = b (K.3.63) 
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jhe  associated  boundary  condition  (of  antisymmetric  type)  to  be  imposed  upon 
jjS  is  the  degenerate  boundary  condition  (cf.  (K.3.53)) 


G:s(p)  = o 

We  find,  then,  that  the  boundary  value  problem  for  0$  can  be  fully  decoupled 

from  the  boundary  value  problem  for  only  if  the  user  specifies  a symmetric 

boundary  condition  on  a source  network  and  an  antisymmetric  boundary  condition 
on  a doublet  network  for  any  network  lying  in  the  plane  of  symmetry.  This 
condition  should  be  regarded  as  the  natural  extension  of  the  condition  that 
boundary  conditions  on  opposite  sides  of  the  plane  of  symmetry  be  connected 
with  one  another  as  indicated  by  (K.3.49). 


Having  performed  the  analysis  to  this  level  of  detail,  we  can  now  make 
fairly  precise  statements  about  the  efficiency  gains  that  can  be  achieved  when 
a plane  of  geometric  symmetry  is  present. 

First,  even  if  no  special  conditions  are  imposed  upon  the  boundary 
conditions,  the  cost  of  computing  influence  coefficients  can  be  cut  in  half. 
This  efficiency  gain  is  achieved  because  it  is  not  necessary  to  compute  the 
influences  of  any  image  panels  on  the  control  points,  a fact  which  is  clearly 
indicated  by  equation  (K.3.20T.  [Note:  The  evaluation  of  influence 

coefficients  associated  with  4>0(p,a-)  requires  no  extra  effort  over  the 
evaluation  4>g(p,  o+)]. 

Second,  if  special  symmetry  conditions  are  imposed  on  the  form  of  the 
boundary  conditions  (equation  (K.3.49)  and  the  symmetric/antisymmetric 
properties  on  the  plane  of  symmetry),  then  it  is  possible  to  reduce  the  matrix 
solution  cost  by  a factor  of  4 by  solving  two  AIC  matrices  of  size  N rather 
than  one  AIC  matrix  of  size  2N. 

Third,  if  there  is  partial  geometric  symmetry  together  with  partial 
boundary  condition  symmetry,  some  efficiency  gains  are  possible  provided  one 
is  willing  to  develop  quite  complex  influence  coefficient  generation  and 
linear  equation  codes. 

In  the  PAN  AIR  program,  the  decision  has  been  made  to  implement  geometric 
symmetry  for  only  that  case  which  yields  the  greatest  efficiency  gains,  that 
is  the  case  in  which  the  boundary  conditions  satisfy  the  symmetry  constraints 
(K.3.49)  away  from  the  plane  of  symmetry  and  (K.3.62),  (K. 3.63)  in  the  plane 
of  symmetry.  Thus,  when  it  is  appropriate,  we  obtain  the  efficiency  gains 
described  in  the  second  of  the  three  situations  described  above. 
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K.4  Problem  Formulation  for  Two  Planes  of  Symmetry 

In  this  section,  we  extend  the  results  of  the  previous  section  to  the  case 
in  which  the  configuration  has  two  planes  of  geometric  symmetry.  In  figure 
K 4 we  illustrate  such  a configuration  where  the  unit  normals  to  the  planes  of 
symmetry  are  denote  ^ and  n2  and  these  normals  satisfy  the  usual  conditions 

(cf.  equation  (K.2.11)) 

A A A A A A 

n 1 * n 2 ~ nl  -co  = n2  *co  ~ ^ 

The  singularity  surface  S on  which  sources  and  doublets  are  defined  is 
decomposed  in  eight  parts  as  follows 


++ 


_ + 


5 J • 
51  • 


= s n 

+ + 

c , 

+ +• 

c = 

1 P 

1 

( p,n1 ) > 0,  (p,n2)  > 0 | 

(K.4.1) 

= s n 

c , 

_ + 

c = 

{ P 

I 

(p,^)  < 0,  (p,n2)  > 0 } 

= s n 

c , 

+ _ 

c = 

{ P 

1 

(p.r^)  > 0,  (p,n2)  < 0 } 

= s n 

c~, 

c~  = 

{ P 

1 

(p.n^)  < 0,  (p,n2)  < 0 } 

= s n 

+ 

C1  ’ 

+ 

Cl  = 

1 P 

1 

(p.r^)  = 0,  (p,n2)  > 0 } 

(K.4. 2) 

= s n 

C1  ' 

cr  = 

I P 

1 

(p,^)  = 0,  (p,n2)  < 0 } 

= s n 

+ 

C2  * 

+ 

C2  = 

{ P 

1 

(p,^)  > 0,  (p,n2)  = 0 } 

(K.4. 3) 

= s n 

c2‘. 

C2  = 

{ P 

1 

(p,^)  < 0,  (p,n2)  = 0 } 

"2  ’ 


Allowing  the  symmetry  superscripts  i , j to  range  over  the  index  set  {+1,-1},  ^ 

we  denote  the  singularity  distributions  on  S1J  by  o1J,  u1J,  on  Sx  by  oj_  , 
and  on  si  by  • The  ti1de  written  above  the  singularity  distributions 

on  the  planes  of  symmetry  is  intended  to  indicate  that  these  functions  are 
-alreadyPpartially  symmetrized.  The  perturbation  potential  induced  by  these 
singularity  distributions  is  given  by  the  formula  (compare  with  (K.3.5)), 


0(p)  = (1/k)  £ J*J* 


[-alj (q)/R(p,q)  + n • V (1/R(p,q))]  dSq 


s1Jn  D 


(1/.)  2 J-J-  [-»iJ(q)/R(p,q)  * if  (q)  n-  \ U/R(p.q))l 

(continued  on  following  page) 


siJnDp 
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+ (1/*)  l 

i 


J*J  C -cr1  S ( q ) /R ( p , q)  + uJA(q)  n 


Vq  ( 1/R( p, q ) ) ] dSq 

(K.4.4) 


Proceeding  as  before,  we  now  define  a family  of  reflection  matrices  R*J  that 
allow  us  to  express  all  of  the  integrals  appearing  in  (K.4.4)  as  integrals 

over  the  principal  images  of  the  various  singluarity  surfaces,  S++,  and  S2+. 
R++  = I 

R_+  = Rj  = I - 2nx  nj 

+ _ A A T 

R = R2  = I - 2 n2  n2 


R = R^  R2 

These  reflections  have  the  properties  that 
(Rij)  = (Rij)T  = (Rij)-1 


(K.4.5) 

(K.4.6) 


Rij  Rkl  _ R(i .k)  ( j.l ) 


and  also  that 

q e C + + -*  R1Jq  e clj 
q c Cij  - R1^ q « C++ 


(K.4.7) 


(K.4.8) 


Using  these  reflectors,  we  define  some  auxiliary  singularity  distributions  on 
the  principal  image  of  the  configuration  by 


oij(q)  = aU(Rijq)  ] 

j 

’ q e 

sij 

(K.4.9) 

uij(q)  = ulj(Rijq)  J 

(K.4.10) 

af  (q)  = a^fR^q) 

S j 

(K.4.11 ) 

1 q e 

(K.4.12) 

U!Aj(q)  = ^(R^q)  - 

a21S(q)  = a2iS(Ri+q)  | 

I 

’ q e 

S 1 
°2 

(K.4.13) 

- iA/-^  =.  iA/Di+^v 

U2  = ^2 

L. 

(K.4.14) 

K.4-2 


These  auxiliary  singularity  distributions,  together  with  the  following 
integral  operators  (compare  with  equations  (K.3.16)  - (K.3.19)), 


^(p.a)  = - (1/k)  JJ  a(q)/R(p,q)  dSq 


s'  n d. 


(K.4.15) 


4>^(p,u)  = (1/k)  JJ  u(q)  n(q)  • Vq( 1/R(p»q) ) dSq 


+ + 


s n d 


(K.4.16) 


<t>1  a(p,a)  = -(1/k)  JJ  a(q)/R{p,q)  dSq 


Sln  °p 


(K.4.17) 


<t>1  ^(p.u)  = (1/k)  JJ  u(q)  n( q)  . Vq  (1/R(p,q) ) dSq 


Sin  °p 


<I>2  a(p»a)  = ■(!/*)  JJ  ^q 


V Dp 


(K.4.18) 


(K.4.19) 


<t2  (p,u)  = (1/k)  JJ  u(q)  n(q)  ■ Vq  (1/R(p,q) )dSq 

S2  0 °p 

allow  us  to  write  0 ( p ) in  the  shorthand  form 


0( p)  = I [ 4>a(R1jp,  oU)  * <*>u  (RljP.  nlj)3 


i ,J 


2 [ <J>.  (R+^p,  + *1  (R  JP»  ui 

. i , a 1 ^ 


)] 


(K.4.20) 


+ ? [ 4>,  (Ri  P»  a?lS)  + 4>o  u(R  ^2  ^ 


i L ^2, a 


2,u 


(K.4.21) 


Our 


next  definition  will  be  of  the  various  symmetric  and  antisymmetric  parts  of 


0.  Using  the  2x2  matrix  [H1J] 


f1  1*1 
L i - 1 J 


* i 


as  before,  we  define  d1J  by 


flip)  - S H1k  Hj1  0(Rk1p)  (K-4’22) 

k,l 


K.4-3 


A,  . 

The  four  functions  0^  possess  the  following  symmetry  properties  and  alternative 


names: 

1st  pos 

2nd  pos 

al  ias 

a++ 

symmetric 

symmetric 

0SS 

*-♦ 

antisymmetric 

symmetric 

0AS 

a+- 

symmetric 

antisymmetric 

0SA 

A 

0" 

antisymmetric 

antisymmetric 

0AA 

These  synmetry  conditions  may  be  stated  concisely  as 

01J(Rk^p)  = Hlk  ^ ( p ) (no  summation)  (K.4.23) 

The  proof  of  (K.4.23)  follows  quite  readily  from  the  definition  of  0^  J by  using 
the  identities  (K.3.25)  and  (K.4.7).  The  calculation  goes  as  follows 

iij(Rk,p)  = S H,m  hJ"  t (Rmn  Rk1  P) 
m,n 


= I H1m  Hjn  0 (R(»*k)(n.l 
m,n 


= £ Hl(p*k)  H^*1  ] 0 (Rpqp) 

p.q 

= Hik  Hj1  I H1p  Hjq  0 (Rpqp) 

p.q 

= H1k  H^1  01j(p) 

The  representation  (K.4.21)  induces  an  analogous  representation  for  0iJ. 
In  order  to  state  this  representation,  we  need  to  define  symmetrized 
singularity  distributions  as  follows. 

S1J(p)  = I Hlk  Hj1  akl(p) 
k,l 

$1J(p)  = 2 Hlk  Hjl  Dk1(p) 
k,l 


v uik  ujl  kl  /nkl-*. 
2,  H H a (R  p) 

k.l 


2 Hik  Hjl  ukl  (Rklp) 


K.4-4 


(K .4.26) 


a^fp) 


I 

1 


H 


Jl  2 SI 


a, ' (p) 


’1 


2 Hj1  a,S1  (R+1p) 
1 


A Aj 

ll 


ui  (P) 


£ 

1 


Hj1  ^,Al(p) 


2 Hj1  u,Al  (R+1P) 
1 1 


(K.4.27) 


SjS(p)  = 2 H1K  aK5(p)  = 2 H1*  a " (iTp) 


,i  k =*kS 


ik  ~ kS  ,nk+- 


(K.4.28) 


£jA(?)  = 2 h1k  :/a(p)  . 2 »r 


.ik  kA 


ik  _ kA  ,„k+- 


(K.4.29) 


The  required  representation  of  is  then  given  (compare  with  equation 
(K.3.28) ) , 

5,J  (?)  = 2 H1k  HJ1  [®  (Rk1p,  ;lj)  * * (Rklp.  i1jn 


k.l 


* 2ji4  I HJ'  <f1>0  (R*'p,  * 2 s'-  2 HJ’  «li(  (R*V,  s^. 


* 2 HU*?  (Rk*p.  «A,1S)  * 2*1'  2 H1k*2  (Rk*p,  ;21A) 

(K .4.30 ) 

For  the  most  part,  the  proof  of  this  representation  is  a straightforward 
computation.  To  illustrate  the  method  of  proof,  we  simply  prove  the  identity 
corresponding  to  the  fourth  term  on  the  right: 

2 Hik  HJ1  <*.  <R>q  Rk'  P.  ;iAq)  - S Hj'  *!  (R°p.  SLAJ) 

k.l.q  l’“  1 1 

Since  R+q  Rk^  = Rk^q#^,  the  expression  on  the  left  is  equal  to: 


L.H.S.  . 2 Hik  HJ1"-11'  * (Rknp,  Vq> 


k,n,q 


2 h1  k H^n  4>  (Rknp,  2 Hjq  ujq) 
k,n  Uw  q 1 


2 

n 


HJn  (2  H1k*ljB  (Rk"p,  S1Aj>) 


K.4-5 


N°w  4>1jM  is  antisymmetric  in  the  first  plane  of  symmetry,  that  is. 


„ (R"V»u)  = - 4>i  (R+np,  u) 


1 f u 

Consequently,  we  have 
, i k 


(K.4.31) 


I H1K  4>.  (Rknp,u1Aj  ) = 


i = +1 


l (R,nP’  JiAj)  f * -1 


Thus  the  left  hand  side  is  equal  to: 

L.H.S.  = 2 HJn  ( 2 5 1 " ) <!>.  (R+np,  G/j) 
n i,y  1 

and  we  are  done.  The  validation  of  the  remaining  parts  of  the  identity  requires 
the  use  of  the  symmetry  relations 


„ (R"np,  a)  = ♦ (R+V,  a) 

i > o i , a 

<*»2  (Rm"p,u)  = - <J>2  (Rm+p,  u) 


(Rm_p,a)  = 4>?  (Rm+p,  a) 

C } V L ) O 


(K  .4.32 ) 
(K.4.33) 
(K.4.34) 


Just  as  we  found  in  the  case  of  one  plane  of  symmetry,  all  of  the  relations 
we  have  found  so  far  have  counterpart  relations  for  velocities.  The  first  of 
these  relations,  the  representation  of  v(p)  in  terms  of  singularity 

distributions  a1J,  a^,  , a2iS,  m2iA  is  given 

v(p)  = 2 Rij  [V  (Rijp,  aij)  + V (Rijp,  uij’)] 

ij  a M 

+ S R+j  [V,  (R+jp,  a,Sj)  + V,  (R+Jp,  4 Aj)] 

j i A»U  l 


.1+  » is, 

2 


+ 2 R1+  CV2  (R1+p,  a iS)  + V (Ri+p,  42iA)] 

c,a  ^ c 9[x  c 


where  operators  Va,  etc.  are  defined  by 


(K.4.35) 


(Va.  V1#a,  V2>0)  (P,a)  = -(1/k)  jj*  o(q)  Vp  (1/R(p,q) )dSq 


(S++,  S*  , S2  )n  Dp 


(K.4.36) 


K.4-6 


(V  ^l.u  ^2,u)(P’u)  = (1/K) f / ("(^)dSq  x V»}  x 7q  (1/R(P^n 

(s+\sj,  s*  ) n Dp 

The  symmetrized  velocities,  v^tp),  defined  by 


(K.4.37) 


(K.4.38) 


clj(p)  = 2 Hlk  Hjl  Rk1  v(Rklp) 
k,l 

satisfy  the  symmetry  relations 

0fJ  (Rk,p)  ■ «1k  HJ'  Rkl  0 (Rklp) 

The  representation  formula  for  v’J  that  corresponds  to  the  representation 


(K.4.39) 


( K.4.30)  for 

2ij 

is 

given  by 

the 

formul a 

(p)  = 

2 

Hik 

Hjl  Rk1 

[V 

j>  i 

Q > 

ij)  + 

k,1 

0 

+ 

I Hjl 
1 

R+1 

[26 

»,  X’p. 

I ,CJ 

, a**)  + 

2s1' 

+ 

2 Hik 
1/ 

Rk+ 

1 1 

ro 

o» 

j+ V2 

2 ,a 

,„k+->  a i Sv 
( R p » 0 ^ ) 

+ 26j_ 

>+h  * Aj 


)] 


,k+-<-  a iA, 


(K.4.40) 


The  proof  of  this  representation  formula  is  a fairly  straightforward  matter, 
given  the  symmetry  formulae  for  V^a>  V^,  ^2, a’  ^2 ,u* 


V,  <V'  »>  = 

R1  7l,c  l5-o) 

(K.4.41 ) 

71,„  <R1P’“>  ■ 

-R1  71>U  'P'"1 

(K.4.42) 

h.'  ,R2P'<’)  * 

R2  72,o  (P’o) 

(K.4.43 ) 

72,u  *R2r,“*  * 

-R2  72,u  (R,“' 

(K.4.44) 

Symmetrization  for  p e S++ 

Let  p e S++  be  a control  point  not  lying  in  any  plane  of  symmetry.  The 
four  images  of  p are  given  by  R^p  and  the  boundary  conditions  at  these  points 
are  required  to  have  the  form 


K.4-7 


bc^  (aA  nT{ p)B0  + tAT)  Rkl  (v(Rklp))A  + cA  (0  (Rklp))A 


okl(Rklp) 


kl 


( Rk  1 p ) 


T nkl 


kl 


(u) 


□kl 
R p 


= b1 


kl 


(K.4.45) 


As  before,  the  scalar  coefficients  are  independent  of  image  while  the  vector 
coefficients  for  the  various  images  are  related  to  the  vector  coefficients  for 

the  principal  image  by  way  of  the  reflection  transformations  R1J.  Multiplying 

i k i 1 

equation  (K.4.45)  by  H H and  summing  over  k and  1,  yields,  after  the 
appropriate  simplifications  are  made, 


bc1J  (aA  nT(p)BQ  ♦ t/)  (0lj(p))A  + cft  (0ij(p))A 

♦ aA  Slj(p)  + cQ  £1J(p)  + t0T  = I Hlk  H^1  bk1 

k , 1 


+ A , 


Symmetrization  for  p e , n(p)  parallel  to  nj 


( K .4.46) 


Just  as  we  found  in  the  case  of  one  plane  of  symmetry,  special  degenerate 
boundary  conditions  must  be  imposed  in  order  for  the  problem  to  be  solvable. 
For  a control  point  p lying  in  the  first  plane  of  symmetry,  these  conditions 
are 


a AS 

a AA 

al 

= ax 

= 0 

A SS 

a SA 

A 

U1 

= MX 

II 

C 

(K.4.47) 
(K .4.48 ) 


For  a control  point  p e S,  , the  boundary  conditions  at  p and  at  its  image  point 
+_  _»  1 
R p can  be  written  together  as 


bCj1  (aft  nT(p)BQ  + tj)  R+1  ( v( R+1  p) ) A + cA  (0(R+1p))A 

+ a - SI  /n  + l^\  . _ ~ Al  /D  + 1“*>  . t T D + 1 r _ A1 
+ aD  Oj  (R  p)  + Cp  ^ (R  p)  + tQ  R v 


R+1p 


= b1 


(K.4.49) 


Because  this  equation  represents  only  two  boundary  conditions  it  is  not  possible 

to  fully  symmetrize  it.  However,  we  can  multiply  by  and  sum  over  1 to  obtain 
a partial  symmetrization.  Using  equations  ( K .4.26 ) and  (K.4.27)  to  simplify 
the  terms  involving  the  singularity  distributions,  we  obtain 


<3 -S' 


K.4-8 


(K.4.50) 


(aft  nT(p)BQ  + tAT)  ( I Hj1  R+1  v (R+1p))A 
♦ cA  ( I Hjl  0 (R+1P))A 

+ a A + r A AJ  + t T V A AJ  Y uJ1  J 

+ aD  °1  + CD  U1  + * 7 = i b 


Now  if  we  multiply  {K .4.22 ) by  H1m  and  sum  over  i,  we  obtain 

/ v ,, ini  .,1k  0 mk x 

(note:  1 H H =26), 

1 

2 H1m  J1J  . 2 l HJ'  0 (Rm1p) 

i 1 


Setting  m = +1,  we  obtain 

jSj  + JAJ  = 2 I Hjl  0 (R+1p)  (K .4.51 ) 

1 

In  a similar  fashion,  multiplying  (K.4.38)  by  Him  and  summing  over  i,  yields, 
for  m = +1, 

vSj  ♦ vAj  = 2 I Hjl  R+1  7 (R+1p)  (K.4.52) 

1 


Thus,  we  obtain  for  the  partially  symmetrized  boundary  condition 


(aA  nT(p)  Bq 


♦ tT)i 


(vSj(p) 


^ (?) ) 


A + CA 


(7} 


(0Sj(?) 


+ 8^(p)), 


+ a, 


A Sj 
CT1 


'A  U1 


Aj 


+ tr 


A Aj 
Vnj 


2 Hjl  b1. 
1 


(K.4.53) 


The  symmetry  properties  of  and  v1^  provide  the  following  simplifications 
(compare  with  (K.3.58),  (K.3.59),  (K.3.60)): 


(0Aj(p))A  = 0 


(K.4.54) 


(V  ^(P))A  =°  (K*4*55) 

(n^  Bq  vSj(p))A  = 0 (K .4.56 ) 

Thus  we  obtain  finally 


K.4-9 


(K.4.57) 


1 aT 

2 aA  n 


D *1 


A A j / v 
u i (p) 


+ tr 


V 


A Aj 
U1 


1 

7 


(vSj(p)), 


1 

7 


(0Sj 


P))fl  + ar 


$Sj’(p) 


2 hJ'1  b1 
l 


Here  again,  we  find  it  necessary  to  insist  that  a boundary  condition  be  either 
purely  symmetric,  on  a source  network,  or  purely  antisymmetric,  on  a doublet 
network.  Thus,  given  a purely  symmetric  boundary  condition,  the 

A i’  j 

constraints  that  should  be  imposed  on  the  various  0 J,s  are  given: 

Symmetric  boundary  conditions  in  first  plane  of  symmetry 

SS  and  SA:  \ t/  (0SJ(p))A  ♦ \ cA  (0Sj(p))A  ♦ aD  SfJ(p)  = 2 Hjl  b1 

(K.4.58) 

AS  and  AA:  = 0 (K.4.59) 

For  a purely  antisymmetric  boundary  condition,  the  constraints  have  the  form: 
Antisymmetric  boundary  conditions  in  first  plane  of  symmetry 

AS  and  AA:a^  nTBQ  (vAj(p))A  + cQ  S^tp)  ♦ t, J V = 2 ft*1  b1 

(K .4.60) 

SS  and  SA:  = 0 (K.4.61 ) 
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K.5  Evaluation  of  <t>IC's  and  VIC's  when  Symmetry  is  Present 


We  now  consider  the  evaluation  of  potential  and  velocity  influence 
coefficients  when  symmetry  is  present.  Our  goal  is  to  provide  representations 
of  the  form 


N 

2 

1=1 


i vic!J  VJ  = [vic1j]  { V'j } 

ui 


(K.5. 1 ) 


(K.5. 2) 


for  the  various  symmetric  parts  of  0 and  v,  where  denotes  the  vector 

of  singularity  parameters  associated  with  the  (i,j)  symmetry  condition.  An 
additional  goal  will  be  to  provide  procedures  for  the  evaluation  of  4>IC  s and 
VIC's  that  involve  a minimum  amount  of  special  case  logic.  Toward  this  latter 
goal,  we  initiate  our  investigations  by  developing  somewhat  more  symmetric 

formulae  for  the  quantities  0^  v1,  0^  and  v1J  than  the  formulae  (K.3.28), 
(K.3.46)  (K.4.30),  (K.4.40). 

K.5.1  One  Plane  of  Symmetry 

A-* 

It  turns  out  that  when  the  problem  has  one  plane  of  symmetry,  0 and 
vi  as  given  by  (K.3.28)  and  (K.3.46)  can  also  be  expressed  by  the  somewhat 
more  symmetrical  formulae 

j*(p)  = 2 [h1^  <t>  (R^p,  S1)  + H1^  4>  (R^p,  u1')] 

r . a 4 

J 

[Hij  4>1>o  (Rjp,  o^)  + Hlj  (Rjp,  u^)] 

H1j  R^  [V  (R^p,  a1)  + V (R^p,  u1)] 

a 4 

* I H,j  Rj  [V.  „ (RJP,  5. 1 ) * V,  (RjP,  V)] 

j 1”  •'  (K.5. 4) 

The  proof  of  these  formulae  is  fairly  straightforward  once  one  notices  that  the 
degenerate  boundary  conditions  (K.3.53)  and  (K.3.54)  which  state  that 

aS  a A 

wi  = °i 


*i 

v (p) 


2 

j 

2 

j 


(K.5. 3) 


= 0 

imply  that 

i+  a S 

a i 

(K.5. 5) 

°1  = al 

i-  a A 

a i 

(K.5. 6) 

' ^1  = 

K.5-1 


Consequently  we  find  (working  backward)  that 


(i)  2 H1J  <*>,  (RJp,  Sj)  = 1 H1J  4>,  (RJp,  «1+  S?) 
j i,a  1 j 1,0  1 


= «i  + [2  4>,  (p,  S,S)] 

i ,a  1 


(K.5.7) 


(using  equation  (K.3.31)) 


(ii)  - Hij  <t>  (RJ’p,  Gi1)  = 2 Hij  4>  (RJp,  a1’-  G,A) 

j i l,ur  1 


J 

i- 


= «"  C2  d>1<M  (p,  GxA)]  (K.5.8) 

(using  equation  (K.3.32)) 


(iii)  2 Hlj  Rj  V.  (R^p,  S.1)  = 61+  2 Hlj  Rj  V.  (R^p,  3,S)] 

1,0  r l ■ l,arl 


■ *'*  [Vlj5  (P,  3,S)  * VUo  (R^.Sj5)] 

= «**  (2)  VljCi  (p,SjS) 

(using  equation  (K.3.47)) 


(K.5.9) 


(iv)  I H1J  RJ  V,  ( R^  P,Gi  1 ) = 2 H1J  9?  V,  (R^  p,G  A) 

j 1 j ^ 1 


«f-  [VljB  <«!*>  - Ri  V1(B  (RtP.  ;/)] 


6 ' ” (2)  V,  (p,  a A) 

1 » U 1 


(K.5.10) 


(using  equation  (K.3.48)) 


Recall  that  from  their  definitions,  a1  and  u1  are  defined  only  for  p e S . 
If  we  now  choose  to  extend  their  definition  to  points  p e S.  by  the  obvious 
specifications 


*i 

a 


(K.5.11) 


K.5-2 


a i \ i 

U = Ul 

S1 

(K.5.12) 

★ 

and  then  define  operators  ct> 

0 

* -*  * -»  * 

<t>  i V , V by 

[i  a u 

<t>a*  ( p , a ) = 

<J>  (p,a)  + 

a 

<t>1  (p»a) 

(K.5.13) 

★ — ► 

<t>  ( P»  u ) = 

u 

<t>  (p,u)  + 
u 

(p.u) 

1 

(K.5.14) 

V (p,o)  = V (p,g)  ♦ V<  (p,o) 
a o i , a 

V * (p,u)  = V ( Piii ) ♦ V.  (p,u) 

U U -L  » u 

then  we  are  simply  left  with  the  compact  formulae 

0\p)  = I H1^  [ <t>  * (R^p,  a1  ) + <*>  * (R^P,  m1)] 

j 


(K.5.15) 

(K.5.16) 

(K.5.17 ) 


O'  (p)  = I HiJ  RJ  CVo*  (Rjp,  S1)  + Vu*  (Rjp.S1)]  (K.5.18) 

j 

We  can  now  describe  the  computation  of  potential  and  velocity  influence 
coefficients.  Recalling  the  representations  (K.1.2)  and  (K.1.3)  for  a and  n in 

the  absence  of  symmetry,  we  observe  that  S1  and  (i1  have  the  representation  in 
terms  of  spline  basis  functions  and  singularity  parameters. 


S1  (q)  = 1 Sr  (q)  V 


i A i 

(q)  = 1 m.(q)  xT 

1=1  1 


(K.5.19) 

(K.5.20) 


r\  • a • 

Upon  substituting  these  representations  into  the  formulae  for  01  and  v1  we 
obtain 


? (p)  = 1 <t> IC1  x.1  =L<J>IC1J  { xM 

r 1 A i 


(K.5.21) 


v1 (p)  = 2,  VIC.1  x.1  = [VIC1]  ( x1 

1=1  1 1 


(K.5.22 ) 


K.5-3 


where 


♦ ICj1  = 2 Hlj  [ <p*  (RJp,  Sj)  + <t>*  (RJp,  mj. ) ] (K.5.23) 

J 

VICt1  = 2 Hlj  RJ  [V  * (Rjp,  sT)  + V * (Rjp,  mT)] 

J a u 1 (K.5,24) 

Having  derived  these  formulae  for  potential  and  velocity  influence 
coefficients,  we  are  still  not  finished.  Rather,  we  must  investigate  in  some 
detail _^the  correct  interpretation  of  these  expressions  when  the  evaluation 
point  p lies  on  S+  or  S^.  The  case  of  p t S\  is  especially  difficult 
because  of  the  fact  that  a network  that  is  recognized  as  lying  in  a plane  of 
symmetry  may  in  fact  lie  some  small  distance  away.  The  proper  interpretation 
of  the  formula  (K.5.23)  and  (K.5.24)  which  we  now  describe  will  consist  of 
specific  instructions  for  the  evaluation  of  the  integrals  that  arise. 


First  we  treat  the  case  in  which  p lies  in  S+,  away  from  the  plane  of 
symmetry.  If  we  write  the  integral  operator  4>*  as  a sum  of  integrals  over 

+ ^ 

the  constituent  panels  Q of  and  S , then  we  have 


•ff  (P.s)  = l 


(P,S)  , 


(K.5.25) 


(]  e SjUS 


where  4>  v has  the  obvious  definition 

o 


<j>0^  (p.s)  = -(!/*)  jj  s(q)  1/R(p,q)  dS£ 


(K.5.26) 


Q n Dr 


★ ★ —*■  ★ 

Clearly,  the  integral  operators  , V , and  V have  precisely  analogous 

n a -*  o 

decompositions  involving  panel  integral  operators  4>  v,  V v and  V . Given  these 

11  O n 

decompositions,  the  interpretation  of  the  influence  coefficient  expressions  is  now 
summarized. 


Algorithm  A : Evaluation  of  <t»  y (RJp,  s),  etc.,  when  p e S 


j = +1,  R+  = I:  4>ctQ  (p.s) 

P e Q 

Use  the  average  value  of  4>  ^(p,s)  for  points  p 
above  and  below  Q.  a 

P / Q 

Proceed  naively:  (r, s)  is  regular  (has  no  jumps) 

for  r in  a neighborhood  of  p.  (By  "proceeding  naively," 
we  mean  that  no  special  care  is  required  to  evaluate  the 
PIC's  in  order  to  avoid  ambiguities  associated  with  jumps 
in  the  PIC  integrals  across  the  singularity  surface.) 


K.5-4 


1 * ^0  v * 

Proceed  naively:  <t>aQ  (r,s)  is  regular  (has  no  jumps) 

for  r in  a neighborhood  of  R^p*  Thus  we  evaluate 
<t>  Q (R,p,s) 

a l 


Thus,  when  p e S+ , the  only  special  care  required  ' 1 ^Jp^thrcontro^point  p 

integrals  (above  and  below  the  panel  Q)  be  “sed fornfof  a boundary 
lies  directly  on  Q.  This  is  done  because  the  general  form  or  a oounaary 

condition,  (K.l.l),  specifically Jmpose^  this  interpretation  ol 

A A 


LUIIUI  uuiij  v in  • ± • * / » 

potential,  velocity  and  mass  flux, 


what  is  to  be  done  with  integrals  over  the  panel  !n  which  p lies, 

(K.5.23)  and  (K.5.24)  provide  a precisely  accurate  description  of 
IC  computations  performed  by  PAN  AIR  for  the  cas  p e 

The  case  in  which  p Ties  in  S,.  that  portion  of  ^ configuration  « th. 

■i^SrrS.^iSS’ SI  » two  repots: 

(i)  The  evaluation  procedure  must  be  consistent  with  the  program  control 
structures  implicit  in  a "naive"  interpretation  of  equations  (K.5.23) 

and  (K.5.24) 


(11)  The  evaluation  should  yield  influence  coefficients  that  possess  the 
basic  symmetry  properties  for  p e 

a)  ^ (p)  = 0 

a a T , a A / — * \ a (K.5.27 

b)  (I  - n1n1  )v  (p)  = 0 

c)  nj_  • 0S  (p)  = 0 

(compare  these  with  equations  (K.3.58),  (K.3.59),  (K.3.60)) 


The  actual  rules  for  the  interpretation  of  (K.5.23)  and  (K.5.24)  are  now  given 
in  terms  of  instructions  for  the  evaluation  of  <t>a. 


Algorithm  : Evaluation  of  <t>^  (Rjp,  s)  etc.,  when  p e 

j = ♦ 1,  R+  - I:  *2  <P»S> 

£ e Q 

Use  the  average  value  of  d>^(p,s)  for  points  p above  and 
below  Q. 

P j Q 

Proceed  naively 
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j = -1,  FT  = R^: 


<t>2  (R^.s) 


P e Q 

Use  the  average  value  of  <t>^  (p,s)  for  points  p above  and 

a 

below  Q.  Note  that  we  use  p and  not  R1  p. 

P t Q 

Use  <t>^(p,s) 

Thus,  we  proceed  much  the  same  as  we  proceded  before  except  that  the  control 
point  p is  never  actually  reflected  in  the  plane  of  symmetry,  even  if  it  does 
not  lie  exactly  on  the  plane  of  symmetry.  It  is  also  important  to  note  that 
the  same  influence  coefficients_are  generated  for  j = +1  and  j = -I. 
Consequently  we  find  that  when  p £ Sj 


♦ = I H+^  [<&*(p,Sj)  ♦ <t>*(p,nij)  ] 

*3 

= 2 [<t>*  (p,sr)  + 4> * (p.mj)  ] (K.5.28) 

4>ICj  = 0 (K  .5.29 ) 

vfCj  = (I  + Rt)  CV*(p,sx)  + V*  (p.nij )] 

= 2 (I  - r^nj ) [V*(p,Sj)  + Vu  (p,mj )]  (K.5.30) 

VIC*  = 2 nLn^  [V*  (p.Sj)  ♦ V*  (p.mT ) ] (K.5.31) 


These  results  verify  that  the  influence  coefficients  exhibit  the  basic 
symmetry  properties  of  equation  (K.5.27). 

It  is  interesting  to  compare  the  formulae  (K.5.28)  through  (K.5.31)  with 
what  one  would  obtain  from  a straightforward  application  of  equations  (K.3.28) 
and  (K.3.46).  This  comparison  is  summarized  in  figure  K.5.  The  differences 
between  the  two  methods  are  of  three  types:  (i)  some  extra  integrals  over  S, 

appear  in  the  expansions  of  equations  (K.5.28)  - (K.5.31),  (ii)  some  of  the  1 

integrals  over  S+  are  different  (e.g.,  q>a  (?,Sj)  replaces  4>o(Rxp,  Sj ) and 

( 1 i 1 ) there  are  some  very  definite  differences  in  form  for  the  remaining 
integrals  over  S^. 
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The  first  type  of  differences  are  of  no  consequence  in  view  of  the  restric 
tions  on  xj  implied  by  the  degenerate  boundary  conditions,  =0,  ^ =0. 
These  restrictions  read: 

sT  ^ 0 — = 0 (Sx  = 0)  (K.5.32) 

S1 

m.  4 0 — x?  = 0 iv\  = 0)  (K.5.33) 

1 <-  1 

51 

The  terms  appearing  in  figure  (K.5)  which  can  be  neglected  because  of  these 
considerations  have  been  lightly  crossed  out  with  an  arrow  (—*')• 

The  differences  of  the  second  type  have  the  forms 

<M p", s i ) - 


- VR1?>SI,] 

R, [V  (p,m. ) - V (R.p,m  )] 

1 li  I U 1 1 

These  differences  will  all  be  negligible  by  virtue  of  the  fact  that  <t>a  (p.Sj). 

4>  (p,!^),  etc.  are  continuous  function  of  p for  p in  the  neighborhood  of  the 
plane  of  symmetry.  This  continuity,  coupled  with  the  bound 

| p - Rl  p I <2  (geometric  tolerance  distance) 
ensures  that  all  the  differences  of  the  second  type  are  small. 

The  third  type  of  differences  have  the  forms 


- 2 yj  Vlja  iK.-! 


(P.sT) 


-2(1-  yj)  ik.-! 


(p,mT) 


These  differences  will  be  identically  zero  provided  both  Si  and  p lie 
exactly1 on  the°plane  of  symmetry.  If  Sx  deviates  slightly  from  the  plane  of 
symmetry,  these  differences  will  still  be  small  provided  p lies  o i 
average  value  integrals  are  systematically  used. 

Thus  the  method  of  calculating  IC's  described  in  this  section  can  be 
pxnpcted  to  yield  very  similar  results  to  the  method  of  section  K.3.  we 
choose  to  use  the  algorithm  Ai  because  it  permits  much  27) 

structure  and  at  the  same  time  it  enforces  the  symmetry  conditions  (K.5.27). 
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K.5.2  Two  planes  of  Symmetry 


In  this  section,  we  devise  influence  coefficient  evaluation  procedures  for 
the  case  of  two  planes  of  symmetry.  We  begin  this  task  by  transforming 

equations  (K.4.30)  and  (K .4.40 ) for  01J,  v1J  into  the  following  symmetrical 
forms : 


01J  = 2 Hlk  Hj1  [ <t>  (Rklp,  Sij)  + (Rklp,  Glj) 

k,l  0 u 


*li0(Rk,p.  S«)  * vy'p.  »!*■*) 


* *2,„(Rk,p.  VJ»  * ®2,„(«lt'p.  22iJn 


(K .5 .34) 


» 2 H1k  Hjl  Rkl  [V  (Rklp,  S1J)  * V (l^'p.  sfj) 
k,l  CT 


♦ (Rk1p.  ;1ij)  * vliti(Rklp,  Sl«, 

* 72,c,,RklP'  S2,J)  * 72,„(Rk'p-  22(jn 


(K.5.35) 


The  proof  of  equation  (K.5.34)  depends  upon  identities  of  the  form 


2 Hik  Hj1 
k,l 

♦i..  (Rk,R- 

a i 

al 

J)  = 2 s'* 

2 

1 

HJ'  *1,0<rOP. 

2 Hik  Hj1 
k,l 

♦i„  (Rk,R- 

a i 
41 

j)  . 2 4i- 

2 

1 

Hjl  «,  (R^'p.J,^) 

* > u * 

(K  .5.37 ) 

which  follow  easily  from  the  observations 


a ij  .1  + A Sj. 

Aij 

i-  a Aj 

= <5  aj  ; 

= 5 U ^ 

A ij  j+  A is. 

a ij 

i J-  a iA 

a2  - a °2  » 

u2 

= 6 

(K.5.37 ) 

together  with  symmetry  relations 
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*1  _ (R_1p,a)  = <t>  (R+1p.  cr) 

x » u l , a 

4>,  < R~ 1 P * u)  = - <*»,  (R+1p,  u) 

1 1 » u 

*2,a  (Rk‘p,  a)  = <J>?  (Rk+p,  a) 

U , a 


4>2>(1  P*  ^ „ (Rk  P»  n) 


2,u 


Equation  (K.5.35)  is  proved  in  very  much  the  same  way  as  the  formula  (K.5.4) 
for  v1,  using  the  relations  (K.5.37)  together  with  the  symmetry  relations  (K.4.41) 
- ( K .4.44 ) for  the  operators  V , V 

a, a at|i 

Our  expressions  for  01J,  v1J  can  be  compressed  even  further  if  we  extend  the 
definitions  of  o1J  and  in  the  obvious  sort  of  way: 


A 1J 

c = CT 

o a 

a 


*1J 

u 


S a 

a 


A 1J 
u 


■jlf 

If  we  then  define  <l>  , «l>  etc  by 

a w 


(K.5.38) 


<P 

*i.. 

a 

a 

★ 

= 

* *i. 

★ 

V = 

V 

* V,  + 

a 

a 

1,0 

-►  ★ 

— ► 

V = 

V 

+ V1  + 
1 »u 

n 

4 

finally 

S1J . 

2 

Hlk  Hjl 

k,l 

= 

2 

Hlk  Hj1 

k,l 

(K.5.39) 


(K.5.40) 
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As  before,  much  care  must  be  exercised  in  the  evaluation  of  these  expressions. 

Three  separate  cases  must  be  treated:  (i)  p e S+\  { i i ) p e and  (iii)  p e s2+. 


The  first  case,  p e S , in  which  p lies  away  from  either  plane  of  symmetry 
is  fairly  straightforward.  The  only  special  care  that  must  be  taken  is  in  the 

evaluation  of  panel  integrals  of  the  form  (Rk1p»<*),  <t^(Rk1p»u ) , etc.,  when 

p e Q and  k = 1 = +1.  (We  are  using  here  the  natural  decomposition  of  4>*  into 

panel  integrals,  viz.,  <j>^  = ^ For  Part1  cular  case, 

+ + + + 

QtS  U Sx  U S2 


care  must  be  taken  that  the  average  value  of  the  panel  integrals 

-*o  

\r  be  computed. 


and 


The  second  case,  p e s|,  in  which  p lies  on  the  first  plane  of  symmetry  is 

handled  essentially  the  same  as  the  case  of  one  plane  of  symmetry.  Our  description 
of  it,  however  will  be  somewhat  different.  First,  observe  that  if  S.  truly  lies 

—*■  If  1 +1  ^ 

on  the  first  plane  of  symmetry  and  p t S, , then  R p = R p.  Using  this  relation 
in  (K.5.39)  and  (K.5.40)  we  find,  1 


(p  e Sj+) 


01 

j(p)  = 

2 Hik  Hj1 

[<t>*  (R+1p.  5ij)  + 

k,l 

a r 

C1' 

j(p)  = 

I Hik  Hj1 

Rkl  [V*  (R''p,  Sij 

k,l 

a 

(K .5.41 ) 


-»* 
+ V 


u 


(K.5.42) 


Here  again  the  evaluation  of  (R+1  p,  CT),  <j>jj  (R+1p,  u),  etc.,  must  be 

handled  carefully  when  p e Q and  1 » +1.  Thus  when  p e QcSj,  average  value 

integrals  must  be  used  for  both  the  principal  image  condition  (k  = +1,  1 = +1) 
and  its  reflection  in  the  first  plane  of  symmetry  (k  = -1,  1 = +1).  When 

equations  (K .5.41 ) and  (K.5.42)  are  used  in  this  way  to  generate  IC's  when 

— ► 

p e Sj,  the  following  important  symmetry  properties  are  preserved  even  if  S.^ 
does  not  lie  precisely  on  the  first  plane  of  symmetry: 


a)  0Aj(p)  = 0 


b)  (I  - r^n^)  v^(p)  = 0 


P € S 


1 


c) 


(P)  = 0 


(K.5.43) 
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The  third  case,  e S£+,  in  which  ^ lies  on  the  second  plane  of  symmetry  is 
virtually  identical  to  the  second  case.  The  point  ])  satisfies  the  relation 
f)  = R^+  and  the  expressions  for  and  read 

(p"  e Sp 

= i H1k  Hj1  [**  (Rk*p,  5,J)  * ♦*  (RkV,  iiJn  IK-5-441 

k , 1 


01J'(P)  = I 
k,l 

Hik  Hj1  Rkl  [V*  (Rk+p,  aij)  ♦ V * (Rk+P*.  (K.5.45) 

a U 

Summarizing  our  treatment  of  the  case  of  two  planes  of  symmetry,  we  observe 
that  influence  coefficients  are  computed  as  follows: 

++ 

Case  p e S : 

Use  ( K .5 .39) , (K.5.40), 

_►  + 

Case  p e Sj  : 

Use  (K.5.41) , (K.5.42) , 

Case  p-  g Sg  : 

Use  (K.5.44),  (K.5.45). 
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K.6  Generation  of  AIC's  when  Symmetry  is  Present 

In  this  section  we  discuss  the  construction  of  rows  of  the  AIC  matrix  when 
symmetry  is  present.  Given  the  influence  coefficients  whose  computation  was 
described  in  the  previous  section,  the  construction  of  AIC's  in  the  presence 
of  symmetry  is  very  much  the  same  as  in  the  absence  of  symmetry.  The  only 
essential  difference  occurs  when  a control  p lies  in  a plane  of  symmetry. 

When  this  happens,  the  contributions  of  the  integral  influence  coefficients 

(e.g.  <t>icj,  VICj ) to  an  AIC  row  must  be  multiplied  by  (1/2)  before  the 

corresponding  contributions  are  included  in  an  AIC  row.  This  factor  of  (1/2) 
appears  clearly  in  equation  (K.3.61),  the  general  form  of  a boundary  condition 
on  a plane  of  symmetry.  As  we  noted  when  equation  (K.3.61)  was  first  derived, 
these  anomalous  factors  of  (1/2)  appear  because  the  symmetric  and 
antisymmetric  parts  of  j4  are  defined  by 

S'  . ^ HiJ  0 <*J?) 
j 

rather  than 

V = i 2 Hlj  0 (RJ’p) 
j 

Of  course  if  one  were  to  change  the  technique  of  symmetrization  to  this  second 
form,  one  would  have  to  investigate  very  carefully  its  impact  on  the  form  of 
matching  conditions  at  a plane  of  symmetry  as  well  as  the  interpretation  of 
singularity  distributions  on  the  plane  of  symmetry. 

The  actual  discussion  of  AIC  construction  will  consist  of  four  parts. 

These  include  - 

o General  Boundary  Conditions 

o Matching  Boundary  Conditions 

o Closure  Boundary  Conditions 

0 Degenerate  Boundary  Conditions 

In  the  discussions  that  follow,  we  will  freely  use  the  symbols  4>IC.,  VIC., 

1 i * * 

<l>ICj,  VICj,  etc.,  to  refer  to  the  potential  and  velocity  influence 

coefficients  associated  with  a particular  basis  function,  Sj  or  mj.*  Formulae 

for  these  influence  coefficients  are  summarized  on  the  following  page.  These 
expressions  reflect  all  of  the  special  precautions  required  to  ensure  that  the 
various  symmetrized  potentials  and  velocities  have  the  correct  properties  when 
evaluated  on  the  plane  of  symmetry. 


* For  any  given  singularity  parameter  x.,  only  one  of  the  functions  s. , m. 
will  be  not  identically  zero.  1 1 1 
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Summary  of  IC  formulae 

No  plane  of  symmetry 

<HCj  = <to  (p.Sj)  * 

VICi  * \ <p-s:)  * » (p.p»,> 


1 plane  of  symmetry 
p e S 


( Rkp,mj ) D 


♦Icj-Z  Hik  [**  (Rkp,sT)  < 

I k a I 

VIC j = 2 Hlk  Rk  [V  (Rkp, sT)  + V (Rkp,mT)] 
k ° 1 4 I 


p e S. 


♦ icj  = 2 Hllc  [ <t>*  (p.Sj)  + <t>*  (p.mj)] 


Vicj  = 2 Hik  Rk  [Va  ( p , s j ) + V*  (p.mj)] 


2 Planes  of  Symmetry 
p e S++ 


4>ic]j 

= 2 

Hlk  Hjl 

k,l 

vTc]J 

= 2 

Hlk  H^1 

k,l 

* kl  — 

’u  (R  p.mj)] 


-►* 


,kl- 


P e S, 


*iciJ  = ^ Hik  hJ'  c*‘  (r*'p.s,)  * (r”?,™,)] 

►*  , + 1-*  t ii 

! t O »-v  r*  \ x tf  / n _ \ 1 


P £ S, 


vic1^ 

II 

M 

n: 

Hjl 

Rk1 

k,l 

♦ic1^ 

= 2 H1k 

Hjl 

[ 4> 

k,l 

vTc1^ 

= 2 Hik 

Hj1 

Rkl 

k,l 

* , k+- 

' (R  P, 
u 

-*★  1/  + - 

\/  / n*  _ 
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K .6.1  General  Boundary  Conditions 


When  one  plane  of  symmetry  is  present  and  the  control  point  p lies  away 
from  the  plane  of  symmetry,  the  general  symmetrized  boundary  condition 
(K.3.50)  induces  the  symmetrized  AIC  equations 


N , . ... 

2 AIC1.  x!  = 2 H1J  bJ 

1=1  1 1 j 


where  AIC | are  given 


aT 


AIC;  = (aft  n Bq  ♦ tA  ) VICj  ♦ cA  *ICl 


+ aD  SI(P)  + CD  mi  (P)  + *D 


Vp  mj  (p) 


(K.6.1) 


(K.6.2) 


(p  e S+) 


If  the  control  point  p lies  in  the  plane  of  symmetry,  then  a general 
boundary  condition  will  induce  an  AIC  equation  only  if  the  symmetry  type  of 
boundary  condition  and  AIC  equation  agree.  For  example,  the  symmetric 
boundary  condition  (cf.  (H.1.20)) 

tA  . vA(p)  + cA  0ft(p)  ♦ aQ  (p)  = b (K.6.3) 

is  equivalent  to  the  symmetrized  boundary  condition  (cf.  (K.3.62)) 

(1/2)  tAT  (vS(p))A  + (1/2)  cA  iS  (p)  + aQ  (p)  = b 

(K.6.4) 

which  in  turn  induces  the  AIC  equation  for  0$, 

2 AIC?  X?  = b (K.6.5) 

1=1  1 1 

c 

where  AIC j is  given  by 

AIC  j = (1/2)  tAT  VIC  j + (1/2)  CA<*>  IC  j + aD  Sj(p)  (K.6.6) 

On  the  other  hand,  an  antisymmetric  boundary  condition  (cf.  (H.1.19) ) 

aA  (v(p))A  ♦ cD  C jA( p)  + tD*V  = b (K.6.7) 

is  equivalent  to  the  symmetrized  boundary  condition  (cf.  (K.3.63)) 

(1/2)  aA  nT  BQ  ( vA ( p ) ) A + cQ  ujA(p)  + tD  • V ^A  = b (K .6.8) 

A A 

which  induces  the  AIC  equation  for  0a, 

2 AICA  xf  = b (K.6.9) 

1=1  1 
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where 


AIC*  = (1/2)  aA  nT  BQ  VICj  ♦ cQ  n»j  (p)  ♦ tjj  . v m.(p) 

(K.6.10) 

When  two  planes  of  symmetry  are  present,  equation  (K.4.46)  provides  us 
with  the  symmetrization  of  a general  boundary  condition  away  from  either  plane 
of  symmetry.  Using  it,  one  obtains  the  symmetrized  AIC  equations 


2 AIC1/  x/  = I Hlk  Hjl  bkl 
1=1  1 1 k,l 

where 

AIC1/  = (a#  nT  Bq  * t#T)  vTc *ic/ 

♦ ap  s,(p)  * cp  m,(p)  * tD  • vp  m,(p) 

If  a control  point  £ lies  in  the  first  plane  of  symmetry,  then  symmetric 
boundary  conditions  at  p and  at  l^p  can  be  written  concisely  as 

aD  ®1S1  ^ + CA  ^^r+V))a  + tA  . (v(R+1p))A  = b1  (K .6.13) 


(K.6.11 ) 


(K.6.12) 


These  conditions  can  be  symmetrized  to  give  (cf.  K.4.58) 

aD  ^iSj  (P)  + d/2)  cA  (0Sj(p))A  ♦ (l/2)tA  . (0Sj(p))A  = 


which  in  turn  yields  the  two  AIC  equations 


N 

2 

1=1 


Aic/  x/ 


= 2 

1 


Hj! 


b 


1 


I Hj1  b1 
1 

(K.6.14) 


(K.6.15 ) 


where 


AIC/  = aD  s r (p)  + (1/2)ca  «t»ic/  + (l/2)tA  . Vic/  (K.6.16) 


Similarly,  an  antisymmetric  boundary  condition  on  the  first  plane  of  symmetry 
yields  the  AIC  equations  (cf.  K.4.60) 

N 


2 

1=1 


AIC 


Aj 

I 


aAj 

xl 


= 2 

1 


H 


Jl  J 


(K.6.17) 


where 


AIC/  = (l/2)aA  nT  Bq  VI  c/  + cQ  m^p)  + tp  .V  m1  (K.6.18) 

The  treatment  of  control  points  lying  in  the  second  plane  of  symmetry  is 
essentially  the  same. 
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K.6.2  Matching  Boundary  Conditions 


In  this  section,  we  examine  the  imposition  of  matching  conditions  when  a 
configuration  possesses  some  symmetry.  Our  discussion  will  concentrate  on 
doublet  matching,  source  matching  being  handled  in  an  essentially  similar 
fashion.  Notice  however  that  the  concept  of  source  matching  along  an  abutment 
involving  more  than  two  networks  is  not  really  sound,  since  even  the  idea  of  a 
continuous  surface  normal  is  ill -defined  in  the  neighborhood  of  such  an 
abutment!*).  For  this  reason,  we  prefer  to  deal  with  the  concept  of  doublet 
matching,  which  has  a thoroughly  sound  theoretical  basis. 

Our  discussion  will  consist  of  two  major  parts.  First,  we  will 
investigate  the  forms  that  doublet  matching  takes  when  symmetry  is  present. 

In  the  second  part,  we  will  show  how  these  matching  conditions  induce  AIC 
constraint  relations. 

K.6.2.1  The  Form  of  Doublet  Matching  Conditions 

If  an  abutment  lies  away  from  any  plane  of  symmetry,  doublet  matching 
along  the  abutment  and  its  images  can  be  expressed  by  (cf.  eqn.  (H.2.11a)  or 
(F.5.1 ) ) 


1 sk  (RV)  = 0 i e ( +1 , -1 } 

if  the  configuration  has  one  plane  of  symmetry,  and  by 

2 sk  <*ijP)  = 0 i »J  e{+l.-l( 


if  the  configuration  has  two  planes  of  symmetry.  These  conditions  can  be 
symmetrized  in  the  obvious  fashion  to  yield  the  symmetrized  matching 
conditions. 


one  plane  of 
symmetry 


S sk  Gj  (p)  = 0 
k 


two  planes  of 
symmetry 


1 sk  ^ (p)  = 0 
k 


( K .6 . 19a ) 
(K .6. 19b) 


Here  Gk(p)  denotes  the  evaluation  of  ^(p) 
Jl1  being  defined  by  (cf.  (K.3.27))  u(p)  = 


on  the  k-th  network  of  the  abutment, 

I 

j 


H1J  uJ(RJp). 


(*)  Recall  that  source  strength  is  defined,  for  incompressible  flow,  by 
a = (n*v)  + - (n*vj  ".  If  v is  continuous,  a will  not  likely  be 
continuous  unless  n is  continuous.  In  any  event,  the  whole  issue  of 
source  matching  is  not  of  much  consequence  since  it  can  only  arise  when 
(a)  one  uses  design  networks  and  (b)  one  specifies  that  closure  override 
doublet  matching  (not  recommended). 
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...  ^ a"  abutm®n't  ^ies  on  a P^ane  of  symmetry,  four  separate  cases, 
illustrated  by  figure  K.6,  must  be  analyzed.  These  are 

(a)  there  is  just  one  plane  of  symmetry 

(b)  the  abutment  lies  on  the  first  of  two  planes  of  symmetry 

(c)  the  abutment  lies  on  the  second  of  two  planes  of  symmetry 

(d)  the  abutment  lies  on  the  intersection  of  two  planes  of  symmetry 

We  study  each  of  these  cases  in  turn. 

In  fig.  K.6a,  we  illustrate  the  case  of  just  one  plane  of  symmetry.  Six 
networks  are  involved  in  the  abutment,  and  Nd  in  the  plane  of  symmetry  and 

’ ^b*  Nc>  Nc’  1ma9es  and  Nc.  In  line  with  our  convention  of 

denoting  the  doublet  strength  on  sx  by  ^A,  we  denote  the  doublet  strengths  on 

networks  Na  and  by  and  uA  d>  The  doublet  matching  condition  for  this 
abutment  is,  clearly. 


"l.a  * "b  "c  - **l.d 


' "c  * »b  * 0 


Rearranging,  we  write 


ul,a  • (ub  - “b*  + " fil,d  = 0 

Recognizing  - u^)  as  £A  and  - uc ) as  tlA,  this  yields 


aA 

M 


l,a 


yc  - “l.d 


= 0 


(K.6. 20) 


a matching  condition  involving  just  the  antisymmetric  doublet  strengths. 

There  are  no  symmetric  doublet  matching  conditions  at  a plane  of  symmetry. 

This  can  be  clearly  seen  in  fig.  K.7  for  which  one  can  see  that  the  doublet 
matching  condition  reduces  to  the  trivial  condition,  0=0. 

In  fig.  K.6b,  we  illustrate  the  case  of  an  abutment  lying  on  the  first 
plane  of  symmetry  when  two  planes  of  symmetry  are  present  in  the  problem.  The 
doublet  matching  conditions  on  the  abutment  and  its  image  read 


~A+  A ++ 

+ + - + 

ul,a  + yb 

- U + u 

c 

- U5  = 0 

~A-  . +- 

+_ 

wl,a  ^b 

- Li  + u 

- yb~  = 0 

Adding  and  subtracting  these  two  conditions,  and  taking  account  of  the 

~A- 


relations  £ASa  = ny  + u 


~A+ 

ll,a 


~ A-  aAA 

l.a  ’ 


~A+ 

l.a  = u 


i . - u,  „ , we  obtain 

I ,a  l , a 


K.6-6 


AS  . aAS 

aAS 

= 0 

l,a  ub 

uc 

AA  . aAA 

aAA 

l,a  ub 

uc 

= 0 

Notice  that  when  the  abutment  lies  in  the  first  plane  of  symmetry,  both  of  the 
doublet  matching  conditions  are  antisymmetric  with  respect  to  the  first  plane 
of  symmetry. 

The  case  of  an  abutment  lying  in  the  second  plane  of  symmetry,  illustrated 
by  fig.  K.6c,  is  handled  in  essentially  the  same  way  as  the  previous  case. 

The  resulting  doublet  matching  conditions. 


aSA 

u2,a 


(K.6.22) 


a AA  . aAA 
"2, a ub 


= 0 


are  both  antisymmetric  with  respect  to  the  second  plane  of  symmetry. 


When  an  abutment  lies  on  the  intersection  of  both  planes  of  symnetry,  as 
illustrated  by  fig.  K.6d,  there  is  only  one  doublet  matching  condition. 
Referring  to  fig.  K.6d,  it  is  easy  to  see  that  for  this  example  the  matching 
condition  reads 


J\+ 

“l.a 


++ 


_+ 


-+A 


.-A 


ul,a  + yb  - "b  + yb  - "b  T w2,c  * m2,c 
Recognizing  the  various  antisymmetric/antisymmetric  parts. 


= 0 

this  simplifies  to 


read 


Notice  that  this  condition  is  antisymmetric  with  respect  to  both  planes  of 
symmetry. 

A careful  perusal  of  equation  (K.6.20),  (K.6.21),  (K.6.22)  and  (K.6.23) 
leads  to  the  following  general  conclusions. 

(i)  if  an  abutment  lies  on  a plane  of  symmetry,  the  matching  conditions 
imposed  for  that  abutment  are  antisymmetric  with  respect  to  the  plane 
of  symmetry 

(ii)  the  doublet  matching  conditions  have  the  same  form  as  the  doublet 
matching  conditions  for  just  the  principal  image  of  the 

configuration,  S+U  when  one  plane  of  symmetry  is  present  and 
S++  U S.+  U S2+  when  two  are  present. 

Consequently  we  find  that  equations  (K.6.19)  capture  the  correct  form  of  the 
doublet  matching  conditions  even  when  the  abutment  lies  on  a plane  of  symmetry. 
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K*6*2’2  The  Imposition  of  Doublet  Matching  Conditions 


V/e  now  study  the  imposition  of  the  doublet  matching  conditions,  (K.6.19). 

th  S1mSllfy  Jhf. discussion,  we  treat  only  the  case  of  one  plane  of 
symmetry  where  the  matching  conditions  are  given  by  (K.6.19a). 


We  begin  by  observing  that  the  basic  problem  to  be  addressed  is  the 
problem.of  expressing  uk(p)  in  terms  of  the  global  singularity  parameters  xj. 
Here,  ^ denotes  the  restriction  of  to  NR,  the  k-th  network  of  the  abutment. 
Following  the  notation  of  section  (K.1.1),  we  observe  that 


a i 
wk 


(P) 


N 

2 mT(p) 

1=1  1 


(K.6.24) 


Here,  mj|^  denotes  the  restriction  of  the  global  basis  function  to  the 
network  It  may  be  written 

mI(p)lNk=L1  i*  fV  n,2/2  J [SPSPL°]  (b^J 

(K  .6.25 ) 

where 

,n  ) are  the  local  coordinates  of  the  matching  point  pin  the  subpanel 
in  which  it  lies, 

[SPSPL^j  is  the  doublet  subpanel  spline  for  the  subpanel  in  which  p lies, 
in  network  Hk 

lBk,l)  1s  the  co^umn  °f  the  doublet  outer  spline  matrix  [B^]  correspond- 
ing to  x j and  associated  with  the  panel  of  Nk  in  which  p lies. 

With  this  understanding  of  how  one  computes  m.  I M , it  is  easy  to  see  that 

1 I Nk 

a matching  condition  of  the  form  (K .6.19a)  induces  AIC  constraint  relations  of 
the  form 

N M 

* AICI  xl  = 0 (K.6.26) 

where 

AICI  = \ Sk  mI(p)|Nk  (K.6.27 ) 
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K.6.2.3  Source  Matching  (Design  Cases  Only) 

When  symmetry  is  present,  the  enforcement  of  the  symmetrized  source 
matching  conditions  is  handled  in  essentially  the  same  way  as  the  doublet 
matching  conditions  discussed  in  the  previous  section.  Away  from  any  planes  of 
symmetry  the  symmetrized  matching  conditions  read  (compare  with  equations 
(K.6.19) ) 


One  plane  of 
symmetry 

Two  planes  of 
symmetry 


1 sk  $*(p)  = 0 

I \ S^(p)  = 0 


(K.6.28a) 

(K.6.28b) 


If  the  source  matching  abutment  lies  on  a plane  of  symmetry,  the  source 
matching  conditions  are  still  of  this  form,  but  are  imposed  only  on 

symmetrized  potentials  i> 1 (or  tf1^)  that  are  symmetric  with  respect  to  the  plane 
of  symmetry  containing  the  abutment.  If  the  source  matching  condition  is  to 
be  imposed  at  a control  point  lying  in  the  plane  of  symmetry,  it  must  replace 
the  user  boundary  condition  of  symmetric  type  (in  the  sense  of  section 
(H.1.3) ) . 


In  any  event,  the  source  matching  boundary  conditions  can  be  transformed 
into  AIC  constraint  relations  of  the  form  (K.6.26)  with  numbers  AICj  given  by 

the  same  formula,  equation  (K.1.21)  that  we  obtained  for  the  case  of  no 
symmetry  at  all.  The  only  modification  that  is  required  in  our  interpretation 
of  equation  (K.1.21)  is  that  the  summation  over  k be  restricted  to  networks 
lying  in  the  principal  image  of  the  configuration. 

K.6.2.4  Velocity  Jump  Matching 

The  symmetrization  of  the  velocity  jump  matching  conditions  is  now 
described.  In  order  to  simplify  the  discussion,  we  restrict  outselves  to 
configurations  with  just  one  plane  of  symmetry.  The  extension  of  the  results 
to  configurations  with  two  planes  of  symmetry  is  straightforward. 

When  the  abutment  lies  away  from  any  plane  of  symmetry,  we  obtain  the 
usual  results  (compare  with  equation  (K.1.22)) 

I sk  { a1  (t.n)/(n.v)  + ((vxt)xn).  vdV(n.v) } k = 0 

k (K.6.29) 

This  relation  can  now  be  transformed  into  an  AIC  equation  for  each  symmetry 
condition  in  the  usual  way  with  equation  (K.1.23)  giving  the  formula  for  the 
AIC  row  entries  for  all  symmetry  conditions. 

When  the  abutment  lies  on  a plane  of  symmetry,  the  situation  is 
significantly  more  complicated  than  anything  we  have  treated  up  to  this 
point.  Consider  figure  K.8,  which  gives  an  edge-on  view  of  an  abutment  lying 
on  a plane  of  symmetry.  For  this  situation  the  expression  2 sk  AVk  can  be 

written,  using  the  notation  of  figure  K.8, 
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(K.6.30) 


^ sk  A^k  " n /(n,v)+  + vtn+] 


(-1)  [a  n~/(n,v)  + 


(-1)  [a^  n^/(n,v)^  + 


v'] 


Using  the  relations  (K.3.26)  and  (K.3.27)  relating  ,J.  „i  to  JJ , JJ 
we  obtain  3 ' ^ * u » 


1 /A  S aA, 

= -p  (a  + a ) 


(K.6.31a) 


1 /a  S A A i 
= J 10  - CT  ) 


R]P 


(K.6.31b) 


1 <aS  aAi 
= J l w + u ) 


1 /aS  aA, 
j l u - u ) 


RjP 


(K.6.32a) 


(K.6.32b) 


Applying  vj  to  these  last  two  equations  and  recognizing  that  vt  behaves 
just  like  the  regular  gradient  operator,  we  obtain 


vt“ 


V 


= r ' vt  “S  * vt  “A) 


-»  + 
P 


1 R'  « '*  - *t  I RjP' 


7 Ki 


(K.6.33a) 


(K  ,6.33b) 


Sb!tlJUttn9/el!t1ons  and  (K.6.33)  into  (K.6.30)  and  recognizing 

that  the^ evaluation  point  p of  equation  (K.6.30)  satisfies  l^p  = p,  and  that 

n = Rj  n",  we  obtain 

2 sk  a vk  = (+1)  \ (I  - Rt)  [SS  n+/(n.v)+  + vt  GS] 

(-1)  ^(I-  ^ ) [ctj  ^/(n.vjj] 

(+1)  \ (I  ♦ Rx)  [SA  n+/(n,v)+  * vt  GA] 

(-D  7 (I  + R,  ) [ vt  Of] 

(K.6.34) 
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Now  the  reflector  matrix  R^  satisfies  the  relations 

j (I  - Rj)  = = projection  in  direction  of  n1 

( I + R^)  = I - r^T  = projection  orthogonal  to  n^ 

Using  these  relations,  we  can  write  the  following  decomposition  of 
into  symmetric  and  antisymmetric  parts, 

Ssk  AVk  = ( I Sk  AVk)S  + ( I Sk  AVk)A 

where  we  define 

( I sk  AVk)S  = (nj  n^)  { ( + 1)  [aS  n+/(n,v)+  + £S] 

(-1)  nj/(n,v)^]  J 

( 2 Sk  4?k)‘  . (I  - nx  njT)  ( Cl)  ttA  n*/(n,v)+  * \ i*] 

(-1)  [Vt  5jA]  ) 

Now  in  section  (K.4)  we  found  that  it  is  necessary  that  boundary  conditions  on 
the  plane  of  symmetry  be  either  purely  symmetric  or  purely  antisymmetric  in 
order  for  the  symmetric  and  antisymmetric  problems  to  decouple.  In  terms  of 
the  velocity  jump  matching  condition 

t . I sk  Avk  = 0 
this  clearly  requires  that  either 

(i ) t . n^T  = 0 
or 

( i i ) t . (I  - n^)  = 0 

In  the  first  instance  we  obtain  the  antisymmetric  matching  condition: 
t . n^  = 0 : t.  {(+1)  [aA  n /(n,v)+  + £A] 

(-1)  [ Vt  ^A]  | = 0 (K.6.37a) 

while  in  the  second  instance  we  obtain  the  symmetric  matching  condition 


2 \ 


(K  .6.35) 


(K.6.36) 
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t.  ( (+1)  [SS  n+/(n,v)+  + vt  £S] 


(I  - 


1 "1 


) = 0: 


(-1)  [S^  ^/(n.v)^  | = 0 (K ,6.37b) 

The  first  of  these  conditions  represents  the  usual  case  in  which  the  network 
lying  in  the  plane  of  symmetry  is  a wake  network,  as  illustrated  in  figure 
K.8.  The  form  of  the  symmetrized  matching  conditions  (K.6.37)  is  the  same  as 
the  usual  form  (K.6.29)  with  the  following  restrictions 

(i)  the  sum  over  k in  equation  (K.6.29)  must  be  interpreted  as  being 
just  a sum  over  those  networks  in  the  principal  image  of  the 
configuration,  S+  U Si 

(ii)  the  symmetrized  singularity  distributions  in  the  plane  of  symmetry 

satisfy  the  usual  degenerate  boundary  conditions,  = 0,  = 0. 


K.6.3  Closure  Boundary  Conditions 

We  now  study  the  generation  of  a closure  AIC  equation  for  those  problems 
possessing  symmetry.  Two  basic  cases  must  be  treated,  (i)  the  case  in  which 
the  control  point  lies  away  from  any  plane  of  symmetry  and  (ii)  the  case  in 
which  the  control  point  lies  in  a plane  of  syrmnetry.  For  the  second  case,  two 
subcases  exist,  corresponding  to  the  situations  in  which  the  closure  condition 
is  of  symmetric  type  or  of  antisymmetric  type.  In  the  discussion  that 
follows,  we  describe  in  detail  only  those  problems  having  one  plane  of 
symmetry.  The  extension  to  problems  with  two  planes  of  symmetry  is  fairly 
obvious  and  its  treatment  is  summarized  with  only  cursory  discussion. 


When  a closure  control  point  lies  away  from  the  plane  of  symmetry,  the 
closure  boundary  condition  at  p and  at  the  image  point  R-  p may  be  concisely 
summarized  by  (compare  with  (K.1.24)) 


//  UA  nT  RjBqv  (Rjq)  + aD  aj(Rjq)]  dSq  = bj 

column  or  row  of 
panels  in  image  S+ 


(K .6.38) 


Notice  that  we  perform  our  integration  on  the  principal  image  S+,  so  that  the 
integration  space  is  the  same  for  both  boundary  conditions.  Multiplying  this 

by  H1^  and  summing  over  j yields 


//  C«A  nTB0v\q)  + aQ  ^(qHdSq  = I HljbJ 

column  or  row  of  J 

panels  in  image  S 


(K.6.39) 


To  obtain  this  result,  we  have  used  the  definition  (K.3.26)  of  S1  and  the 
definition  (K.3.44)  of  v1,  together  with  the  fact  R^B  = B R^. 
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Proceeding  now  as  in  section  K.1.3,  we  approximate  the  integral  on  the  left  by 
evaluating  the  integrands  at  the  panel  centers  of  the  particular  row  or 
column,  multiplying  these  values  by  the  panel  area,  and  forming  the  sum.  One 
obtains  the  approximate  equation 


I 

k 


aD(Pk)  5'(Pk>] 


2 h'V 

j 


(K.6.40) 


This  immediately  provides  the  AIC  constraint  equations 


where 


(K.6.41 ) 


(K.6.42) 


If  a closure  control  point  lies  i_n  the  plane  of  symmetry,  it  must  lie  on  a 
network  that  itself  lies  in  the  plane  of  symmetry.  When  this  happens,  the 
closure  condition  may  have  either  the  form 


symmetri c 

closure 

condition 


1J 

column  or 
row  in 


or  else  the  form 


•o  S1A,5>  dSq  - b 


(K.6.43) 


antisymmetric 

closure 

condition 


JJ 

column  or 
row  in 


aA  "T  Bo  ^ dSq  = b 


(K.6.44) 


A symmetric  closure  condition  of  the  form  (K.6.43)  clearly  provides  the 
symmetric  AIC  constraint  equation 


I AIC.  x?  = b (K.6.45) 

1=1 

where 

AICI  - l Ak  V?k>  SI  (Pk>  <K-6'46) 

The  antisymmetric  closure  condition,  (K.6.44),  is  a bit  trickier  and  requires 
the  use  of  the  general  identity  (cf.  eqn.  (K .3.56) ) 

v(q)  = 2*  (vS(q)  + vA(q) ) 
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together  with  the  observation  that  for  q e nT  BQ  vS  (q)  = 0 (cf.  eqn. 
(K.3.60) ).  These  two  observations  imply  that  (K .6.44)  is  equivalent  to 


tf 


column  or 
row  in 


aA  "T  Bo  <7>  "vA  (Bl  dSq  * b 


(K.6.47 ) 


This  clearly  provides  the  antisymmetric  AIC  constraint  equation 
N 

1 


1=1 


Aicf  xf  = b 


where 


MCi  . I Ak  aA(pk)  (fiTB0(|)  VIC j)| 


Pk 


(K.6.48 ) 


(K.6.49) 


Notice  the  appearance  ofjhe  factor  of  (1/2)  as  a coefficient  of  the  integral 
influence  coefficient  VICj. 

We  now  turn  to  the  case  of  two  planes  of  symmetry.  If  the  closure  control 
point  lies  away  from  both  planes  of  symmetry,  then  the  four  image  closure 
conditions  * c 


JJ 


column  or  row  of 
panels  in  image  S 


[aA  "T  rU  B0  7 (Rk1q>  + aD  ak1(Rklq)]  dS( 


+ + 


= b 


kl 


yield,  upon  symmetrization,  the  four  AIC  constrain  equations 
N 

1 

1=1 


1 MCV  VJ  = i 


'I  AI 


H1 k hj1  bkl 


(K.6.50) 


(K  .6.51 ) 


k,l 


where  Aicl^  are  given  by 


AIC 


ij 


I Ak  [aA(pk)  (ST  B0  VIC1/) 
panels  k 


* aD(Pk)sI(Pk>] 


(K  .6.52) 


If  a closure  control  point  p lies  in  the  first  plane  of  symmetry,  then  the 

closure  boundary  conditions  at  p and  its  image  R+"  p will  have  either  the 
symmetric  forms 
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(K.6.53) 


Jl  a0  51S1  ir,15>  <*s,  - b' 

column  or  row  of 
panels  in 

or  the  antisymmetric  forms 

aA  nT  R+1  Bq  v (R+1q)  dSq  = b1  (K .6.54) 

column  or  row  of 
panels  in 

The  pair  of  equations  (K.6.53)  induces  the  pair  of  AIC  constraint  equations, 

1 Aicf j x5J  = I 

1=1  1 1 1 

where  the  AIC's  are  given  by 

Aicf  = 2 Ak  aQ(pk)  Sj 

The  pair  of  equations  (K.6.54),  on  the  other  hand,  induces  the  pair  of  AIC 
constraint  equations, 

X AIC«  . 2 

1=1  1 1 1 

where  the  AIC's  are  given  by 

AIC^j  . | I \ *A 

Notice  that  here,  as  in  the  case  of  one  plane  of  symmetry,  that  the  integral 
influence  coefficients  are  modified  by  a factor  of  (1/2). 

K.6.4  Degenerate  Boundary  Conditions 

In  this  section,  we  discuss  the  AIC  constraint  equations  induced  by 
degenerate  boundary  conditions. 

Recall  from  sections  (K.3)  and  (K.4)  that  when  a control  point  lies  in  a 
plane  of  symmetry  it  may  receive  some  degenerate  boundary  conditions.  These 
conditions,  which  have  the  various  forms 


b> 


(K.6.57) 


<Pk>  "T  B0  VIC*J 


(K.6.58) 


D. 


HJ]  b1  (K.6.55) 

(p  ) (K .6.56 ) 

Ic 
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(Degenerate  Source 
Condition  in  a Plane 
of  Symmetry) 


al 


= 0 


(K.6.59a) 


(Degenerate  Source 
Conditions  in  first 
Plane  of  Symmetry) 


a AS  n 
=0 

a AA  n 
=0 


( K .6 . 59b ) 


(Degenerate  Source 
Conditions  in  Second 
Plane  of  Symmetry) 


a SA  n 
a ^ =0 

a AA  n 

a 2 =0 


(K.6.59C) 


(Degenerate  Doublet 
Condition  in  a 
Plane  of  Symmetry) 


a S n 

Uj  =0 


(K.6.59d) 


(Degenerate  Doublet 
Conditions  in  First 
Plane  of  Symmetry) 


A SS 
u 1 =0 

a SA  = 0 


(K.6.59e) 


(Degenerate  Doublet 
Conditions  in  Second 
Plane  of  Symmetry) 


A SS  n 
^2  =0 

a AS 


w2 


= 0 


The  implementation  of  these  conditions  is  fairly  obvious,  given  the 
representation  formulae  for  source  and  doublet  distributions. 


(K.6.59f ) 


oi(p)  = 

N 

1 

1=1 

Sj(p)  Xj1 

(K.6.60a) 

Sij(p)  = 

N 

1 

1=1 

sx(p)  i" 

(K.6.60b) 

a1 (p)  = 

N 

1 

1=1 

nij  (p)  Xj1 

(K.6.61a) 

a1j(P)  = 

N 

1 

1=1 

mj(p)  Xjij 

(K.6.61b) 

In  fact,  for  most  control  points  p at  which  these  conditions  are  to  be 
imposed,  only  one  of  the  basis  functions  sT  or  mT  will  be  nonzero.  Thus  the 

A A A S 1 I 

conditions  (p)  = 0 or  ^ (p)  =0  will  usually  reduce  to  either 
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(K.6.62) 


sk(p)  ;ka  - o 
or 

m^(p)  = 0 (K.6.63) 

When  this  happens,  one  has  the  choice  of  characterizing  the  boundary  condition 
as  a "singularity  specification"  boundary  condition,  in  which  case  it  induces 
a row  in  the  AIC  matrix,  or  as  a "known  singularity"  boundary  condition  which 
does  not  induce  a row  in  the  AIC  matrix.  To  determine  the  characterization, 
we  must  employ  the  general  principal  that  the  AIC  matrix  must  have  the  same 
size  for  all  symmetry  conditions.  In  practice,  this  means  that  we  must 
examine  the  boundary  condition  which  the  degenerate  boundary  condition 
replaces.  If  the  boundary  condition  that  gets  replaced  is  a "null"  or  "known 
singularity"  boundary  condition,  the  corresponding  degenerate  boundary 
condition  must  be  either  "null"  or  "known  singularity."  If,  on  the  other 
hand,  the  boundary  condition  that  gets  replaced  is  "general,"  "singularity 
specification,"  "closure"  or  "matching,"  the  corresponding  degenerate  boundary 
condition  must  be  a "singularity  specification." 
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K.7  The  IC  Update  Capability 


The  purpose  of  the  influence  coefficient  update  capability  is  to  permit  a 
program  user  to  make  changes  in  the  geometry  (or,  occasionally,  the  left  hand 
side  of  the  boundary  condition  equation  (5.6.1)  of  a portion  of  a configura- 
tion), and  to  solve  the  resulting  potential  flow  problem  more  economically  by 
making  use  of  the  previous  solution. 


The  program  user  specifies  certain  networks  as  "updatable,"  that  is, 
subject  to  future  modification,  when  specifying  the  original  potential  flow 
problem.  The  program  then  identifies  each  control  point  and  each  singularity 
parameter  as  either  "updatable"  or  "non-updatable,"  and  resequences  them  so 
that  the  updatable  ones  occur  last.  The  resulting  AIC  matrix  can  then  be 
partitioned 


[AIC] 


aichu 

1 

1 

1 

1 

AICU,1 

AICU,2 

1 

1 

1 

1 

AICU,3 

(K.7.1 ) 


When  the  modified  flow  problem  is  solved,  the  matrix  AIC^  remains 

unchanged,  and  need  not  be  recomputed.  Only  the  matrices  AIC^.  i = 1,  2,  3, 

defining  the  influence  of  the  updatable  portion  of  the  configuration,  and  the 
influence  on  the  updatable  portion,  need  to  be  computed.  Thus,  if  r is  the 
fraction  of  the  configuration  which  is  non-updatabie,  a proportion  of  the  AIC 

2 

computation  of  size  r is  saved. 


The  imposition  of  doublet  matching  causes  the  specification  of  updatable 
control  points  and  singularity  parameters  to  be  non-trivial.  Clearly  every 
control  point  and  singularity  parameter  on  an  updatable  network  is  itself 
updatable.  In  addition,  though,  control  points  on  an  edge  of  a non-updatable 
network  which  abuts  an  updatable  network  must  be  made  updatable.  This  arises 
from  the  possibility  that  the  abutment  in  question  may  change  by  the  addition, 
deletion,  or  change  in  panel  density,  of  the  updatable  network.  As  a result, 
the  boundary  conditions  on  the  edge  of  the  non-updatable  network  may  change 
from  matching  to  a standard  aerodynamic  boundary  condition  (5.6.1)  or  vice 
versa. 


In  addition,  the  modification  of  the  updatable  network  may  cause  the 
definition  or  deletion  of  extra  singularity  parameters  on  the  edge  of  the 
non-updatable  network  (see  figure  K.9).  Thus  the  edge  spline  on  this  edge  may 
change,  and  so  the  singularity  parameters  on  this  edge  must  be  specified  as 
updatable. 
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p' 


p'=.  p-2n  [n.(P"P0)] 


Figure  K.l  - Reflection  of  point  (p)  in  a plane  of  symmetry 
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s',  a 


Figure  K.3 


Plane  of  symmetry 


- A configuration  with  one  plane  of  geometric  symmetry 
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First  plane 
of  symmetry 


Figure  K.4  - A configuration  with  two  planes  of  geometric  symmetry 
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K.  8-5 


Figure  K.5  - Comparison  of  AIC  formula  obtained  using  (K.3.28),  (K.3.46)  with  (K. 5.28-31) 
when  p1  € S, 


Figure  K.6  - Four  cases  of  an  abutment  lying  on  a plane  of  symmetry 
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Figure  K.6  - Continued 
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Wake 


Plane  of  symmetry 


Anti  symmetric 
Matching: 


(+1)  [SAn+/  (n,v)++  VtWA] 
(-1)  [7tfi{] 


Symmetric 

Matching: 


(+1)  [as  n+/  (n,"v)  + + 

(-1)  [$i  nj/  (n.v^  ] * 0 


Figure  K.8  - Velocity  jump  matching  on  a network  lying  on  a plane  of  symmetry 


Non-updateable 

network 


Updateable  network 


• Extra  singularity  parameter 
x Extra  control  point 


Figure  K.9  - Extra  singularity  parameter  and  control  point 
dependent  on  existence  of  updateable  network 
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L.O  The  Constraint  Matrix 


In  this  section  we  describe  the  theory  underlying  the  activities  of  the 
programs  RMS  and  RHS  in  the  PAN  AIR  system.  The  basic  function  of  this  pair 
of  programs  is  to  organize  and  execute  the  calculation  of  the  symmetrized 

singularity  vectors  that  satisfy  AIC  constraint  equations  of  the  form  (we 

assume  two  planes  of  symmetry) 

[AIClj]  { A 1 J } = |blj|  (L.O. 1 ) 

a a 

In  this  equation  the  pair  of  indices  (i,j)  corresponds  to  one  of  four  possible 

symmetry  conditions  (cf.  the  definition  of  in  appendix  K.4)  while  the 
index  a is  a solution  index.  That  is,  a is  associated  with  a particular 
choice  of  onset  flow.  The  four  major  topics  associated  with  the  treatment  of 
equation  (L.0.1)  are  listed  below: 

(1)  The  calculation  of  the  matrix  [AIC^].  This  calculation  process  must 
deal  with  the  complexities  introduced  by  considerations  of  symmetry, 
by  configuration  updatability  and  by  the  distinction  between  "know n" 
and  "unknown"  singularity  parameters. 

(2)  The  calculation  of  the  constraint  vectors  |b  J}  • 

(3)  The  solution  of  the  linear  system  of  equations,  (L.0.1). 

(4)  The  desymmetr ization  of  the  vectors  A^  to  obtain  the  singularity 

vectors  A1'*  associated  with  symmetry  image  (i,j)  and  the  onset  flow 
a 

with  index  a. 

Of  these  four  topics,  the  first  has  been  treated  in  Section  5.7  and  in  much 
more  detail,  in  appendix  K.  In  particular,  the  details  of  symmetry  were 
discussed  in  sections  K.2  through  K.6  while  configuration  updatability  was 
discussed  in  section  K.7.  The  exploitation  of  the  computational  efficiencies 
associated  with  the  distinction  between  known  and  unknown  singularity 
parameters  was  discussed  in  section  5.7.  See  especially  equation  (5.7.12). 

The  remaining  three  topics  are  discussed  in  the  following  three  subsections  of 
this  appendix. 
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L.1  Calculation  of  Constraint  Vectors 


In  Section  H.3  we  have  discussed  in  detail  the  automatic  options  for  the 
calculation  of  the  onset  flow.  In  general,  the  onset  flow  defines  all  of  the 

non-zero  entries  of  the  constraint  vector  b^.  In  the  case  where  there  is  no 

a 

configuration  symmetry  and  only  one  onset  flow  (solution)  is  specified,  an 
entry  of  the  constraint  vector  has  the  form  (cf.  eqn.  (H.3. 25)) 

b + 

B - b(p)  - bQ  - bn  UQ.n  - bT  Uo.tT  § [U„,p]  (L.1.1) 

sB 

where  b . b . b^,  t„  and  b are  user  specified,  U is  the  uniform  onset  flow 
q * fi*  X T p 00 

and  U is  the  total  onset  flow 
o 


5,(5) 


-► 

U 


AU(p) 


u x 


(p-pQ) 


(L.1  .2) 


with  AU,  u and  pQ  also  being  specified  by  the  user.  For  a configuration  that 
has  configuration  symmetry  as  well  as  multiple  onset  flows,  we  need  to 
define  8^,  the  entry  in  the  constraint  vector  associated  with  onset  flow  a 
and  control  point  image  p . Using  the  notation  of  appendix  K.2  and  K.3  for 
we  write 


b 


ij 


a 


(P 


ij 


) 


b 

o,a 


b 

n 


-► 

U 


ij 

ota 


).Rij  n 


h M1  j ('n1'1’!  RiJ  t 

bT  Uo,o(P  ),R  lT 


(L.1  .3) 


where  b , b , b_,  t_  and  b are  user  specified  as  before,  U is  the 
o,a  n'  T’  T p *“ 

uniform  onset  flow  for  solution  a and  Uq  q is  given  by 


U 


ij 


0,0 


(?IJ> 


•+  -»i  1 

U +AU  J 
®,a  o 


(P 


1J) 


+ 


-► 

a> 

a 


X (p 


U 


(L.1  .4) 


Here  again,  U , AUlJ  and  u>  are  user  specified.  Having  computed  B*J  , the 
• ,a  ot  a a 

a . , ^ i 1 

corresponding  entry  of  the  constraint  vector  baJ  is  computed  according  to 

the  rules  developed  in  sections  K.3  and  K.6.  For  a control  point  that  does 
not  lie  in  any  plane  of  symmetry  we  have  (cf.  equation  (K.6.11)  with 
appropriate  modifications) 


L . 1 -1 


(L. 1 .5) 


8ij 


l l Hlk  H'’2'  8k2, 

K-+1  1-? 1 a 


For  control  points  lying  in  a plane  of  symmetry  the  situation  is  more 
complicated  and  i3  summarized  by  the  two  tables  below.  Notice  that  for  a 
control  point  lying  in  the  first  (resp.  second)  plane  of  symmetry,  the  false 

M t 

image  quantities  8 (resp.  8 ) are  neither  needed  nor  used. 

J a 


Symmetry 

Condition 

(i.j) 

Boundary  Condition 
of  Symmetric 
Type  [S] 

Boundary  Condition 
of  Antisymmetric 
Type  [A] 

(♦1,*1)  (S,S) 

l 

+ £,  +£, 
H 8 

0 

l 

a 

(-1.+1)  (A ,S) 

0 

l 

h+£  b+£ 

a 

(-1,-1)  (A, A) 

0 

l 

H*£  8u 

l 

a 

(♦1,-1)  (S,A) 

l 

H~l  8+£ 

0 

l 

a 

Table  L-1:  Control  point  lies  in  1st  plane  of  symmetry: 

Evaluation  of  8^ 
a 
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Symmetry 

Boundery  Condition 

Boundary  Condition 

Condit ion 

of  Symmetry 

of  Antisymmetric 

( i * J ) 

type 

[S] 

Type 

[A] 

( + 1,  + 1)  (S,S) 

I 

k 

H+k6k+ 

a 

0 

(-1,+1)  ( A ,S ) 

I 

k 

H'k  Bk* 
a 

0 

(-1,-1)  (A, A) 

0 

l 

k 

H'k 

8k* 

a 

(+1,-1)  (S,A) 

0 

I 

H+k 

Bk+ 

a 

k 

Table  L-2:  Control  point  lies  in  2nd  plane  of  symmetry: 

Evaluation  of  B1J 

a 


For  configurations  with  just  one  plane  of  symmetry  the  corresponding  table  is 


substantially  simpler  and  is  given  as 

Symmetry 

Boundary  Condition 

Boundary  Condition 

Condition 

of  Symmetric 

of  Antisymmetric 

(i) 

Type  [S] 

Type  [A] 

(♦IKS) 

+ 

B 

a 

0 

+ 

(-1)(A) 

0 

Table  L-3:  Control  point  lies  in  a plane  of  symmetry: 

Calculation  of  8*  when  there  is  one  plane  of  symmetry 

The  zeros  appearing  in  all  of  these  three  tables  are  just  the  zero  values  that 
appear  on  the  right  hand  side  of  a degenerate  boundary  condition. 
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L.2  The  Solution  of  a Linear  System  of  Equations 

The  process  by  which  PAN  AIR  solves  a linear  system  of  equations  of  the 
form  (L.0.1)  will  be  more  clearly  explained  if  we  suppress  the  indices  (ifj) 
and  a and  consider  the  standard  linear  system  of  the  form 

A x = b ( L . 2 * 1 ) 

+ ■+ 

where  A is  an  NxN  AIC  matrix,  x is  a singularity  vector  and  b is  a constraint 
vector.  Now  since  most  problems  of  aerodynamic  interest  result  in  the  matrix 
A being  too  large  to  fit  in  the  main  memory  of  the  computer,  it  was  found 
necessary  to  develop  an  out  of  core  linear  equation  solver  for  PAN  AIR.  The 
basic  operation  of  this  solver  proceeds  as  follows. 

First  the  matrix  A is  divided  up  into  rectangular  blocks  as  follows: 


1 1 

A 1 2 * • • 

A1n 

21 

A22  * 

A2n 

• 

• 

» 

(L.2. 2) 


An1  An2  • * ' Ann 


where  the  rectangular  components  of  A are  of  the  form 


block  (i,j)  of  A * Aij  * pi  x Pj  matrix 


(L.2. 3) 


Here  the  matrix  partition  dimensions  satisfy 

n 

l p.  =*  N,  the  dimension  of  A (L.2. 4) 

i = 1 1 

Having  partitioned  A as  shown  by  (L.2. 2),  one  can  conceptually 
describe  the  operation  of  the  PAN  AIR  solver  as  performing  a sequence  of 
transformations  of  the  form  listed  below  with  the  result  that  matrix 

^(nn)  iower.  triangular.  (The  calculation  of  the  transformation 
matrices  Ty  is  described  below  in  detail  by  equations  (L. 2. 1 3"18 ) . ) 
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4 n fn 
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transformations  T 

n-1  ,J 
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n ,n 


(L.2.5) 


It  is  worth  emphasizing  here  that  the  transformations  are  NxN  matrices, 
and  not  submatrices  of  any  larger  matrix  T.  If  we  aggregate  the  relations  of 
(L.2.5)  together  and  denote  the  lower  triangular  matrix  A^n,n^  by  L,  we  obtain 


A<T,,  Ti 2 


T ) (T  T 
1nM  22  2 3 


T0  ) . . . (T  . T ) (T  ) 

2n  n-1  ,n-1  n-1 ,n  nn 


(L.2.6) 


L .2-2 


We  note  in  passing  that  the  intermediate  matrix  A^*^  has  the  partially  upper 
triangular  structure: 
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The  operation 


A(i,j) 


T. 

l 


,j  + 1 


(L.2.8) 


will  then  serve  to  introduce  zeros  into  block  (i,j+1)  of  A . An 

alternative  and  convenient  way  of  viewing  the  sequence  of  transformations 
(L.2.5)  is  expressed  with  the  help  of  the  replacement  symbol  («-)  by  the  pidgin 
Algol, 


for  i = 1 , 2 , ...  n 

for  j » i,  i + 1 , ...  n 

A *■  A T.  . [a  . T.  . replaces  a] 
ij  1 iJ 

end  j 

end  i (L.2.9) 


Before  proceeding  further  with  the  discussion  of  the  operations  of  (L.2.5) 
we  briefly  describe  how  the  transformation  process  expressed  by  (L.2.6)  allows 

us  to  solve  (L.2.1).  Letting  y satisfy, 

L y = b (L.2.10) 

-+ 

observe  that  x defined  by 


x = (T 
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satisfies 


Ax 


Af(T,r..Tnn)y]  - [A(TM  ...Tnn)]y  - L y 

+ 

- b 


(L.2.12) 


Returning  now  to  the  process  described  by  (L.2.9),  we  observe  that  T\  . 

must  introduce  zeros  into  block  (i,j)  of  the  working  array  A.  (Notice  that 
here  and  throughout  the  rest  of  this  section  we  use  the  notation  A to  denote 
the  current  contents  of  a working  array.  This  working  array  is  further 
partitioned  as  indicated  by  (L.2.2)).  The  transformation  consists  of  a 

product  of  interchanges  and  elementary  transformations  of  the  form 


ij 


(p1u1hp2u2)  ...  (P 


V- 


(L.2.1 3) 


The  pivot  matrix  Pk  is  either  the  identity  matrix  or  else  it  is  used  to 

interchange  column  k in  the  i-th  block  of  columns  with  column  q„  in  the  1th 
block  of  columns,  where  qk  is  defined  by  the  condition 


[case  ( i=j  ) ] | 

(»..)„ 
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(L.2. 1 4a) 
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(L . 2 . 1 4b ) 
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The  matrix  Uk  is 

an  elementary  column 

transformation 

designed  to 

introduce 

zeros  into  row  k 

of  block 

(i , j ) of  A. 

It  is  given  as 

follows 
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where 
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Uk  (for  TiJ) 


(i) 


(j) 


where 


vk  = 


O 

'k,1  vk , 2 

O 


. v 


k,Pj 


row  k 


vk,J,  “ "(Aij  )ki/(Aii)kk  1 = 


(L.2.16) 


The  selection  of  the  pivot  matrices  deserves  further  comment.  In  order 
to  best  maintain  numerical  stability  it  would  be  desirable  to  choose  Pk 
according  to  the  classical  pivoting  strategy 
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p 


k 


i 


if 


(Aii}kk 


I > I 


(A.  .). 
ij  k • Q, 


interchange  of  column  k of  column  block  i with  column  qt  of 
column  block  j if  the  inequality  does  not  hold 

(L.2.17) 


In  the  case  that  i»j,  3uch  a stringent  pivoting  strategy  is  not  necessary  and 
could  significantly  increase  the  1-0  costs  associated  with  the  solution 
process.  In  order  to  keep  the  1-0  costs  down  while  still  preserving  numerical 
stability,  the  following  "threshold  pivoting  strategy"  is  used  when  (i*j): 


if 


(Aii)kk 


I > 


(Aij  )(<»Ql 


V 


interchange  of  column  k of  column  block  i with  column  q^  of 
column  block  j if  the  inequality  does  not  hold 

(L.2.18) 


In  PAN  AIR  the  parameter  u that  controls  pivoting  has  been  set  equal  to  (.2). 


Now  while  the  foregoing  discussion  is  an  accurate  presentation  of  the 
mathematics  underlying  PAN  AIR's  out-of-core  solution  package,  it  is  somewhat 
incomplete  in  that  the  question  of  algorithmic  organization  has  not  been  fully 
addressed.  We  now  remedy  that  deficiency. 


In  the  algorithm  to  be  given  presently  we  use  the  notation 


(Aki,Akj)  Tij  : [Apply  Tij  in  row  k]  (L.2.19) 

to  indicate  that  the  effect  of  transformation  upon  block  row  k is  to  be 
computed.  This  is  a natural  notation  since  Tij  acts  on  block  column  (i)  and 
block  column  (j).  In  a similar  spirit  we  use  the  notation 


(Aki ) Tji  : [Apply  T to  block  row  k] 


( L .2 .20 ) 


to  indicate  that  T,,  is 
Given  this  statement  of 


to  be  applied  in  block  row 
notation,  we  can  now  state 


k to  the  subarray  A^i. 
the  reduction  algorithm. 
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Algorithm:  Out-of-Core  Factorization  of  A 


for  k = 1 , 2,  ...  n do 

<Part  A:  Perform  Crout  Style  eliminations> 

Perform  the  following  Indicated  transformations  (for  k»1 t do  nothing) 
^(Aki ,Akk)Tik^i-1  ^(Aki*  Ak,k+1)Ti,k*1 ^i-1  "*  ^ (Aki >Akn)Tin^ i-1 

^ (Ak+1 ,i,Ak^1 ,k)Tik^i-1 


(Ak+2,i,Ak+2,k)Tik'i-1 


^ (An,i,An,k)Tik^i-1 


<Part  B:  Generate  New  Factors,  Apply  Tkk> 

Form  Tk/j,  j-k,k+1  , . . . ,n  while  performing  the  following  transformations 
(Akk)Tkk  (Ak,k,Ak,k+1 )Tk,k+1  ***  (Ak,k,Ak,n)Tk,n 


Apply  T.,,,  in  block  column  k 


(A.  , . )T,  , 

k+1,k  kk 


(V2.k)Tkk 


(A  , )T, . 
n,k  kk 


end  k 
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A few  remarks  are  in  order  concerning  this  algorithm.  When  in  part  A we 
perform  a set  of  transformations  of  the  form 


•‘v-vV?:; 

the  algorithm  proceeds  as  follows 
Read  Akq 

for  i - 1 .... , k-1  do 
Read  A, 


(L.2. 21 ) 


'ki 


Read  T 


iq 


Perform  (Aki,  Akq)Tiq 
Conditional  write  Ak^ 

[If  Tiq  involves  any  interblock  interchanges,  the 
array  Ak^  has  been  modified  and  must  be 
rewritten] 


end  i 
write  Akq 

This  particular  organization  is  very  effective  at  minimizing  disk  1-0.  In  a 
similar  fashion,  the  sequence  of  operations 


i k-1 
»1 


|(v  v7!*1*: 

is  implemented  via  the  following  sequence  of  operations: 
Read  Apk 

for  i » 1 , k-1  do 
Read  A. 


(L.2.22) 


Pi 


Read  T 


ik 


Pi 


Perform  (Apl,  Apk)Tik 
Conditional  write  A 

end  i 
Write  Apk 
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The  volume  of  1-0  performed  by  this  algorithm  when  it  is  carefully  coded 
satisfies  the  following  bounds , where  we  assume  that  all  n partition 
dimensions  are  equal  size:  (p^  - b). 


| n (n2+6n+2)b2  S 


number  of  words  of 
disk  input-output 


n(n2.| 


CL.  2. 23) 


Since  the  total  dimension  of  the  matrix  A is  given  by 
dim(A)  - N » n . b 

we  see  that  A has  « n^b^  elements.  Thus,  the  total  1-0  volume  lies  roughly 
between  2n/3  and  n times  the  volume  of  1-0  required  to  read  the  matrix  A.  It 
should  be  noted  the  lower  bound  in  (L.2.23)  is  attained  if  no  interblock 
pivotting  is  performed  (as  would  happen  if  we  set  0 in  (L.2.18))  while  the 
upper  bound  is  attained  if  interblock  pivotting  is  performed  by  every 
transformation  Ty,  i*j. 

The  skeptical  reader  may  perhaps  doubt  that  this  out-of-core  factorization 
algorithm  actually  generates  and  applies  the  transformations  Tjj  in  3uch  an 

order  that  the  mathematical  development  presented  earlier  is  correctly 
realized.  To  help  convince  such  suspicious  individuals  I have  provided  in 
figure  L.1  a complete  list  of  all  the  transformation  processes,  in  the  order 
they  are  performed,  for  the  case  n-5.  In  figure  L.2  i3  provided  a diagram 
indicating  the  precise  stage  of  the  algorithm  at  which  T^j  is  applied  to  an 

appropriate  pair  of  arrays  (A^»  A^ j ) . The  careful  reader  will  study  these 

figures,  meditate  a while,  and,  after  a day  or  two  of  quiet  obsession,  will 
convince  himself  that  the  algorithm  really  does  work.  I leave  it  at  that:  a 
complete  proof  of  the  algorithms  correctness  is  beyond  my  endurance,  and 
probably  beyond  the  endurance  of  the  reader  as  well. 
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L.3  Desymmetr ization  of  Singularity  Parameters 

In  this  section  we  describe  and  comment  upon  the  process  of  desymmetr izing 

the  singularity  parameters  (x^lthat  are  obtained  by  solving  equation 

(r  o 1)  Suppressing,  for  the  purpose  of  this  discussion,  the  solution  index 
a, 'we  rewrite  equation  (L.0.1)  for  the  case  of  just  one  plane  of  symmetry  as 


[AIC1]  UM  » lb1} 


(L.3. 1 ) 


Denoting  the  J-th  entry  of  { A 1 } by  xj  we  observe  from  equations  (K.3.26) 
and  (K.3.27)  that  this  symmetrized  singularity  parameter  must  be  related  to 
the  corresponding  principal  image  singularity  parameter  Xj  and  the  reflected 
image  singularity  parameter  Xj  by  the  relation 


l Hik  XkT 


(L.3. 2) 


Thi3  relation  is  trivial  to  invert  (see  equation  (K.3.21),  the  definition  0i 
Hik).  Doing  this,  we  find 


Xj  = (^)  [ Hlk  Xk  (L.3. 3) 

Now  it  is  clear  that  the  singularity  vectors  { X ^ } and  Uj}  must  determine 
respectively  singularity  distributions  on  S+  (the  principal  image)  and  S (the 
reflected  image)  of  the  configuration. 

These  distributions  are  given  explicitly  by  the  formulas  (compare  with 
equations  ( 3 * 3 * 1 “2 ) ) 


+ *#■  r ♦ , v 

J (p)  - l 


J=*1 


+ + 
p c S 


(L.3. 4a) 


o (p)  * I * j 
J * 1 


P £ S 


(L.3. 4b) 


u ( p)  a 1 p^ 


J-l 


■*  ♦ 
p e S 


(L. 3.5a) 


i(p)“  1 


J-1 


p e S 


(L.3. 5b) 
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What  is  not  immediately  clear  is  how  the  singularity  distributions  are 
determined  on  S, , that  part  of  the  configuration  lying  on  the  plane  of 

symmetry.  While  it  is  clear  that  equations  (L.3.4a)  and  (L.3.4b)  can  be 

evaluated  at  points  p e S1  , it  turns  out  that  when  this  is  done,  we  obtain 

(1/2)  of  the  correct  values  for  the  singularity  strengths. 

To  demonstrate  this  result,  we  begin  by  recalling  the  development  of 
section  K.3  that  states  that  for  networks  lying  on  the  plane  of  symmetry, 

o (restricted  to  the  plane  of  symmetry)  » o1  (L.3.6) 

p (restricted  to  the  plane  of  symmetry)  - u1  (L.3.7) 

and  (cf.  equations  (K.3.53)  and  (K.3. 54)) 


- o d.3.8) 

w S » 0 (L.3.9) 


Consequently  we  find  that  when  J is  an  index  of  a source  parameter  lying  on  Sj 
we  obtain  from  equation  (L.3.3)  the  result, 


source  parameter  A on  S 
J 1 


(j)  I H*k 


<J)  t»‘5  * :ji 


(1)  xs 
K2}  AJ 


(using  (L.3.8)) 


, lx  "S  V 

2 °1  <rJ> 


(L.3.10) 


where  r^  is  the  location  of  A*  on  S1 . A very  similar  calculation  shows  that 
for  doublet  parameters  lying  on  S1 , we  obtain  (using  (L.3.9))  the  result  - 

+ y ~k  + 

doublet  parameter  A,  on  S,  » (-?)  u.  (r.) 

J 2 \ J (L.3.11) 
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A close  inspection  of  equations  (L.3.10)  and  (L.3.11)  together  with  equations 

(L.3.6-7)  shows  that  the  functions  0 (p)  and  u (p)  (defined  by  (L.3.^-5))  will 
yield  (1/2)  of  the  correct  value  of  the  source  and  doublet  strength  when 

evaluated  at  p £ This  is  the  general  result  we  seek  that  tells  us  how  to 

interpret  the  result  of  the  desymmetrizing  relation  (L.3.3). 

The  case  of  two  planes  of  symmetry  is  not  much  more  difficult.  In  place  of 
the  relation  (L.3.2)  we  have  (compare  with  (K. 11.22) ) 


- l l Hik  Hjl  A j1  (L.3.12) 

1 k l 

As  before,  thi3  is  trivial  to  invert.  This  time  we  obtain, 


X1,0  - (J)  l l Hlk  Hjl  Akl 
J k k l J 


(L.3.13) 


Defining  the  singularity  distributions  o^(p),  u*^(p)  for  the  various  symmetry 
images  by  the  equations 

N 


.U 


0-  (p)  ■ l Ajj  3 (RlJ  p) 
J-1 


p+  e s” 


(L.3.10) 


uiJ  <P>  - l XjJ  m (Rij  p) 
J-1  J J 


p t S 


U 


(L.3.15) 


we  are  again  confronted  with  the  problem  of  interpretting  these  relations  for 
points  lying  on  the  planes  of  symmetry.  By  means  of  the  same  sort  of  argument 
as  we  used  in  the  case  of  one  plane  of  symmetry,  we  obtain  the  following 
results 


♦J 


(p)  - j a (evaluated  at  p e S^) 


(p)  -■  ^ u (evaluated  at  p e S^) 


0i+  (p)  . 1 0 (evaluated  at  p e S 


(p)  - ^ v (evaluated  at  p e S,,1) 


(L.3.16) 


As  a general  rule,  then,  we  find  that  for  networks  lying  on  a plane  of 
symmetry,  the  values  of  the  singularity  distributions  obtained  by  using  the 
functions 
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or 


should  be 
networks. 


♦ + 
, v 


doubled  in  order  to  obtain  the  singularity  strengths  on  such 
This  action  is  in  fact  performed  by  PAN  AIR. 
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A1  :k-1 , part  A:  no-op 

Bi ;k-1,  part  B:  Form  Ti1t  >1(1)5;  then  apply  T n in  column  1 

(An)Tn  <A1 , .A12>T,2  (A11(A13)T13  (A11tAi„)T1l4  (An.A15)T15 

(a21 )t1 1 

(A3i >ti i 
( AU1  )T1 1 
(A51 )T1 ! 

A2;k-2,  part  A:  Perform  elimination  in  block  row  2,  block  column^ 

(A21 .A22)T12  (A21 » A23 )T 1 3 (A21'A24)T1U <A21 *A25)T15 

<a31 ,A32)T1 2 

( <j  » ^i42  ^ 1 2 

U51  .A52)T12 

B2:k-2,  part  B:  Form  T2^  j * 2(1)5;  then  apply  T22  In  column  2 

(A22)T22  (A22’A23)T23  ( A22'A24)T2H  (A22»A25)T25 

( A^2 ) T 22 
(A142)T22 


A3 


(A52)T22 

■k»3,  part  A:  Perform  elimination  in  block  row  3»  block  column  3 


(a3, » A33  )T  t ^ 
(a32,a33)T23 


(a3,  . A3K )T1  4 
( A32,A^1,)T2i<  j 


( A 3 1 *a35)T15 
( a32  » a35  JT25 


( A 41 •ah3)T1 3 

< 

(A42,A43)T23 


(a51 »A53>T1 3 

l(A52‘A53)T23  , 


Figure  L.1  Order  of  Transformation  Application  for  the 
case  n=*5  (page  1 of  2) 
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B3:k-3, 


part  B:  Form  T-^,  j»30)5;  then  apply  In  column  3 

^ A3  3 ^ T3  3 (a33»a34^t34  ^a33,a35^t35 

( a43 )T33 


(#53)t33 


A4:k»4,  part  A:  Perform  elimination  in  block  column  4,  block  row  4 


B4:k-4,  part  B: 


( A 14  ^ » A i| i| ^ i 4 

(A^2*A44^2i4 

^Ca43pA414)T31|>) 

(a51 »A54)T1 4 

( A^2  9 

( A^ » Aej^  )T^i| 

Form  T^,  T^;  then  apply  in  column  ^ 


(A41 *a45)t1 5 
^(A42'A45)T25 
(a43*a45)T35  J 


A5:k«5,  part  A:  Perform  elimination  on  A 


( Aqij  )Tjj^ 

<A54)t44 

55 


( A44  »a45^45 


^(A51 *a55>t15^ 

(A52*A55)T25 
(A53,A55)T35 
< a54 ► a55 ^t45  J 


> 


B5:k-5,  part  B:  Form  T 


55 


(A55)T55 


Figure  L.1  Order  of  Transformation  Application  for  the 
case  n=5  (Page  2 of  2) 
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R B1 

P B1 

P B1 

P B1 

P B1 


AP...  B1 
CP...  A2 
CP...  A2 
CP...  A2 
CP...  A2 


A.P..  B 1 
C.P..  A2 
C.R..  A3 
C.R..  A3 
C.R..  A3 


A..P.  B1 
C..P.  A2 
C..R.  A3 
C..R.  A4 
C..R.  A4 


W...P  B1 
C...P  A2 
C...R  A3 
C...R  A 4 
C...R  A5 


T 22 

T23 

T24 

TJ5 

.R. . . 

B2 

.AP..  B2 

.A.P.  B2 

.W..P 

B2 

.P. . . 

B2 

.CW..  A3 

•C.W.  A3 

.C..W 

A3 

.P. . . 

B2 

.CW..  A3 

.C.A.  A 4 

.C..A 

A4 

.P. . . 

B2 

.WW..  A3 

.C.A.  A4 

.C . . A 

A5 

Symbols 

'T' 

R = item 

read 

T33 

t34 

T35 

W - i tern 

written 

-- 

— 

A - item  is  available 


in  memory 

P » item  is  both  read 
and  written 
C » item  is  read,  and 

written  if  interblock 
transfers  have  occurred  S' 

This  indicates  that  the  operation  T^j 

(a53*a54)T34  is  Performed  

during  stage  A4  of  the  algorithm. 

At  the  end  of  this  step,  A-u  is  

written  out  and  A^  is  written  

out  if  any  inter-block  transfers  

have  happened.  ...R.  B4 

...P.  B4 


. B3 
. B3 
. B3 


..AP.  B3 
..CW.  A4 
( ..CW.  A4~) 


..W.P  B3 
..C.W  A4 
. .C . A A5 


T45 


...WP  B4 
...CW  A5 


T 


55 


P B5 


Figure  L.2 


Diagram  Describing  the  Application  of  T^j 


to  Various  Subarrays  of  the  Working  Array 
A - (Aj.  ; i , j - K1  )5] 
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M.O  Computation  of  the  Minimal  Data  Set 


It  is  desirable  that  the  solution  of  the  potential  flow  problem  (that  is, 
the  combination  of  the  Prandtl-Glauert  equation  with  a set  of  boundary 
conditions)  be  distilled  into  the  smallest  possible  amount  of  data,  yet  still 
be  reaiiy  convertible  to  data  of  aerodynamic  interest.  This  smallest  amount 
of  da?a  is  called  the  minimal  data  set,  and  consists  of  the  average  potential 

and  normal  component  of  mass  flux,  source  strength,  and Jhlf^hese 
each  control  point  and  each  grid  point  on  the  configuration.  Each  of  these 
items  exists  for  each  solution,  that  is,  for  each  column  Xi  of  the 
matrix  TAl  (cf.  (L.0.1)).  In  our  discussion  here,  we  will  assume 
dealing  with  only  one  solution,  even  though  the  program  deals  with 
solutions. 

Under  certain  circumstances,  an  additional  vector  is  added  to  the  minimal 
data  set  This  vector  is  the  average  velocity,  as  computed  from  the  velocity 
influence  coefficient  matrix.  This  occurs  when  the  standard  spline  method  of 
velocity  computation  (called  the  "boundary  condition  method  for  simplicity, 
see  section  B.4.1  of  the  User's  Manual),  which  computes  the  velocity  from  the 
potential  and  normal  mass  flux,  is  of  insufficient  accuracy  for  the  purposes 
of  the  program  user. 


solution 
we  are 
blocks  of 
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M.l  Recovery  of  the  Singularity  Parameters 


The  recovery  of  the  singularity  parameters  for  the  various  symmetry  images 
of  the  configuration  (i.e.,  S+  + , S-  + , S+_  and  S~~)  has  been  treated  in 
detail  in  section  L.3.  In  this  section  we  merely  restate  those  results  using 
the  notation  and  terminology  used  by  MDG  and  the  post  processing  modules  of 
PAN  AIR. 

In  MDG,  the  various  symmetry  conditions  are  denoted  by  the  names  listed  in 
the  tables  below. 


Case:  1 plane  of  symmetry 

0$  = 1st  symmetry  condition, 

>-A  . • 

0 = 2nd  symmetry  condition, 

Case:  2 planes  of  symmetry 

0SS  = 1st  symmetry  condition 
0^3  = 2nd  symmetry  condition 
0^  = 3rd  symmetry  condition 

„CA 

0 = 4th  symmetry  condition 


S+  = = 1st  image 
S"  = S^  = 2nd  image 

S = S'  1 = 1st  image 
S“+  = S*2*  = 2nd  image 
S~"  = S(3)  = 3rd  image 
S = Sv  = 4th  image 


Having  listed  these  correspondences,  we  can  give  the  singularity  parameter 
vectors  x*k)  for  the  two  (or  possibly  four)  images  of  the  configuration.  In 
terms  of  quantities  Xj  and  Xj^  defined  in  section  L.3.  We  have. 


Case:  1 plane  of  symmetry 

1st  image  x = x^  = [Xj]  = (x3  + x^) 

2nd  image  x = x^  = [Xj]  = (x3  + 

Case:  2 planes  of  symmetry 

1st  image  x = x = [Xj  ]=-^(x  +x  +x  x) 


-*(2)  r - + 1 ,-SS  -AS  -AA  -SAi 

2nd  image  x = xv  = [Xj  ] = ^ (x  -x  -x  x) 

3rd  image  x = x = [x,  J = -^  ( x -x  +x  -x  ) 

, . • - -(4)  r +-n  1 ,-SS  . * AS  aAA  aSA, 

4 th  image  x = x = [x,  J = -r  (x  +x  -x  -x  ) 
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Given  the  vectors  the  singularity  strengths  can  be  directly 

evaluated  on  the  various  images  of  the  configuration.  This  process  is 
completely  straightforward  unless  a network  lies  on  a plane  of  symmetry.  The 
following  tables  summarize  the  treatment  of  that  situation  for  the  various 
cases  that  arise.  Notice  that  the  straightforward  procedure  generates  (1/2) 
of  the  singularity  strengths  for  networks  lying  on  a plane  of  symmetry.  This 
result  is  more  fully  explained  in  appendix  L.3. 

Notation 

Pj  (P^)  = first  (second)  plane  of  symmetry 

Nj  (N^)  = a network  lying  on  the  first  (second)  plane  of  symmetry 
Nj  (N^)  = same*as  N^  (Ng).  (Principal  images). 

Nj  (N^)  = the  reflection  Nj  (N2)  in  the  second  (first)  plane  of  symmetry. 
(Reflected  images). 

Case:  1 plane  of  symmetry 

N^  : Use  a^,  obtain  a/2  and  u/2 

Case:  2 planes  of  symmetry 

+ -*•(  1 ) 

Nj  : Use  a , obtain  a/2  and  y/2 

.+( 4.) 

N^  : Use  av  , obtain  a/2  and  n/2 

+ -*•(  1 ) 

N^  : Use  a , obtain  o/2  and  u/2 

- -►  ( p ) 

N2  : Use  a , obtain  a/2  and  u/2 


M.  1-2 


M.2  Singularity  Strength  Calculation 


Obtaining  the  source  and  doublet  strength  at  a control  point  or  grid  point 
P with  local  coordinates  ( r',n'),  from  the  vector  of  singularity  parameters, 
has  in  fact  already  been  described.  If  the  source  and  doublet  subpane  sp  me 
and  outer  spline  matrices  for  the  subpanel  and  panel  on  which  the  contro 
point  lies  are  SPSPLS,  SPSPL^,  B$,  and  respectively,  then  by 
(5.6.2)  and  (K.3.I1) 


(P)  = il  C 


n J 


[SPSPLS]  [Bs] 


n 


s 

l x9 


(M.2.1) 


and 


.(P)  = L1  C n ' 


1/2  V2  V tl  ’ 1/ 2 n'2  j [SPSPlD]  [BD] 


X1 


X21 


(M.2.2) 


Here,  x^  and  x^  are  the  source  and  doublet  parameters  in  the 
neighborhood  of  the  panel,  and  are  entries  of  x. 
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M.3  Computation  of  Potential  and  Normal  Mass  Flux 


Three  approaches  to  the  computation  of  potential  and  normal  mass  flux  a 
control  points  are  described  in  section  5.9.  One  is  the. multiplication  of  e 
influence  coefficient  matrices  by  the  vector  of  singularity  parameters  (c  . 
(5.9.1)).  The  second  makes  use  of  the  boundary  conditions  to  obtain  ©a  from 
u and  wA  . n from  o.  For  instance,  suppose  the  boundary  conditions 


are  imposed. 

The  specification  of  (M. 3.1)  insures  perturbation  stagnation  in  the 
configuration  interior.  Thus 


So, 

rji l . n = W[_  . n = 0 
Combining  (M.3. 2)  and  (M.3. 4), 
wA  • n = 1/2  (wu  • n + w[_  • n)  = 1/2  wu  • n 
= 1/2  (w[|  • n - w[  • n)  = 1/2  a 


(M. 3.4) 


(M.3. 5) 


Simi larly, 


$A  = 1/2  u 


(M. 3.6) 


Thus  both  average  normal  mass  flux  and  average  potential  may  be  obtained 
directly  from  the  singularity  strength. 

We  note  that  (M.3.6)  follows  directly  from  (M.3.1),  while  (M.3. 5)  only 
holds  when  both  (M.3.1)  and  (M.3. 2)  are  imposed.  The  average  normal  mass  flux 
can  however  be  computed  directly  from  the  boundary  conditions  in  other 
circumstances  as  well.  For  instance,  if  the  boundary  condition 


w, 


n = b 


(M.3. 7) 


is  imposed,  then  it  follows  from  the  definitions  of  source  strength  and 
average  normal  mass  flux  that 


WA  • n = 1/2  ( wj  • n + w[_  • n ) = w”u  . n - 1/2  (w“u  • n - wL-  n) 


= b - 1/2  a 


(M. 3.8) 


Once  average  potential  and  normal  mass  flux  have  been  computed  at  control 
points,  they  may  be  computed  at  grid  points  by  a splining  method  virtua  y 
identical  to  the  method  used  to  construct  the  doublet  spline  vector  SP 
which  defines  the  doublet  strength  at  a grid  point  as  a linear  combination  of 
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surrounding  doublet  parameters.  The  spline  vector  SP^  consists  of  a row  of 
an  outer  spline  matrix  (cf.,  section  1.1).  That  is,  if  P is  one  of  the 
nine  "panel  defining  points",  then  the  spline  vector  SP^  corresponding  to  P 
is  defined  by 


u (P)  = LSP°j  lxk 


k < 12 


(M. 3.9) 


where  the  x^  are  the  doublet  parameters  located  in  the  neighborhood  of 
the  grid  point. 


Similarly,  a "potential  spline"  row  vector  lSP^J  is  computed  such  that 

kx2 


L*A  (P)  wa(P)  • nj  - LSPp  (lxk)j 


(wA  • n)i 

i k (v?A  • ")k 


(M.3.10) 


where  and  (w/\  • n) -j  are  average  potential  and  normal  mass  flux  at  the 
neighboring  control  points,  rather  than  singularity  parameter  locations.  The 
row  vector  SPP  is  computed  by  the  same  least  squares  method  as  the  row 
vector  SPD,  but  the  choice  of  the  set  of  surrounding  control  points  is 
slightly  different  from  the  choice  of  surrounding  singularity  parameters,  as 
illustrated  in  figure  M.l. 


In  particular,  the  potential  at  grid  points  on  a network  edge  depends  on 
control  points  in  the  interior  of  the  network.  An  "edge  spline"  can  not  be 
used  because  the  edge  control  points  are  receded  from  the  network  edge,  while 
singularity  parameters  are  not. 


Whenever  the  program  computes  the  velocity  at  control  points  by  the 
influence  coefficient  method,  the  same  potential  spline  vectors  may  be  used  to 
define  an  average  velocity  vector  at  each  grid  point  P by 


{ vA  (P)}  T = LSPPj  dxk) 


Va.1)  t 

l^A*k } T 


(kx3) 


(M.3.11) 


where  vA>-j  iS  the  average  velocity,  computed  by  the  influence  coefficient 
method,  at  the  ith  control  point  in  the  neighborhood  of  P. 
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Figure  M.l  - Neighboring  control  points  for  potential  spline  computation 
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N.O  Surface  and  Wake  Flow  Properties 


With  the  construction  of  the  minimal  data  set,  the  potential  flow  solution 
is  complete.  The  items  in  the  minimial  data  set,  however,  are  not  generally 
of  qreat  aerodynamic  interest.  Of  more  interest  are  the  velocity  and  pressure 
at  points  in  the  configuration.  In  section  N.l,  the  computation  of  ve  oci  y 
from  the  elements  of  the  minimal  data  set  is  discussed.  In  section  N.2  t e 
computation  of  pressure  from  velocity  is  discussed.  In  section  N.3,  two 
semi-empirical  velocity  correction  formulas  are  discussed.  These  are  of  u 
where  the  magnitude  of  the  total  velocity  is  significantly  less  than 
freestream.  In  section  N.4,  the  effect  of  a non-uniform  onset  flow  on 
pressure  coefficient  formulas  is  considered.  Finally,  in  section  N.5,  we 
define  the  additional  quantities  computed  by  PAN  AIR  at  points  on  the 


configuration  surface. 
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N.l  Velocity  Computation 


The  splining  method  defines  a distribution  of  potential  on  the 
configuration  surface,  with  this  distribution  being  defined  by  a sing  e 
quadratic  function  on  each  subpanel.  This  distribution,  when  dl^e'*en^  a e ’ 
defines  the  tangential  component  of  the  velocity.  On  the  other  hand,  the 
normal  mass  flux,  equal  to  the  conormal  component  of  the  velocity,  is  also 
known.  From  these  two  components,  we  may  reconstruct  the  entire  velocity 

vector. 

First,  assume  the  distribution  of  potential  on  a subpanel  is  given  by 


where  (£',n')  ace  the  subpanel  local  coordinates,  and  the  subscript 
emphasizes  that  this  is  a distribution  on  the  configuration  surface. 

Now,  applying  (K.3.15) 


'3<*S/3X0' 

3$S  / ^ 

3$$ / 3 Xg 

= Vds  = [At] 

> J 

3^5  / 3 ri 

30S/3ZO 

k.  J 

3tfs/3£' 

k. 

= [AT] 

3<ds  / 3 n ' 

► 

0 

k. 

(N.l. 2) 


where  A (cf.,  equations  (E.0.1)  and  (E.1.1))  sends  reference  coordinates  to 
local  coordinates. 

Next,  the  tangential  component  of  the  velocity  v"  is  clearly  equal  to  that 
of  vd  ; that  is;  for  any  tangent -vector  T, 


(N. 1.3) 
(N.1.4) 


"t  • "v  = t • Vtftj 

On  the  other  hand, 

n • "v  = w • n 

where  n is  the  conormal  to  the  surface. 

Since  any  two  linearly  independent  tangent  vectors,  along  with  n,  form  a 
set  of  three  independent  vectors,  there  is  a unique  vector  v which  satisifes 
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(N.1.4),  and  also  (N.1.3)  for  all  tangent  vectors  t.  Now,  consider  the 
expression 


v“0  = (v  - - n J *)t  n + |-L  £ 


n . n n.n  (N.1.5) 

where  (v  $)t  is  the  tangential  component  of  the  gradient  of  the  potential. 
We  see  that  for  any  tangent  vector  t, 

£•  vj  =t-  (7  <t)j  (N.1.6) 

and  that 


n • v0  = w • n 


Thus,  v’q  satisfies  (N. 1.3-4)  and  so 
"v  = Vo 


(N. 1.7) 


(N. 1.8) 


Equations  (N.1.5)  and  (N.1.8)  apply  equally  well  to  average  and  difference 
velocity.  That  is,  applying  (N.1.2), 


VA  = [AT]  v-  - n * {ftT 


n • n 


a . wa  • n 
n + , n 

n • 75 


(N.1.8a) 


VD  = [AT]  - 
where 


n ♦ { A-**  V 1 u}  n + o n 
n • n n • n 


V'  = 


3/3£' 
3 / 3n ' 
0 


f A 

0 


We 


note  from  (E.3.70)  that  n is  a multiple  of  A-1  \ 


0 

1 


Thus 


n*(AT  V')  = (An)  . y' 


(N.1.8b) 


(N. 1.9) 


"o' 


V • 1 


3/3X1 1 
3 / 3 X 1 2 
0 


= 0 


(N.1.10) 


N.  1-2 


where  a is  some  real  number. 
Substituting  (N.1.10)  in  (N.1.9) 


VA 


= A (v'^a)  + 


WA  ‘ n 


n-  n 


(N. 1.11a) 


vq  = AT(y'u)  + n 

n *n 


(N. 1.11b) 


We  have  thus  decomposed  the  average  and  difference  velocity  at  a surface  point 
into  tangential  and  normal  components.  In  addition,  we  see  that  they  can  be 
computed  from  the  "minimal  data  set"  consisting  of  tfA,  WA  n>  a>  and 

Finally,  upper  surface  and  lower  surface  velocities  may  be  computed  from 
average  and  difference  quantities: 


nj 

- V A + 

1/2 

vb 

vL 

* VA  - 

1/2 

VD 

(N.1.12) 
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N.2  Pressure  Formulas 


In  this  section,  we  assume  the  existence  of  a uniform  freestream  velocity 
^ , aligned  with  the  x-direction  of  the  compressibility  coordinate  system, 

and  a perturbation  velocity  at  a point  P: 


In  this  section,  we  derive  the  pressure  coefficient  Cp  at  P under  a variety 

of  simplifying  assumptions,  thus  obtaining  a collection  of  pressure 
coefficient  formulas. 


The  assumption  that  the  freestream  and  compressibility  directions  are 
identical  is  a necessary  one  in  order  to  derive  the  results  of  this  section 
(except  when  the  Mach  number  is  zero).  In  practice,  however.  Pan  Air  does  not 
require  these  directions  to  be  identical.  If  the  user  chooses  the  "uniform 
onset  flow  method"  of  pressure  computation,  then  all  the  equations  of  this  . 
section  are  applied  with  Voo  replaces  by  the  uniform  onset  flow  U»  defined  in 
Appendix  H,  and  with  the  compressibility  coordinate  system  replaced  by  a 
"wind-axis  system"  whose  x-axis  is  parallel  to  U*>  . 

In  addition,  Pan  Air  makes  available  a "total  onset  flow"  method  of 
pressure  computation.  This  will  be  discussed  in  section  N.4. 


N.2.1  Preliminary  Results 


First,  let  us  define  the  pressure  coefficient  as 


C 


P 


p - Poo 

1/2  o.  • |t | 2 


(N.2. 2) 


where  p is  pressure  and  o is  density.  In  order  to  compute  Cp  from  velocity, 
we  need  some  basic  results  which  hold  for  "one— dimensional  flows  from 
Liepmann  and  Roshko  (Ref.  1.4).  A precise  definition  of  one-dimensional  flows 
is  given  there  on  p.  39.  A tube  of  streamlines  in  a uniform  fluid  flow  in 
three  dimensional  space,  perturbed  by  an  object  of  finite  size,  is  such  a flow. 


The  results  we  use  are: 

(a)  Bernoulli's  equation  (2.18b  in  Liepmann  and  Roshko) 


+ 


/ 


dP 


2 


p 


constant 


(N.2. 3) 
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where  the  path  of  integration  is  a streamline,  and  V is  velocity  at  a point, 

(b)  The  integrated  form  of  Bernoulli's  equation  for  a perfect  gas  (see  p.  55 
of  Liepmann  and  Roshko): 


JL  + 1/2  I V I 2 = 

p 


-1 is + 1/2  |\L|  2 

y - 1 Dgo  (N.2.4) 


Y - 1 

where  y is  the  ratio  of  specific  heats  (7/5  for  a diatomic  gas),  and 
(c)  an  expression  for  the  local  speed  of  sound  (equation  2.23) 


,2  = 


(N.2.5) 


We  also  define  the  local  Mach  number 


M = 


|V| 

a 


(N.2.6) 

Finally,  for  isentropic  flow  in  a perfect  gas  (cf.,  Liepmann  and  Roshko,  2.21a) 


fir) 


(N.2.7) 


N.2.2  Constant  Density  Flow 


If  the  density  p may  be  assumed  to  be  a constant  p,,,  (for  instance,  for  an 
incompressible  fluid  or  at  zero  Mach  number),  then  (N.2.3)  reduces  to 


|V| 


|Vc 


Solving  for  P, 

P - 1/2  ^ ( 

and  so,  by  (N.2.2), 


| Voo|  2 - | Vj  2)  + Pa 


(N. 2.8) 


(N. 2.9) 


Cp  = 1 - 


ilL2 
IvJ  : 


(N.2.10) 
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N.2.3  Compressible  Flow 


We  first  apply  (N.2.7)  to  (N.2.4)  in  order  to  eliminate  p from  the 
equation.  It  follows  from  (N.2.7)  that 


-1 


Hr) 


-1 

y 


(N.2.11) 


Thus 


f- 1 


t-H-i) 


r-1 


(N.2.12) 


and  so  (N.2.4)  becomes 


1,2 


( P ^ \ /J»_\  = _3 _ /_8*\  - 1/2  I'll 
V P-  ) ( <t  ) r-1  ( »„  ) (N  , 


(N.2.13) 


Next,  we  apply  (N.2.5-6)  to  the  freestream  to  obtain 


2 _ 


Y *00 


'Ll2 


(N.2.14) 


Thus 


1/2 


Y Mqq  fep 


(N.2.15) 


Substituting  this  into  (N.2-.2), 


CP  = 2 (P  - P«  ) 

Y Moo  loo 


y fd 


(J_  - 1) 

Poo 


(N.2.16) 
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The  quantity  P/&,  may  be  calculated  by  rearranging  (N.2.13): 


t-1 

( P -\  y = 1 - 1/2  ( | V |2  _ | Voo|  2)  (id.)  de_ 

l Poo  ) y Poo 

= (substituting  (N.2.15)) 


(N.2.17) 


1 


Thus 


(N.2.18) 


Y 

Y-l 

- 1)  • ( id  ) . M.  2 ] 

2 


Substituting  this  expression  in  (N.2.16), 


(N.2.19) 


Y 

Cp  = [1  + -I-1-  (1  - Jill  ) ] Y_1  - 1 

2 \Voo\  2 (N.2.20) 

This  is  often  called  the  isentropic  pressure  coefficient  formula.  In  section 
N.2.5,  we  will  consider  certain  simplifying  assumptions,  and  the  behavior  of 
the  pressure  coefficient  formula  under  these  assumptions. 


N.2.4  Limitations  of  the  Formula 


Under  certain  circumstances  the  velocity  computed  by  the  potential  flow 
solution  is  so  unrealistic  that  the  resulting  pressure  coefficient  is 
meaningless.  One  such  case  is  a velocity  for  which  the  corresponding  pressure 
coefficient  is  more  negative  than  the  "vacuum  pressure."  A second  case  is 
that  of  a local  flow  exceeding  the  speed  of  sound  while  the  freestream  flow  is 
subsonic. 
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N.2.4.1  The  Vacuum  Pressure  Coefficient 


The  isentropic  pressure  coefficient  may  only  be  evaluated  if  the 
expression  in  (N.2.20)  which  is  raised  to  the  power  y / ( y—  1)  is  non-negative. 
Thus  the  isentropic  pressure  coefficient  reaches  its  minimum,  or  vacuum,  value 
when  this  expression  equals  zero.  So,  we  write 


Cp, vac 


-2 

T 

y Moo 


(N.2.21) 


The  velocity  V for  which  CD  is  attained  is  therefore  given  by 
J m r,vac 


1 + y-1  . M - lV™l2  ) m2  -0 

2 15.1  2 (N.2.22) 

Solving, 


Vml  2 = 1 ♦ 2 

|Voo|  ^ (y-1)  Moo  (N.2.23) 

Thus  the  speed 


vm  - I'Ll  u ♦ l 1,2 

(y-1)M»  (N.2.24) 


is  called  the  maximum  speed,  since  for  any  speed  in  excess  of  Vm  the  vacuum 
pressure  is  exceeded. 


N.2.4.2  The  Critical  Speed- 


In  subsonic  flow,  if  the  magnitude  of  the  velocity  exceeds  the  local 
speed  of  sound,  the  Prandtl-Gl auert  equation  is  clearly  invalid.  Thus  a 
program  user  may  be  interested  to  know  if  the  "critical  speed,"  that  is,  the 
local  speed  of  sound,  has  been  exceeded. 

To  compute  the  local  speed  of  sound,  we  substitute  (N.2.11)  in  (N.2.5)  to 


N.2-5 


obtai  n 


a2 


yP^1  • (JL_)  Y 

Poo 


= (applying  (N.2.5)) 


Ooo 


(N.2.25) 


(N.2.26) 


r± 

( - .p— ) y 

Poo 

Thus  by  (N.2.19) 


doo 


aoo  4 

So, 


= i - (nl)  <€  (1|!E,  - 1) 
2 IH2 


So 


|v|2 


Ivl2  • Jill 

|C|  2 a.  * 

I t\  2 


dao 


[i  + izi . (i  - ULL  )i  I'Ll 2 


Vj‘ 


Defining  the  local  Mach  number 


(N. 2.27) 


(N.2.28) 


(N.2.29) 


M,  = _L» 

a 

we  see  that  the  speed  attains  its  critical  value  Vc 
is  1,  or  if 


(N.2.30) 

if  the  local  Mach  number 


N.2-6 


(VC)2M«2  = [i  + (1  - JMl-  )]  |C|2 

2 |\feo|  2 (N.2.31) 

Solving, 


(Vc)‘ 


r-1 


|Voo|  2 

Applying  (N.2.24), 


+1 


(y  + 1)Moo 


(N.2.32) 


Vc  = (-izL.)112  • Vm 

Y + 1 

The  Pan  Air  user  may  request  the  program  to  compute  the  critical 
speeds,  and  the  corresponding  pressure  coefficients. 

N.2.4.3  Pressure  Coefficient  at  the  Critical  Speed 


(N.2.33) 
and  maximum 


Substituting  (N.2.32)  in  (N.2.20)  yields,  after  some  algebraic 
manipulation,  the  value  of  the  isentropic  pressure  coefficient  at  the  critical 

speed.  It  is 


C 


p,c  - 


2 


2 


y 

Y-l 

[ _i_  + _izi_  . m2  ] - 1 

Y+l  Y+l 


N.2.5  The  Isentropic  Formula  under  Simplifying  Assumptions 


(N.2.34) 


For  complete  generality,  we  have  avoided  the  assumption  that|\feo|  - 1. 
Thus  we  can  write,  in  compressibility  coordinates, 

\io 

= 10 


0 


(N.2.35) 


V 


(N. 2.36) 


N.  2-7 


Thus  cp  is  a function  of  u,  v,  and  w,  the  components  of  the  perturbation 
velocity.  We  now  look  at  (N.2.20)  under  a variety  of  small  perturbation 
assumptions . 


N.2.5.1  Second  Order  Theory 


First,  let  us  make  the  assumption  that  cubic  and  higher  order  terms  in  u, 
v,  and  w may  be  ignored.  This  is  called  second  order  theory. 

According  to  the  binomial  theorem, 


(1  + e) 


+ I • e + 1/2  ( --Y- — ) . e2 

Y-l  Y-l 


+ cubic  and  higher  terms  in  e 


(N.2.37) 


We  will  substitute  (N.2.37)  in  (N.2.20)  with 

t > Ji  • (1  - R2  ) m2 

2 Id  2 (N.2.38) 

= Y~1  (1  - ( 1 Voo  1 + u)2  + V2  + w2)  Nl^> 

2 I Voo  I 2 (N.2.39) 

= y-l  . . ( -2u  _ u2  + v2  + w2  ) 

2 Id  I'd  2 (N.2.40) 

We  see  that,  neglecting  cubic  and  higher  order  terms 


e 2 _ ( y-l ) 2 Moo  u2 

tl 2 


(N.2.41) 
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and 


y 

(1  * e)  Y_1  - i ♦ - Lldt&al  * £ "21 

2 | V«»|  | Vto  1 2 (N.2.42) 

So,  neglecting  cubic  and  higher  order  terms  in  (N.2.20), 


Cp  = 


((1  + e)  Y-l  - 1)  = 


yM 


-2u 

W\ 


1 - 


= (alternatively) 

This  is  the  second  order  pressure  coefficient  formula 


Ivl2  + 

\U  2 


( 1 - M&  )u2  + v2  + w2 
IVoo  2 


(N.2.43) 


iVool 2 (N.2.44) 


Now  we  consider  the  evaluation  of  a number  of  other  quantities  under  the 
assumption  of  neglect  of  cubic  and  higher  terms.  First,  we  see  that  (N.2.28) 
remains  unchanged  under  the  assumption,  and  so  (N.2.29)  still  holds.  That  is, 
the  local  Mach  number  is  still 


M] 


Mqq  

a * (id)  (i  - Itl2- , n 1,2 

2 |V„|  2 


(N.2.45) 


Similarly,  equation  (N.2.24)  for  the  maximum  speed  Vm  and  equation  (N.2.33) 
for  the  critical  speed  still  hold.  To  obtain  cp  c,  the  pressure  coefficient 
at  the  critical  speed,  it  does  not  suffice  to  substitute  (1^.2. 32)  in 
(N.2.44).  In  addition,  a second  order  expression  for  u^ / 1 | 2 at  the 
sonic  speed  must  be  computed. 


Noting  that 


1 + 2u 


+ second  order  terms 


(N.2.46) 
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and  substituting  in  (N.2.32),  we  see  that  at  the  critical  speed 


1 + 2u  + higher  terms 

IvJ 

Thus  to  second  order 


2 

T 

(y  + 1)Moo 


(N.2.47) 


u2 

|£>l  2 


1/4  [ 111  + l - i]2 

*+1  (y+1)  V& 


(N.2.48) 


at  the  critical  speed.  Substituting  (N.2.32)  and  (N.2.48)  in  (N.2.44)  we 
obtain  a second  order  expression  for  the  critical  pressure  coefficient 


Cp 


,c 


1 - T-1 

Y + 1 


(y+1)  m2 


J_  [M«  2 _ 2 + ] 

(y+1)2  Me  (n.2.49) 


1 (2y  + m2 

(y2  + 1) 


(2y  + 1) 

M£ 


(N.2.50) 


N.2.5.2  The  Second  Order  Theory  under  Additional  Assumptions 


It  may  under  certain  circumstances  be  of  interest  to  calculate  the 
pressure  coefficient  under  the  additional  assumption  that  the  freestream  Mach 
number  is  nearly  zero,  and  thus  terms  with  coefficient  M may  be  neglected. 
Combining  this  and  the  second  order  assumption  yields  the  "reduced  second 
order"  pressure  formula  (cf.,  (N.2.44)) 


\to\  2 (N.2.51) 

Note  that  this  is  equivalent  to  the  constant  density  or  incompressible 
pressure  formula  (N.2.10).  Further,  if  the  Mach  number  is  zero,  they  are  both 
equivalent  to  the  second  order  pressure  formula.  Finally,  the  reader  may 
verify  that,  in  the  limit  as  Mach  number  approaches  zero,  the  isentropic 
pressure  formula  (N.2.20)  becomes  equivalent  to  (N.2.51)  also. 

Another  possible  simplifying  assumption  is  that  the  configuration  is 
sufficiently  slender  that  quadratic  expressions  in  u may  be  ignored.  This 
results  in  the  slender  body  pressure  formula: 


CP  = _-2u 

\to\ 


y2  + w2 

Tool  2 


(N. 2.52) 


N. 2-10 


Finally,  one  may  neglect  all  quadratic  expressions  in  components  of  the 
perturbation,  and  thus  obtain  the  linear  pressure  formula 


Cp 


-2u 

7Q 


(N.2.53) 


The  local  Mach  number,  the  critical  speed,  and  the  pressure  coefficient  at 
the  critical  speed  may  be  computed  under  each  of  these  simplifying 
assumptions.  The  validity  of  these  expressions  is  questionable,  since  the 
existence  of  a point  at  which  the  local  Mach  number  equals  1 is  evidence  that 
the  particular  assumption  is  not  valid. 
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N.3  Velocity  Corrections 


The  empirical  observation  on  which  the  two  velocity  corrections  are  ase 
is  that  the  linearized  mass  flux  computed  by  a panel  method  under  some 
circumstances  more  accurately  represents  the  true  mass  flux  than  the  compu  e 
velocity  represents  the  true  velocity.  Thus  a corrected  velocity  V may  be 
calculated  from  the  computed  mass  flux  by  the  equations  below. 


or  by 


V'x 

= wx 

(N.3. la) 

v'y 

= Wy 

(N.3. lb) 

V'z 

- wz 

(N.3. lc) 

0 

V‘  = W 

(N.3. 2) 

is, 

to  arrive  at  the  first 

velocity  correction  formula, the  exact 

for 

isentropic  flow 

_ t 

= W 

(N.3. 3) 

is  applied  to  obtain  a corrected  value  of  the  freestream  or  x -component  of 
velocity.  To  arrive  at  the  second  velocity  correction  formula,  equation 
(N.3. 3)  is  used  to  obtain  a corrected  velocity  vector  which  is  a multiple  of 
the  mass  flux  vector. 

N. 3.1  The  First  Velocity  Correction 

This  velocity  correction  is  only  applied,  and  in  fact  is  only  well-defined 
if  the  local  flow  is  slower  than  freestream,  that  is,  if 


u = 


(N. 3.4) 


In  that  case,  (N.3.1)  is  applied. 


N.  3-1 


Now,  substituting  (N.2.7)  in  (N.2.19)  we  see  that 


[1  + (I^i)  m2  (1 


Thus  ( N . 3 . 1 a ) becomes 


(N.3.5) 


wx  = [1  + (III)  m2  . (1 

2 


1 

Y-l 


vv 


(N. 3.6) 


It  follows  easily  from  (N.3.6)  that  Wx  is  a monotonic  function  of  Vx. 
That  is,  as  Vx  increases,  so  does  Wx.  Thus  a simple  iterative  method 
(Newton's  method)  is  available  for  numerically  computing  V'x  as  a function 
of  Wx  while  V'y  and  V'z  are  obtained  from  (N.3.1). 


N.3.2  The  Second  Velocity  Correction 


Under  the  second  correction,  the  corrected  velocity  is  some  multiple  of 
the  mass  flux.  This  correction  is  divided  into  two  cases. 

In  the  first  case,  we  assume  the  local  flow  is  again  slower  than 
freestream;  that  is,  that  (N.3.4)  holds.  Then  (N.3.2)  is  applied,  but  using 
the  linear  density  relationship 


P = 1 + (SB2  - 1)  1 ■ 

Ooo  \t>\  2 (N.3.7) 

To  see  that  (N.3.7)  follows  from  (N.3.5)  to  first  order,  we  apply  the  binomial 
theorem  to  (N.3.5),  to  obtain 


p _ 1 - Mqo  ( V - 1)  + higher  terms 

o-  2 |£|2 

= 1 - ( 2 v • ) + higher  terms 

2 |\L|  2 (N. 3.8) 

and  then  (N.3.7)  follows  from  the  definition  sb2  = 1 - 1^. 
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Thus  for  slower  than  freestream  flow,  the  correction  which  is  applied  is 


V ' = W 

1 + ( SB^  - 1)  ^ 

|i,|  2 

In  the  second  case,  the  local  flow  is  faster  than  freestream. 


u = - ' V” . - > 0 

I*. 1 2 

Under  these  circumstances,  the  magnitude  of  the  velocity  is  left 
while  its  direction  is  changed  so  that  it  is  proportional  to  the 
That  is 


r = 1 v 1 W 

IwT^ 

where  V-  is  the  uncorrected  velocity  computed  by  the  program. 
This  concludes  our  discussion  of  the  velocity  corrections. 


(N.3.9) 
That  is 


(N.3.10) 

unchanged, 
mass  flux. 


(N.3.11) 
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N .4  Onset  Flow  Calculations 


We  now  consider  the  effect  of  a non-uniform  onset  flow  on  the  pressure 
formulas.  That  is,  we  assume  that  the  velocity  is 


+ av 


(N.4.1) 


where  aV  is  the  "incremental  onset  f 
flow  and  a local  incremental  onset  flow 

A V = Ug  _ Uoo 

Our  final  equations  will  be  based  o 
which  will  be  discussed  as  they  come  up 


ow"  and  includes  both  rotational  onset 
In  the  notation  of  appendix  H, 

(N.4.2) 

i a number  of  simplifying  assumptions. 
The  first  assumption  is  that 


Uoo 


(N.4.2b) 


That  is,  the  uniform  onset  flow  must  be  aligned  with  the  compressibility 
direction  for  our  formulas  to  hold.  For  the  remainder  of  this  section,  we 
will  assume  that  (N.4.2b)  hol^s.  When  the  pressures  an?  computed  by  the 

program,  however,  the  vector  U,*  is  used  in  place  of  ? ,wh  fher  °ultinq 
fN  4 2b)  holds.  Thus  if  the  program  user  violates  (N.4.2b),  the  resulting 
pressures  may  not  be  correct,  nor  does  any  correct  method  for  computing  the 
effect  of  the  incremental  onset  flow  on  the  pressures  exist.  A user  may 
violate  (N.4.2b)  by  setting  a 4 <*c,  8 * Bc  (see  section  (B.2.2)  of  the 
User's  Manual  for  definitions  of  these  quantities). 


N.4.1  Bernoulli's  Equation 


We  now  need  to  revise  Bernoulli's  equation  (N.2.4)  to  account  for  the 
incremental  onset  flow  a ft.  Both  (N.2.3)  and  its  integrated  form  (N.2.4)  state 
that  the  total  energy  per  unit  mass  (kinetic  energy  in  the  form  ; 

1/2  |H»|^  plus  potential  energy  yP /((Y  - 1 )o)  Is  constant  at  any  poin  on 
a streamline.  Thus  to  correct  (N.2.4)  to  account  for  the  incremental  onset 
flow  we  must  add  to  the  right  hand  side  the  energy  per  unit  mass  aE  added  to 
the  system  by  the  incremental  onset  flow: 


y P_  + 1/2  | V | 2 

Y— 1 P 


<k_  + 1/2  |1U  | 2 

°ao 


+ A E 


(N.4.3) 


Now,  this  added  energy  speeds  up  the  fluid  at  infinity.  Writing  A\t» 
the  incremental  onset  flow  along  the  streamline  infinitely  far  from  the 
configuration,  we  have 


for 


1/2  |cl2  + aE  = 1/2  |t  + aV|2 


(N.4.4) 
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Thus 


aE  = V*  • aC  + 1/21*4.1  2 (N.4.5) 

At  present  there  is  no  mechanism  for  the  program  user  to  specify  either 
aE  or  , equivalently,  a V . For  many  problems  involving  onset  flow,  it  will  be 
quite  reasonable  to  make  the  assumption 

aVoo  s a V (N.4.6) 

This  is  especially  true  if  the  control  point  at  which  the  incremental  onset 
flow  is  defined  lies  far  from  the  source  of  the  added  energy.  An  example 
would  be  the  analysis  of  an  airplane  flying  in  the  onset  flow  generated  by  a 
second  airplane.  On  the  other  hand,  (N.4.6)  would  be  highly  inaccurate  for  a 
control  point  on  an  airplane  wing  directly  behind  the  propeller. 

Nevertheless,  at  present,  the  program  assumes  that  (N.4.6)  holds.  That 
is,  it  computes  aE  by 

2 • aE  = 2t  • a"v  + M|  2 (N.4.7) 

We  may  now  recompute  all  the  equations  in  section  N.2  using  (N.4.3)  in 
place  of  (N.2. 4).  Following  the  algebra  of  section  N.2,  (N.2. 17)  becomes 


(-JL) 

Poo 


Y-l 


y 


- 1/2  ( hi  2 - |vu|  2 - 2aE) 


( JL-1.  ) • — Psa 
y loo 


(N.4.8) 


N.4.2  Pressure  Formulas 


Similarly  (N.2. 20)  becomes 


Cp  , isentropic 


[1  + Y-l  (1-  ]V12  - 2 aE 

2 l^l2 


)M«  ] 


r-1 


-1 


(N.4.9) 


The  vacuum  pressure  is  still  given  by 


-2 


2 

y Moo 


Cp,vac 


(N.4.10) 


but  now  (N.2.22)  becomes 


1 * _r±_  (1  - (Vm)2  zJM  ) Mg,  - 0 

2 | %o\  ^ 

and  (N.2.24)  becomes 


Vm  - |i|  0 * l— 

(y-ml 


1/2 

2aE  1 
IVool  2 


Next,  (N.2.29)  becomes 


(N.4.11) 


(N.4.12) 


Ml 


2 = 


ill! 

a2 


y~|2  Mp,  2 

|V« I 2 1 ~ (izl)Moo  2 (1  - lllL-jAE  ) 

2 I'M 

(N.4.13) 


Setting  M]  = 1,  the  critical  velocity  becomes 

Vc  = jrzL  + 2 + _nL  ( 2 _Lj 

|t|  2 Y+1  (y+1)Moo  2 Y+1  It  I 2 

or  (from  (N.4.12)) 

vc  = (r±)  vm 

Y + 1 


(N.4.14) 


(N.4.15) 


Now 


, substituting  (N.4.14)  into  (N.4.9), 


'P,c 


2 

yMoo  2 


2 + _H_  Mi  (1  + 2 A_E_  )] 


.-1 


r+1  Y+1 


- 1 


(N.4.16) 
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N.4.3  Simplifying  Assumptions 


Next,  we  may 

apply  second  order 

theory  to 

p,2nd  order  = 

1 - lt|2  + 

2 aE  + 

1 ^ I o 

M 2 

2 

(N.4.9),  and  thus  we  obtain 
(u  + aU)2 


(N.4. 17a) 

where  aU  is  the  x-component  of  aV. 

Applying  equation  (N.4.5-6),  we  then  obtain 


(N.4. 17b) 

Note  from  equation  (N.4.5)  that  aE  is  the  sum  of  a first  order  and  a second 
order  quantity.  Thus  if  2aE  is  user-specified,  it  is  no  longer  clear  how  to 
evaluate  a second  order  expression  for  the  pressure  coefficient.  One  possible 
solution  may  be  to  use  the  user-specified  value  of  2aE  only  for  the 
computation  of  the  isentropic  pressure  coefficient  formula.  We  will  not 
address  this  problem  at  the  present  time;  rather,  we  will  assume  that  (N.4.6) 
holds. 


Now,  to  obtain  a second  order  expression  for  C«  c,  we  first  note 
that  by  (N.4. 1) 

Ivl  2 = It  I 2 + IvLl  2 + | aV  | 2 + . a"v  + 2v  • + 2 aV  . i 


(N.4.18) 


Thus  |t|  2 = 

Ivl2 

2u  + 2aE 

+ second  order  terms 

Itl  2 

|\L| 

(N.4.19) 

Substituting 

into  (N.4.14)  we  see 

that  at  the  critical  speed 

+ 2u  + 

2 aE  . y-1  + 

2 + y~1  ( 2aE  ^ 

lv.1 

|S.  2 T*1 

(y+1)M2  y+1  |\fco|2 

(N.4.20) 

+ second  order  terms 
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or 


2u 


\U 2 


or 


(y+1) 


(1 


2aE 

l£l2 


(y+1)m£ 


+ 2nd  order  terms 


(N.4.21) 


(1 


2&E 


)2 


|\t»|2  (y+1)^  I'tol2  M& 

at  the  critical  speed,  to  second  order. 
Substituting  (N.4.14)  and  (N.4.22)  into  (N.4.17) 


Cp,c,2nd  order  - 


i . 2(y  + M2)  • (1 


(y+1)2 


(N.4.22) 


2&E  - Moo  2 _ (2y+1)) 

lyM  2 M2 

I *00  1 

(N.4.23) 


Further  simplifying  assumptions  may  be  applied  to  (N.4.17).  The  "reduced 
second  order"  or  small  Mach  number  assumption  yields 


1 - Ivl2  - 2&E 

|\to|  2 (N.4.24) 

We  note  from  (N.4.18)  that 


! _ |7|2  - 2aE  = -2u  _ 2~v  • AV  + |^|2 

\t,\  2 \t\  \t>\  2 (N.4.25) 

and  thus  the  slender  body  assumption,  applied  to  (N.4.17b),  yields 

r _ -2u  _ 2(vav  + waw ) + y2  + w2 

= ~\U\  |Voo|2  (N.4.26) 

where  we  again  make  use  of  (N.4.5-6),  and  Av  and  Aw  are  y and  z-components 
of  £v. 

Finally,  the  linear  assumption  yields 


CP  = 


-2u 

W\ 


(N.4.27) 
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N.4.4  Velocity  Corrections 


In  the  presence  of  an  onset  flow,  (N.3.6)  becomes 

1 

wx  - [l  + (izl)M2  (i  _ \r\  2 + Jae  )]  Y 1 v- 

2 |£>|2  |vu|  2 X (N.4.28) 


and  is  used  to  solve  for  V'x  to  obtain  the  first  velocity  correction.  Also, 
(N.3.8)  becomes 


o = 1 + 

_ u - _ 

vl2  + 

2^E  1 + higher  terms 

1o  2 

t|  2 

|t|  2 

(N.4.29) 

Applying  (N.4.19), 


p = 1 - M2  • + higher  terms 

8*>  lVool  (N.4.30) 

and  thus  (N.3.7)  still  holds.  Thus  equations  (N. 3.9)  and  (N.3.11),  which 
define  the  second  velocity  correction,  remain  valid  in  the  presence  of  an 
incremental  onset  flow. 

This  concludes  our  discussion  of  the  computation  of  pressure  coefficients 
in  the  presence  of  an  onset  flow. 

It  should  always  be  remembered,  however,  that  the  presence  of  an  onset 
flow  violates  the  basic  assumptions  from  which  the  Prandtl-Glauert  equation 
was  derived.  In  addition,  the  inability  of  the  user  to  specify  2-aE  means 
that  even  if  the  potential  flow  solution  represents  the  true  flow  well,  the 
effect  of  the  onset  flow  on  the  pressure  may  be  incorrectly  calculated. 
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N.5  Associated  Oata 


The  PAN  AIR  program  user  has  a large  number  of  options  available  to 
instruct  the  program  in  calculating  flow  properties  at  a point  on  the 
configuration  surface.  We  discuss  here  the  effect  that  certain  of  these 
options  have.  Some  options,  such  as  choosing  a value  for  y other  than  7/5, 
are  implemented  in  such  an  obvious  manner  that  they  require  no  discussion. 
Some  options,  such  as  the  choice  of  velocity  corrections,  have  already  been 
discussed  i n detai 1 . 


One  user  option  is  a reference  speed  Ur  for  pressure  calculations.  This 
speed  is  then  used  in  place  of  |\lx|  whenever  that  quantity  occurs  in  pressure 
computation  formulas.  This  speed  must  be  specified  in  the  rare  case  that 
IvLl  is  zero,  that  is,  when  there  is  no  freestream.  Otherwise  the 
appearance  of  \%>\  in  the  denominator  of  various  expressions  will  cause  the 
proqram  to  terminate.  The  value  the  user  chooses  for  Ur  depends  very 
heavily  on  the  physics  of  the  problem,  and  will  not  be  discussed  in  this 

document. 


Another  user  option  is  the  "computation  option  for  pressures."  The  user 
may  choose  to  compute  pressure  using  the  uniform  onset  flow  U®  , in  which 
case,  the  formulas  of  the  previous  sections  are  applied  with  U»  substituted 
for  '%>  . Second,  he  may  choose  to  compute  pressures  using  the 

compressibility  vector,  in  which  case  U»  is  replaced  by  Ur  c0  where 
is  the  reference  speed  for  pressure  calculation  defined  above.  In  both  ot 
these  cases,  the  incremental  onset  flow  is  assumed  to  be  zero,  that  is,  the 
vector  A V is  set  to  zero  for  all  the  equations  in  section  N.4.  Finally,  if 
the  user  requests  that  the  locaj  onset  flow  be  used  to  calculate  pressures, 
then  \£o  is  replaced  by  U»  and  aV  is  included  in  all  equations  in  section  N.  . 
No  guidelines  are  given  to  the  user  on  the  appropriate  option  to  use,  since 
under  practically  all  circumstances,  the  uniform  onset  flow  option,  which  is 
the  default,  is  appropriate. 


Next,  the  user  may  request  the  cojjjputation_j3f  the  angle  between  the 
surface  vorticity  y"  and  the  velocity  V,  where  y is  defined  by 


T = " x 7p 

(see  section  5^6  following  equation 
components  of  Vu  in  reference  coord 


(N.5.1) 

(5.6.11)).  The  program  also  prints  the 
nates. 
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0.0  Forces  and  Moments 


In  this  appendix  we  describe  the  computation  of  forces  and  moments  in  the 
PAN  AIR  system.  In  section  0.1  we  comment  briefly  on  the  defining  equations. 
In  section  0.2  we  describe  the  method  by  which  PAN  AIR  performs  the  required 
integration.  In  section  0.3,  we  discuss  edge  forces,  which  must  be  calculated 
separately  because  the  true  potential  flow  solution  for  velocity  at  a subsonic 
edqe  of  a thin  configuration  is  infinite,  while  that  calculated  by  a panel 
method  is  finite.  In  section  0.4  we  compute  the  properties  of  force  and 
moment  vectors  under  a coordinate  transformation. 


0.0-1 


0.1  Basic  Formulas 


A force  is  defined  as  a time  rate  of  change  of  momentum.  Ward 
(reference  1.5,  equation  4.6.3)  shows  that  for  potential  flow,  equation 
(5.9.9)  holds.  PAN  AIR  actually  computes  a coefficient  of  force  detinea 
analagously  to  the  pressure  coefficient  (cf.,  (N.2.2)): 


cp  = - L //  [ y.(pV-JL) + Cp  n]dS 

SR  1/2  Qo  Mz 


(0.1.1) 


where  Sr  is  a user-specified  "reference  area"  available  for  normalization  of 
the  force  coefficient. 

Applying  the  relation  (N.3.3)  between  velocity  and  mass  flux,  we  have,  for 
either  the  upper  or  lower  surface  of  a network, 


CF  = “ 1 


Sr 


m 


2V(W • n ) 

lt,l2 


+ Cp  n]dS 


(0.1.2) 


We  note  that  the  first  term,  called  the  "momentum  transfer"  term,  is  zero 
for  impermeable  surfaces.  This  term  makes  a contribution  to  the  force  on  the 
surface,  however,  when  the  normal  mass  flux  is  non-zero.  Note  that  the  net 
force  on  a network  of  panels  is  the  difference  between  upper  and  lower  surface 
forces.  Thus  the  net  force  on  a fully  permeable  nacelle  face  is  zero,  though 
both  the  upper  and  lower  surface  forces  are  non-zero.  The  momentum  transfer 
term  is  only  computed  in  Pan  Air  when  requested  by  the  user. 

The  coefficient  of  moment  c^  is  similarly  derived  from  (5.9.10)  and  is 
defined  by 


c“M  = -_L_  J7  [ ( Q - R0}  x 7 (?,W.:IU+  Cp  {Q  - R0}  x n]dS 

lr  |£»l2 


(0.1.3) 


Here  Lr  is  a user-specified  reference  length,  Q is  a point  of  integration 
and  Rn  is  the  point  about  which  the  moment  is  calculated.  Once  again  the 
first  term  is  the  momentum  transfer  term.  If  the  surface  is  impermeable  this 
term  makes  no  contribution  to  the  angular  force  exerted  by  the  fluid  on  the 

body. 
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0.2  Integration  Procedure 


The  integrand  in  (0.1.2)  may  be  evaluated  from  the  velocity  (see  ppen  ix 
N).  The  velocity,  in  turn,  may  be  computed  at  any  point  on  the  configura  ion 
by  the  splining  methods  (see  section  N.l).  In  fact,  a velocity  distri  u ion 
may  be  computed  on  each  subpanel,  and  so  it  is  theoretically  possib  e o 
integrate  this  distribution  exactly  over  the  entire  configuration  0 
the  resulting  force  distribution.  In  fact,  the  integrals  are  precompu  e 
the  DQG  module)  for  an  arbitrary  piecewise  quadratic  Pressure  distribution, 
that  the  integral  over  a panel  may  be  obtained  by  the  COP  module  during 
post-processing  by  matrix  multiplications. 

This  procedure  makes  use  of  the  far  field  moments  already  required  for  far 
field  influence  coefficient  calculation.  Recall  from  section  1.4.2  the  o 

vector  FFMd  and  the  matrix  FFM&  defined  by 

o 1 


SB2 

, J5  u dS  = 

FFMd 

'Ml  ' 

K 

l 

L 0J  ' 

. yg . 

SB2 

jj-  y n dS 

= [FFMD]3x9 

K 

1 

lugj 


(0.2.1) 


(0.2.2) 


But  now,  if  we  assume  that  the  pressure  varies  in  a piecewise  qua  r 
manner  (as  u does)  on  each  panel  we  may  apply  (0.2.2).  ™is  is  , 

fairly  reasonable  assumption.  Since  we  approximate  the  doublet  y 

quadratic  function  and  the  source  strength  by  a linear  function,  (N.l. lib) 
shows  that  the  velocity  is  of  linear  accuracy.  Thus  by  (N.2.43)  and 
(N  2 51-53)  the  second  order,  reduced  second  order,  slender  body,  and  I ne 
pressure  coefficient  formulas  can  be  adequately  represented  by  quadratical ly 
varying  fuctions.  Further,  the  small  perturbation  assumptions  on  which  the 
Prandtl-Gl auert  equation  is  based  insure  that  differences  between  e 
isentropic  and  the  second  order  formula  should  be  negligeable  anyway. 

So,  we  may  compute  the  pressure  coefficient  Cp^q  at  the  nine  panel 
defining  points,  and  obtain 


SB2  JJ  Cp  n dS  = [FFMD]  Cp 
< l 1 


(0.2.3) 


where  Cp  is 


the  vector  of  length  9 whose  qth  entry  is  Cp^q. 


Similarly,  since  the 
also  may  be  described  by 


velocity  on  a panel  is  of  linear  accuracy,  V (W-n) 
piecewise  quadratic,  and  so,  writing  ( Vq> -j  for 


the  ith  entry  of  %,  the  3x1  column  vector  giving  the  velocity  at 


'qJ 

the 


qth 
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panel  defining  point,  the  first  term  in  (0.1.2)  may  be  computed  by, 


se2  SS  tV)i  (2W- n)dS  = lFFMqj 
K Z 


^1^  i ’ (W  *n ) ]_ 


{Vg}i  . ( W • n ) g 


= 2[VWN]i  FFM u 
’*  L 0 J 


(0.2.4) 


where  VWN  is  the  3x9  matrix  whose  i,q  entry  is  the  ith  component  of  Vq 
times  the  normal  mass  flux  at  the  qth  defining  point.  * 


Thus,  equation  (0.1.2)  becomes 


SR  (cF>i  = 


- < 


S8< 


[FFMD]iq 

1 


9 

E z 

all  panels  q=l 


'P,q 


_2_  [VWN] iq  lFFMDj 

Cl  2 o 
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Next  we  consider  the  calculation  of  the  moment  coefficient.  Assume  that 
we  have  computed  the  3x9  matrix  NCPM^  ("normal  cross-product  moment") 
defined  by 


fl(Q  - 'Pg)  u dS  = [NCPMi]  t 

Z 

(0.2.6) 


where  Pg  is  the  panel  center. 

This  matrix  is  precomputed  in  the  same  manner  as  the  remaining  far  field 
moments.  Similarly,  let  us  define  a 3x9  matrix  [NCPM2]  by 


tfu  (Q  - Pg)  x n dS  = [NCPM2]  t (0.2.7) 

Z 


The  computation  of  NCMPi  and  NCMP2  is  described  shortly.  We  may  then 
compute  (0.1.3)  using  tne  above  two  matrices. 

First,  we  easily  see  that  JJ  [CP  (Q  - R0)  x n]  dS  = 

Z 

If  cP  (Q  - Pg)  X n dS  + (pg  - ~R0)  x JJ Cp  n dS  (0.2.8) 

l Z 

= [NCPM2]  tp  + (Pg-R0)x  — [P^Ml]  Cp 

S82  (0.2.9) 
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Next  we  recall  from  appendix  E the  permutation  symbol 


e i j k • l^_^>j>k<_3 

= 1 if  i,j,k  are  distinct  and  cyclic 
= -1  if  i ,j,k  are  distinct  and  in  reverse  cyclic  order 

(0.2. 


eijk  - \ 


^ = 0 otherwise 

which  has  the  property  that  for  vectors  v and  w 
(v*  x w)  k = Z eijk  vi  wj 

i J 

Thus  £f  [ (Q  - R0)  x V (W-n)]  dS  = 


(0.2. 


E.  (0  - R0)  i Vj  (W-n)  cijk  dS  + 

i.J 

[ (Pg  - U x (W-n)  dS]  k 
Then  //  [ (Q*  - R0)  x V (W-n)]k  dS  = 

i , j ,q  [NCPM2]iq  [VWN]jq  Eijk 


_ D 

+ E (Pg  - R0)i  — C VWN 3 j q JFM0j  q eijk 

i,j,q  se2 

Combining  (0.1.3),  (0.2.9),  and  (0.2.13), 


Lr  Cm  = E 

panels 


-[NCMP2]  Cp  - (Pg 


0 

[FFMi 


1 cc 


iti 2 


Z [NCMPil^g  + — 0—  (Pq  - Ro)  LFFMOjq  1 x CVWNL 

q=i  l ” se2  > 


(0. 


10) 

.11) 

.12) 

.13) 


,q 

2.14) 
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This  completes  our  discussion  of  the  integration  of  (0 
computation  of  the  matrices  [NCMP.]  has  been  discussed  i 
section  1.4.2,  equations  (1.4.21)  through  (1.4.27). 


* ^ • 3 ) the 
n detail  in 
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0.3  Leading  and  Side  Edge  Force 


0.3.1  Linearized  Three-Dimensional  Theory 

Consider  a flat  plate  at  an  angle  of  attack,  as  illustrated  in  figure 
01  It  is  known  that  such  a configuration  experiences  zero  drag  in  subsonic 
two-dimensional  potential  flow,  where  drag  is  the  component  of  force  in  the 
freestream  or  x-direction.  Yet  the  surface  normal  has  an  x-component  and  the 
surface  is  impermeable,  and  thus  equation  (0.1.1)  indicates  non-zero  drag. 

The  resolution  of  this  contradiction  is  found  in  the  existence  of  a 
leading  edge  force  resulting  from  an  infinite  leading  edge  velocity  (see 
Ashley  and  Landahl,  Ref.  5.3,  section  5.3,  or,  for  more  detail,  Hancock  and 
Garner,  Ref.  5.2,  part  II).  This  leading  edge  force  exactly  cancels  out  the 
drag  computed  by  integrating  the  pressure  over  the  configuration  surface. 
Since  the  surface  is  impermeable,  the  momentum  transfer  term  gives  no 
contribution  to  the  force  on  the  surface. 

A formula  for  the  edge  force  magnitude  per  unit  distance  (on  a three 
dimensional  wing)  is  given  in  Hancock  and  Garner  (ref.  5.2).  This  formula, 
valid  for  all  subsonic  edges  (there  is  no  edge  force  on  a supersonic  edge) 
gives  edge  force  per  unit  length  by 


dS/dy  = (ir/8)  B [ lim  (u/Vx")]2  (0.3.1) 

n n x 0 

n 

where,  S is  the  edge  force,  yn  measures  distance  along  the  edge,  xn 
measures  distance  perpendicular  to  the  edge  and  in  the  plane  of  the  surface,  u 
is  the  doublet  strength  on  the  surface  and  Bn  is  given  by 


where  Mn  is  the  Mach  number  in  the  direction  of  the  edge  force.  Thus, 

M = M cos  a where  A is  the  sweepback  angle  as  shown  in  figure  0.2.  The 
n 00 

edge  force  direction  is  away  from  the  edge  and  perpendicular  to  both  the  edge 
and  the  surface  normal,  also  as  shown  in  figure  0.2. 


0.3.2  Application  in  PAN  AIR 

To  apply  equation  (0.3.1)  in  PAN  AIR,  we  must  first  consider  the 
evaluation  of  the  limit.  First  note  that  it  is  known  that  if  2n  is  a 
polynomial  in  xn  and  yn,  then  the  exact  value  of  ti/Vx^  can  be  urn  for  y 
approximated  by  a polynomial.  Given  this  fact,  it  is  tempting  to  es  ima  e 
limit  by  evaluating  u/V^  at  the  first  and  second  panel s^fro^the jdge jnd 
extrapolating  these  values  to  xn  = 0. 
itself  as  a quadratic  polynomial  in  x 


n 


However, 
and  yn. 


will  not 


the 


because  PAN  AIR  represents 
the  expression  up^/ (we 


denote  the  doublet  distribution  computed  by  PAN  AIR  as  upA) 

converge  uniformly  to  „/  VTn  in  the  neighborhood  of  the  edge.  Consequently, 
if  we  denote  the  computed  and  exact  values  of  u at  the  center  of  the  first 

panel  by  u^PA  and  u^exact>  then  wi,pa^u1, exact  wi^  not  conver9e  t0 
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number  of  panels  is  increased.  Similarly,  y^>  pa^w2  exact  ^oes  no^  conver9e 

1.  These  ratios  will,  however,  converge  to  finite  values,  the  specific  values 
depending  upon  the  solution  details,  especially  the  panel  spacing  and 
density.  For  example,  different  limit  ratios  are  obtained  for  uniform  spacing 
than  for  cosine  spacing.  Also,  since  a potential  flow  field  near  an  edge  is 
mathematically  similar  to  two-dimensional  flow  about  a flat  plate,  the 
convergence  properties  for  three-dimensional  cambered  surfaces  will  be  similar 
to  those  for  three  dimensional  flat  plates.  Thus,  we  assume  that  the  limiting 
behavior  of  y,  DA/y,  , for  a three-dimensional  cambered  surface  will 

closely  resemble  the  behavior  of  u^  p^/y^  exact  f°r  a 2-0  flat  plate  as  the 
number  of  chordwise  panels  is  increased. 

In  light  of  these  considerations,  the  following  method  is  proposed  as  one 
that  (i)  will  yield  reasonably  accurate  results  without  an  excessive  number  of 
panels  and  ( i i ) will  converge  to  exact  results  as  the  number  of  panels  is 
increased,  provided  certain  panel  spacing  rules  are  followed.  Referring  to 
figure  0.3,  define  Yj_,  Y2  by 


Y. 


n,  1 


i = 1,2 


(0.3.3) 


where  xn  i denote  the  values  of  xQ  at  the  first  and  second  panel  center 
away  froifi  the  edge  (see  figure  0.3  for  definition).  These  two  evaluations  now 
immediately  provide  an  extrapolated  value  of  y/ Vx^  at  xn  = 0: 


G " (Y1  xn,  2 ' Y2  Xn,l^Xn,2  Xn,l^ 


(0.3.4) 


If  y/  Vx^  converged  uniformly  to  its  limit  value  we  could  approximate 

1 im  y / V3T  5 G 

x -*"  0 
n 

In  fact,  using  equation  (0.3.1)  we  write 


dS/dyp  = ( tt / 8 ) 8n  G2  f (0.3.5) 

where  the  correction  factor  f (which  is  0(1))  is  determined  from 
program/theory  comparisons  for  a series  of  two-dimensional  flat  plate 
problems.  The  correction  factor  f depends  on  the  number  of  panels  and  the 
panel  spacing  method.  The  total  leading  edge  force  is  computed  from  the 
formula 


fyn,2 

S = J (dS/dyn)  dyn  (0.3.6) 

yn,l 

where  the  integral  is  evaluated  by  the  midpoint  rule  using  the  formula  (0.3.5) 
to  provide  values  for  (dS/dyn). 
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Correction  factors  for  three  types  of  panel  spacing  and  various  panel 
counts  are  given  in  figure  0.4.  Correction  factors  for  untabulated  values  of 
NPAN  the  panel  count,  are  obtained  by  interpolation,  where  f is  regarded  as  a 
function  of  (1/NPAN).  Correction  factors  have  not  been  computed  for  any  other 
types  of  panel  spacing,  and  results  obtained  by  PAN  AIR  for  such  types  of 
panel  spacing  may  be  neither  accurate  nor  convergent. 

The  correct  use  and  interpretation  of  figure  0.4  requires  that  one  know 
precisely  what  is  meant  by  "cosine  spacing"  and  "semi-cosine  spacing."  Let  t 
be  a nondimensional  coordinate  defined  such  that  the  value  t=0  coincides  with 
the  edge  on  which  the  edge  force  acts  and  t = 1 coincides  with  the  opposite 
edge.  Then  the  panel  corner  points  for  cosine  spacing  are  located  at  tne 
t-stations  given  by 


(cosine-spacing)  t . = ( 1 / 2 ) [ 1 - cos(  (i-l)WNPAN)]  i-1, . . . ,NPAN+1 

(0.3.7) 


while  for  semi-cosine  spacing  these  x stations  are  given  by 

(semi-cosine  spacing)  ti  = 1 - cos[(i-l)W(2*NPAN)]  i =1 , . . - , N^qN^8) 
0.3.3  Edge  Force  Verification 

A leading  edge  suction  distribution  has  been  computed  by  PAN  AIR  using  the 
technique  described  above  for  a 60°  delta  wing  in  incompressible  flow.  This 
distribution  is  compared  in  figure  0.5  to  the  result  den ved  in  Medan,  (ref. 

0.1).  Notice  that  the  quantity  (dS/dyp ) /[ (1-n) ' a ] is  plotted  against  n 

where  n represents  "spanwise  fraction,"  the  fractional  transverse  distance 
from  the  centerline  to  the  outboard  tip  and  a is  angle  of  attack,  mis 
scaling  of  the  leading  edge  suction  distribution  is  based  upon  the  theoretical 
results  derived  in  (ref.  0.1).  In  fact,  as  n approaches  1,  dS/dyn  itself 
tends  to  zero  so  that  the  differences  between  results  shown  in  figure  0.5  are 
not  significant  when  scaled  and  integrated  to  obtain  overall  forces.  Note 
also  that  PAN  AIR  results  appear  to  converge  to  the  theoretical  values  except 
?or  the  panels  closest  to  the  tip.  In  fact,  the  PAN  AIR  computed  suction 
force  on  the  tip  panel  will  never  converge  no  matter  how  densely  the  wing  is 
panelled.  This  is  another  manifestation  of  nonuniform  convergence  arising 
from  the  fact  that  PAN  AIR  constrains  the  doublet  distribution  to  be  a 
quadratic  function  of  the  surface  coordinates.  Nevertheless,  overall  forces 
and  moments  do  converge  as  panel  density  increases. 

Draq  values  predicted  for  a supersonic  delta  wing  are  compared  in  rigure 
0.6  to  the  theoretical  results  presented  in  figure  A, 14m  of  Jones  and  Cohen 
(ref  F.l).  The  PAN  AIR  results  lie  very  close  to  the  theoretical  curve. 

Since  edge  suction  is  a significant  contributor  to  drag,  this  close  comparison 
provides  some  verification  of  the  validity  of  PAN  AIR'S  method  of  computing 
edge  suction  forces. 
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0.4  Coordinate  Transformations 


In  this  section  we  examine  the  behavior  of  force  and  moment  vectors  under 
an  orthogonal  transformation  of  coordinates 


x 

y 

z 


y 

z' 


(0.4.1) 


This  is  necessary  because  the  program  permits  force  and  moment  computation 
in  ^multiplicity  of  axis  systems.  These  axis  systems  are  defined  in  section 

B.2.1  of  the  User's  Manual. 

We  know  from  appendix  E that  velocity  and  normal  vectors  are  dual  vectors 
w transf ormi ng  according  to 

* . if*  (0-4'2) 

But  since  we  assume  T is  orthogonal,  its  inverse  is  its  transpose,  and  so 

*'  = rf  (0.4.3) 

Further,  if  * is  a vector  rather  than  a dual  vector  it  also  obeys  W.4.3), 

^^irvSr^'d^^t^  behave  Lnlic^i^asel  and  so  we 
make  no  further  distinction  between  them. 


Applying  (0.4.3)  in  (0.1.1)  we  obtain 


c'f  = 


cp 


(0.4.4) 


since 


{ p T V }.  n 


,-»t  rT  r n « 


V-  n 


(0.4.5) 


and  T , being  a matrix  of  constants,  may  be  taken  out  of  the  integral 

(0.1.1). 

Next  we  consider  the  transformation  of  the  moment  coefficient.  Let  us 
assume  we  have  computed  the  moment  vector  cm  about  the  ongan  an  reference 
coordinates.  That  is, 


- - -i-  SS  CQ  X V(  ) * 


LrSr 


\feo 


Cp  Q X n]dS 


(0.4.6) 


We  now  wish  to  compute  the  moment  coefficient  Cm  in  the  primed  coordinate 
system  about  a point  R0.  That  is,  C 1 m is  defined  by  (0.1.3)  with  Q, 

Rq,  V,  w-,  and  n replaced  by  primed  counterparts. 
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So, 


L_  [ { rtf-  r Rq}x  h(2Ml)  + cp  {ro  - fR0)  x rnjds 

(0.4.7) 


LrSr 


But  for  vectors  and  w£,  we  have  (cf.  (E. 1.12-13)) 
T wj  x Tw2  = Hwj  x W£} 

Thus 

C'  = - J_  [ mx  V}  (2Win  ) + r pfQ  x n }]dS 


(0.4.8) 


lRSr 


+ J C HR'o  x V}  ( ?w.n  j + Cp  T{r"o  x n}]dS 

lrSr 


(0.4.9) 


Noting  that  both  T and  R0  may  be  removed  from  the  integral, 

- rcw  ♦ _L  r { r0  xjj[v(2£i"_ ) . cp  ajds 

LrSr  I ^ I 

So,  substituting  (0.1.2)  in  (0.4.10), 


(0.4.10) 


C|y.  = r cM  - — r {Rq  x cp) 

Lr  (0.4.11) 

Thus  moment  vectors  transform  like  force  vectors,  except  with  an  extra 
term  which  results  from  a shift  in  the  point  about  which  the  moment  is 
calculated. 

An  addition  minor  complication  is  cause  by  the  use  of  separate  scaling 
factors  for  different  components  of  the  moment  coefficient  vector.  The  effect 
of  separate  scaling  factors  on  (0.4.11)  can  easily  be  computed  and  is  given  by 
the  code  in  SUBROUTINE  TRNSFM  of  the  CDP  module. 
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0.5  Added  Mass  Coefficients 

The  inertial  properties  of  a submerged  body  moving  in  a fluid  are  affected 
bv  the  motion  of  the  fluid  surrounding  the  body.  These  properties,  which 
become  quite  significant  when  the  mass  of  the  displaced  fluid  is  commensurate 
with  the  mass  of  the  body,  are  concisely  summarized  by  a collection  °f  a^"!ors 
called  "added  mass  coefficients."  In  this  section  we  will  define  the  added 
mass  coefficients,  describe  their  computation  and  derive  some  of  their 
transformation  properties. 

0.5.1  Formulation  of  Added  Mass  Coefficients 

Consider  an  impermeable  body  B with  boundary  surface  S moving  through  a 
fluid.  We  suppose  that  the  fluid  has  constant  density  p and  that  the  fluid 
motion  is  itself  irrotational . Thus,  a velocity  potential  exists  an 
satisfies  Laplace's  equation.  At  the  instant  of  observation,  the  motion  of 
the  fluid  is  observed  from  an  axis  system  fixed  in  the  undisturbed  fluid  and 
momentarily  coincident  with  a body  fixed  axis  system.  The  velocity  of  any 
point  p- on  the  body's  surface  is  given  by 

tT  + w"  x (ff  - Pq) 

where  u specifies  the  body's  translational  velocity  and  u specifies  its 
rotational  velocity  about  a center  of  rotation  p0.  The  harmonic  velocity 
potential  for  the  fluid's  instantaneous  velocity  is  now  uniquely  determined  by 
the  impermeable  surface  boundary  condition 

/an  = (u  + « x (p-p0)  ) . n on  S (0.5.1) 

An  equivalent  form  of  (0.5.1)  using  the  implied  summation  notation  is 

3d/3n  = uini+oji(fxn)i  ; r = p"  - Pq  (0.5.2) 

where  we  introduce  the  shorthand  f for  the  vector  from  the  center  of  rotation 
to  a point  on  the  body  surface.  Evidently,  $ can  be  written  in  the  form 


$ = U j (fr  -j  + 


(0.5.3) 


where  <tj  and  #-j  are  harmonic  velocity  potentials  satisfying  the  boundary 
conditions 


3 <b.  /an  = n. 

3*. /an  = (r  x n).  on  S (0.5.4) 

The  potentials  introduced  in  (0.5.3)  are  associated  with  motion  along  an  axis 
in  the  case  of  <t> i,  and  with  rotation  about  an  axis  in  the  case  of  *i. 

The  expression  for  added  mass  coefficients  is  obtained  by  computing  T,  the 
kinetic  energy  of  the  fluid  induced  by  the  motion  of  the  body.  Summarizing 
the  development  given  in  ref.  0.2,  T is  given  by 


0.5-1 


T = (p/2) 

Iff 

r3-b 

(vd)2  dV 

= -(p/2) 

// 

s 

d (ad/an)  dS 

(0.5.5) 

Substituting  (0.5.3) 

into  (0.5.5)  yields  for  T 

T = (1/2) 

u.  M.  . 
i ij 

Uj  * (1/2)  "(Eij  “j 

+ d/2) 

u.  S.  . 
i i J 

“j  * (1/2)  “i  ‘ij  "j 

(0.5.6) 

where  we  define  the  > 

/arious 

added  mass  coefficients 

by  the  expressions 

Mu  - - 

Hi, 

s 1 

(ad  ./an)  dS 

J 

sij  - -» 

Hi, 

s 1 

( a ♦ j /an)  dS 

Eij  - -o 

//., 

s 1 

(adj/an)  dS 

‘ij  - - 

JJ*i 

s 

(a#. /an)  dS 

J 

(0.5.7) 

The  coefficients  M^j  are  called  inertia  coefficients  while  I-j  .•  are  called 
moment  of  inertia  coefficients;  S-jj  and  2jj j are  called  mixedJ 
coefficients.  Green's  second  identity  implies  that  M and  I are  symmetric  and 
further,  that 


Sij  = I 

'ji 

Thus,  the  full  6x6 

added 

mass  c 

A = 

S ~ 

is  symmetric. 

E 

I 

(0.5.8) 


(0.5.9) 


0.5.2  Integration  Procedures 

Because  the  method  by  which  PAN  AIR  solves  for  di  and  ^ ensures 
internal  stagnation  (d-j  = t-j  = 0 interior  to  B),  the  integrals  appearing 
in  equation  (0.5.7)  can  be  expressed  quite  simply  in  terms  of  the  fundamental 
singularity  distributions.  Letting  y-j,  y-j  denote  respectively  the  doublet 
distributions  associated  with  d-j,  d-j  and  using  the  boundary  conditions 
(0.5.4),  we  obtain 


0.5-2 


"ij  - - » 

s 1 

n . dS 

J 

S.J  - 

h 

(r"  x n)  . dS 
j 

E.J  ■ 

n . dS 
J 

■ij  - -» 

(r  x n)  . dS 
J 

(0.5.10 

Clearly  these  integrals  can  be  evaluated  by  techniques  similar  to  those 
described  in  section  0.2  by  using  the  moment  matrices  [FFM^J  and  [NCPM2j. 

It  is  important  to  note  that  the  added  mass  coefficients  given  by  equation 
(0.5.10)  are  not  precisely  the  results  computed  and  printed  by  PAN  AIR. 

Rather,  scaled  quantities  M^j,  S-jj,  JZ-jj  and  I-jj  are  printed.  These 
are  defined  by 


A 

M. , 

= M.  . /(■ 

ij 

ij 

/A 

su 

- s,j/(- 

A 

2li  j 

I • • 

= l*J{- 

i J 

i j 

where  S is  a 

user  spec 

■2> 

.2i 

3, 


length.  Notice  that  if  one  takes  S = l = 
S"ij  - 2 Sij*  etC- 


(0.5.11) 

and  L a user  specified  reference 
o=l,  one  finds  that  . = 2 M. 


0.5.3  Orthogonal  Transformation 

Added  mass  coefficients  computed  in  a body  axis  system  which  has  been 
subjected  to  an  orthogonal  transformation  r can  be  defined  in  terms  of  added 
mass  coefficients  in  a reference  coordinate  system.  Using  primes  to  denote 
quantities  in  the  transformed  system,  the  boundary  conditions  can  be  written  as 


(a*  j/an')  = [ r {'r  x n)Ji  on  S 

Equation  (0.4.8)  was  applied  to  the  second  part  of  (0.5.12).  For  (0.5.12)  to 
be  satisfied,  it  must  happen  that 


0.5-3 


(0.5.13) 


= 


r . . <t  ■ 
TJ  J 


rij  *J 


Substituting  (0.5.12)  and  (0.5.13)  into  a primed  form  of  (0.5.7)  will  show  that 


M!  . 
ij 


rik  Mkl  rjl 


(0.5.14) 


The  other  coefficients  transform  identically. 


0.5.4  Translation 

Added  mass  coefficients  computed  about  an  arbitrary  moment  reference  point 

r*  can  be  defined  in  terms  of  coefficients  computed  about  the  origin.  The 
o 

technique  is  similar  to  that  of  section  0.5.2.  The  boundary  conditions  become 


3<$’/3n'  = n. 

3#'/  n'  = (r  x n).  - (rQ  x n). 


(0.5.15) 


To  satisfy  these  boundary  conditions,  the  potentials  in  the  translated  system 
must  take  the  form 


i wi 


*'  = - e . ..  r . <t,  (0.5.16) 

*i  ijk  o,j  k 

where  denotes  the  usual  permutation  symbol,  (cf . eqn.  B.3.21  and  ff.). 

Substitution  of  (0.5.15)  and  (0.5.16)  into  a primed  form  of  (0.5.7)  gives 


S!  . 
i J 


S.  . - 
ij 


ikl 


r . M , . 
o,k  1 j 


^ij  eikl  ro,k  Mlj 


I.  . 
ij 


I.  . 

ij 


ei lm  ro,l 


ejlm  ro,l 


ei  np 


e . 


j 1 m o , n o,l 


M 

pm 


0.5.5  Symmetric  Configuration 


(0.5.17) 


If  the  surface  S consists  of  a surface  S'  and  its  mirror  image  S",  the 
added  mass  coefficients  on  S"  can  be  defined  in  terms  of  those^on  S'.  Suppose 
the  plane  of  symmetry  passes  through  r$  and  has  a unit  normal  v.  A point  p 

on  S'  and  its  image  point  "p"  on  S"  are  related  by 


0.5-4 


(0.5.18) 


where 

and 


p?  = 

K.  . 1 
1J 

R.  . = 

= 6 . . 

X 

= r 

o,j 

s 

o,j 

2 v.  vj 


jk  s,k 


The  point  ~xQ  is  the  image  point  of  the  origin  and  R is  the  reflection 


With  primes  and  double  primes  denoting  entities  related  to  S and  S 
respectively,  the  boundary  conditions  become 

atfl'/an"  = R.j  n j 

a*  - / an"  = - R^  (r'  x n').  + R^  (xQ  x n'). 

where  "r1  is  the  vector  from  "p q , the  center  of  rotation,  to  p . 


r ' = P ' - Po 

The  second  part  of  (0.5.19)  required  applications  of  (0.1.12)  and  (0 
To  satisfy  (0.5.19),  the  potentials  take  the  form 

*1 

♦S  * -Ri  j *j  * Rij  EjKl  xo,k  *\ 

Applying  (0.5.19)  and  (0.5.20)  to  a form  of  (0.5.7)  yields 


M'.1  . 
1 J 

= R-,  M/  R. 
i k kn  jn 

S"  - 

- ejlm  xo,l  Mim 

- Rik  Skq  Rjq 

■ _Rik^kl  Rjl 

eipq  Xo,p  Mqj 

'u 

- R*k  ‘kq  Rjq  * 

Eikn  xo,k  ^n,j 

matrix. 


(0.5.19) 


5.18). 

(0.5.20) 


.5.21) 
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00 


= integrated  pressures 
= leading  edge  force 
- net  force 


Figure  0.1  - Effect  of  leading  edge  force 


Voo 


side  view 


Figure  0.2  - Leading  edge  force  on  a three-dimensional  thin  wing 
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Correction  Factors  f 
(Derived  Using  PAN  AIR  Version  1.0) 

NPAN 

Un i form 

Cosine 

Semi -Cos i ne 

2 

1.1579008 

1.1579008 

1 .4059546 

3 

1.3289155 

1.4039062 

1.4977210 

4 

1.3462617 

1 .4766240 

1.5680541 

5 

1.3513135 

1.5336144 

1.5985113 

7 

1.3544339 

1 .5852960 

1.6212810 

10 

1.3557162 

1.6149452 

1.6323902 

14 

1 .3562257 

1 .6294277 

1 .6359293 

20 

1 .3564644 

1 .6373295 

1.6407743 

40 

1 .3566063 

1 .6431274 

1.6435113 

60 

1.3566336 

N.A. 

1.6442279 

80 

1 .3566417 

N.A. 

1 .6444954 

NPAN  = Number  of  panel  rows  or  number  of  panel  columns, 
depending  on  which  edge  the  edge  forces  are 
calculated  for. 


Figure  0.4  - Edge  force  correction  factors 
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Number  of  Panels 

® 8 semi-cosine  chordwise,  20  cosine  spanwlse  (*5  span) 
□ 5 semi-cosine  chordwise,  10  cosine  spanwise  (%  span) 
A 3 semi -cosine  chordwise,  6 cosine  spanwise  {h  span) 
(panelling  shown  for  this  case) 

— Theory  (Medan)  Ref.  0.1 


Comparison  of  leading  edge  suction  predicted 
by  PAN  AIR  with  theoretical  results. 


0.6 


m = ft  cot  A,  ft  - [l£  - l]h 


Figure  0.6  - Comparison  of  drag  predicted  by  PAN  AIR  with  theory 
for  a delta  wing  in  supersonic  flow 
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P.0  Flow  Properties  at  Off-Body  Points  and  Streamline  Calculation 

Once  the  potential  flow  problem  has  been  solved,  the  program  user 
frequently  has  the  need  to  evaluate  the  potential  and  velocity  field  at  points 
away  from  the  configuration,  to  aid  in  flow  field  visualization.  In  this 
appendix  we  will  outline  the  processes  by  which  flow  properties  are  calculated 
at  off-body  points  and  then  describe  the  calculation  of  streamlines.  The 
basic  idea  underlying  both  of  these  procedures  is  that,  once  the  potential 
flow  problem  has  been  solved,  both  the  source  and  doublet  distribution  are 
known  on  the  full  singularity  surface  S.  Then,  by  virtue  of  the 
representation  formulas  for  potential  0 (equation  (3.2.7))  and  perturbation 
velocity  v (equation  (B.3.9))  it  becomes  possible  to  evaluate  0 and  v at  any 
point  in  the  flow  field.  This  evaluation  of  0 and  v at  an  off-body  point  is 
central  to  the  evaluation  of  off-body  flow  properties  as  well  as  streamline 
calculation.^  For  off-body  flow  properties,  the  connection  is  straightforward: 
given  0 and  v one  simply  applies  the  procedures  of  appendix  N to  obtain  the 
various  pressure  coefficients  and  corrected  velocities.  In  the  case  of 
streamline  calculation,  the  perturbation  velocity  v is  combined  with  the  onset 

flow  to  obtain  a total  velocity  (V)  or  mass  flux  (W)  vector  field  which  is 
then  integrated  to  trace  the  streamlines.  This  process  is  described  more 
fully  in  section  P.2. 


P.0-1 


P.l  Evaluation  of  Potential  and  Velocity  at  Off-Body  Points 

Once  the  potential  flow  problem  has  been  solved  and  the  global  singularity 

parameters  {a.}  ^ are  evaluated,  the  source  strength  o and  doublet  strength 
1 i = l 

u are  given  everywhere  on  the  singularity  surface  S by  (cf.  equations  (3. 3. 1-2)) 
N 


a(q)  = 

I 

x j s j { q ) 

(p.i.i) 

1 = 1 

u(q)  = 

N 

s 

x j rn  j ( q ) 

(p.i.D 

1=1 

Here,  q denotes  an  arbitrary  source  point  on  S. 

When  no  symmetry  planes  are  present,  we  may  combine  these  relations  with 
the  representation  formulas  (3.2.7)  and  (B.3.9)  and  obtain  for  0(p)  and  v(p): 


★ 

0(P)  = - 7 1 1 (t  ‘ “ n • *q  *)  dSq 

s n d 

p 


(P.1.3) 


v(p) 


dSQ 


JJ  (n  x V u)  x V (i)  dS 

snop  q q R q 

(P.1.4) 


Note  that  we  have  dropped  the  line  vortex  term  from  v. 

The  evaluation  of  these  formulae  is  now  achieved  by  dividing  S up  into  panels 
and  evaluating  individual  panel  contributions  in  the  fashion  described  in 
detail  in  appendices  J and  K.  The  resulting  evaluation  procedure  may  be 
summarized,  using  the  notation  of  appendix  K.6  (cf.  page  K .6-2 ) : 


N 

0 ( p ) = X 4> ICj 
1 = 1 


N 

= [ <t>a(p,  Sj)  + <Mp,  mx )]  x j (P.1.5) 

1=1 
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?(p)  = l VICj  xr 
1=1 

N 

= V [V  (P.  st  ^ 
ui 

Here,  the  various  operators  <t>  , 

a 

*„'?•  si>  * - 7 Si 

sn  op 

★ 

'»„(P'lnI)  ’ 1!  SS 

snop 

Vp-si>  - 7 SS 

snop 

V?’V  " ^ SS 

sn  Dp 


+ V (p,  m. )]  xT  (P.1.6) 

u i * 

<t>  etc.  have  the  obvious  definitions: 

u 

SjfqVRfp.q)  dSq  (P.1.7) 

nrij  (q)  n . vq(l/R(p,q))  dSq  (P.1.8) 

Sj(q)  Vq(l/R(p,q))  dSq  (P.1.9) 

(n  x Vq  mj)  x vq(l/R(p,q) ) dSq 

(P.1.10) 


Up  to  this  point,  the  evaluation  of  0 and  v has  offered  few  surprises. 

The  situation  becomes  somewhat  more  complicated  when  we  introduce  the  concept 
of  symmetry.  Fortunately  many  of  the  complicated  details  have  already  been 
worked  out  and  presented  in  appendix  K.  Throughout  the  remainder  of  this 
section  we  assume  that  the  reader  has  a good  familiarity  with  the  results  of 
appendix  K. 


^ 1 

We  begin  our  present  study  of  symmetry  by  recalling  the  definition  of  0 , 
equation  (K.3.22).  Inverting  this  definition,  we  obtain 

0(RV)  = \ 1 0j  (p)  (P.1.11) 

j 

Setting  i = +1  and  noting  that  H+^  = 1 and  R = I (cf.  (K.3.6)  and  (K.3.21) ) 
we  find  0(p)  given  by  f 

0(p)  = \ (0S(p)  + 0A(P))  (P.1.12) 


P.1-2 


Now  i?( p)  and  £^{p)  are  given  by  equation  (K.5.17)  combined  with  the  repre 
sentations  (K. 5. 19-20)  for  , [I1: 


01  = E E [ 4>*  (R^p.Sj)  + ‘tMR^p.nij)]  xj  (P.1.13) 

I j 

Substituting  this  result  into  (P.1.12)  we  obtain 

0 ( p ) E E E H1J  [ <t>*(R^p,Sj ) + <*>*(R^P»mI )]  (P.1.14) 


Introducing  the  following  notation  (and  definition)  for  desymmetrized 
singularity  parameters  X'j  : 


x 


j 1 

I = 1 


E 


(P.1.15) 


we  obtain  for  0(p)  the  equation 

0(p)  = E E C 0*( RJp» Sj ) + <J>*(R'*p,mI)]  x\  (P.1.16) 

I J 

The  corresponding  formula  for  v(p)  is  obtained  by  formally  applying  Vp  to  the 
above  result  and  using  the  operator  equations 


Vr  <t>*  (r,s)  = V*  (r , s) 

v <t>*  (r,m)  = V*  (r ,m) 

r u u 

One  obtains 

J(p)  = E E R^vVf.s,) 

I J 


+ V*(R^p,mT )]  xJ" 
u 1 i 


(P.1.17) 


As  before  the  various  operator  integrals  are  computed  by  accumulating 
individual  panel  contributions  as  described  in  appendix  J. 

Having  treated  the  case  of  one  plane  of  symmetry,  the  handling  of  two 
planes  of  symmetry  is  easy.  One  obtains  for  0(p)  : 


Here,  x 


jl 

I 


are  desymmetrized  global 


singularity  parameters: 


(P.1.18) 
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